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Ê 85-ËÅÒÈÞ ÃÅÍÍÀÄÈß ÏÅÒÐÎÂÈ×À ÀÃÈÁÀËÎÂÀ
(17.05.1939 � 16.12.2020)

Îäíà ëèøü ïðîñüáà ê ïîêîëåíüÿì íîâûì:

Êîãäà íàø ëó÷ ñâåðêí¼ò èç âå÷íîé òüìû,

Âû íàñ õîðîøèì ïîìÿíèòå ñëîâîì �

Íå ñàìûå ïëîõèå áûëè ìû.

Ã.Ï. Àãèáàëîâ

17 ìàÿ 2024 ãîäà èñïîëíèëîñü 85 ëåò ñî äíÿ ðîæäåíèÿ Ãåííàäèÿ Ïåòðîâè÷à Àãèáà-
ëîâà � îñíîâàòåëÿ æóðíàëà ¾Ïðèêëàäíàÿ äèñêðåòíàÿ ìàòåìàòèêà¿ (ÏÄÌ), åãî ïåðâî-
ãî è áåññìåííîãî (2008�2020) ãëàâíîãî ðåäàêòîðà.

Æóðíàë ÏÄÌ îñíîâàí â 2008 ãîäó è çàäóìûâàëñÿ ñíà÷àëà êàê ïëîùàäêà äëÿ ïóá-
ëèêàöèè òðóäîâ Ñèáèðñêîé íàó÷íîé øêîëû-ñåìèíàðà ¾Êîìïüþòåðíàÿ áåçîïàñíîñòü è
êðèïòîãðàôèÿ¿� SIBECRYPT, îäíàêî ïî÷òè ñðàçó, ñ 2009 ãîäà, ïî ñîâåòó Äìèòðèÿ
Àíàòîëüåâè÷à Êàòóíèíà, òîãäàøíåãî ãëàâíîãî ðåäàêòîðà æóðíàëà ¾Âåñòíèê ÒÃÓ¿,
Ãåííàäèé Ïåòðîâè÷ ðåøèë ñäåëàòü ÏÄÌ ïîëíîöåííûì ðåãóëÿðíûì (åæåêâàðòàëüíûì)
íàó÷íûì æóðíàëîì, ñ áîëåå øèðîêîé, ÷åì êîìïüþòåðíàÿ áåçîïàñíîñòü è êðèïòîãðà-
ôèÿ, òåìàòèêîé. Ïðè ýòîì îí îïèðàëñÿ íà áîãàòûå òðàäèöèè âåäóùåé íàó÷íîé øêîëû
ÒÃÓ�Øêîëû ïðèêëàäíîé äèñêðåòíîé ìàòåìàòèêè, îñíîâàííîé åù¼ â 1959 ãîäó Àð-
êàäèåì Äìèòðèåâè÷åì Çàêðåâñêèì. Òðóäû êîíôåðåíöèè SIBECRYPT ñòàëè âûõîäèòü
îòäåëüíûì ïðèëîæåíèåì ê æóðíàëó ÏÄÌ, êîòîðîå â 2012 ãîäó ïîëó÷èëî ñàìîñòîÿ-
òåëüíûé ñòàòóñ: òåïåðü íàðÿäó ñ îñíîâíûì æóðíàëîì èçäà¼òñÿ ¾ÏÄÌ. Ïðèëîæåíèå¿
(åæåãîäíî).

Ïåðâûå ãîäû ñóùåñòâîâàíèÿ æóðíàëà ÏÄÌ (äî åãî âõîæäåíèÿ â ñïèñîê ÂÀÊ è
çàðóáåæíûå áàçû öèòèðîâàíèÿ) áûëè òðóäíûìè, íå âñå ó÷¼íûå ñ ðàäîñòüþ ïîñûëàëè
ñâîè ñòàòüè â íîâîðîæäåííûé æóðíàë; ÏÄÌ ðàáîòàë, ÷òî íàçûâàåòñÿ, ¾ñ êîë¼ñ¿ �
ñ ìèíèìàëüíîé çàäåðæêîé âðåìåíè îò ïîñòóïëåíèÿ ñòàòüè äî å¼ ïóáëèêàöèè. Òåì íå
ìåíåå ñ ñàìîãî íà÷àëà Ãåííàäèé Ïåòðîâè÷ çàäàë âûñîêóþ ïëàíêó òðåáîâàíèé ê ñòà-
òüÿì (ïàïêà ¾Îòêàç¿ â ïîðòôåëå æóðíàëà áûëà ëèøü ÷óòü ìåíåå ïóõëàÿ, ÷åì ïàïêà
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¾Îïóáëèêîâàííûå¿), îí àêòèâíî ïðèâëåêàë ê íàïèñàíèþ è ðåöåíçèðîâàíèþ ñòàòåé âå-
äóùèõ ó÷¼íûõ Ðîññèè, Óêðàèíû, Áåëàðóñè, è ìû áëàãîäàðíû âñåì, êòî ïîìîãàë òîãäà
è ïðîäîëæàåò ïîääåðæèâàòü æóðíàë ñåé÷àñ.

Âêëàä Ãåííàäèÿ Ïåòðîâè÷à â ñòàíîâëåíèå è ïðèçíàíèå æóðíàëà íåâîçìîæíî ïåðå-
îöåíèòü; ýòî íå òîëüêî îáùåå ðóêîâîäñòâî: Ãåííàäèé Ïåòðîâè÷ ñàì ïðî÷èòûâàë, ðåöåí-
çèðîâàë è ïðàâèë ñòàòüè; ïåðåïèñûâàë (çà÷àñòóþ� ïîëíîñòüþ) àíãëèéñêèå àííîòàöèè.
Êîãäà æóðíàë ¾ãîðåë¿ (÷àùå âñåãî ñåíòÿáðüñêèé íîìåð), ñðî÷íî ïèñàë ñòàòüþ ñàì.

Ê ïóáëèêàöèÿì â æóðíàëå âñåãäà àêòèâíî ïðèâëåêàëèñü ñòóäåíòû è àñïèðàíòû;
âîò óæ íà êîãî Ãåííàäèé Ïåòðîâè÷ âðåìåíè íèêîãäà íå æàëåë� äîòîøíî è òåðïåëèâî
îáñóæäàë, ñîâåòîâàë è âû÷èòûâàë ñòàòüþ. Íèêàêèõ ñêèäîê íà ¾íåîïûòíîñòü¿ àâòîðà
íå äåëàëîñü, ñòóäåí÷åñêèå ñòàòüè, êàê è ïðî÷èå, ïðîõîäèëè ïðîöåäóðó òùàòåëüíîãî ðå-
öåíçèðîâàíèÿ. À âîò ïóáëèêîâàëèñü îíè îáû÷íî áåç ñîàâòîðñòâà Ãåííàäèÿ Ïåòðîâè÷à,
îí çà ýòèì íèêîãäà íå ãíàëñÿ, õîòÿ ïîðîé åãî âêëàä â ðàáîòó êðàòíî ïðåâûøàë âêëàä
ó÷åíèêà.

Ñ 2021 ãîäà æóðíàë æèâ¼ò áåç Ãåííàäèÿ Ïåòðîâè÷à. Êîíå÷íî, åãî î÷åíü íå õâàòàåò.
Âñïîìèíàÿ ñ áåñêîíå÷íîé áëàãîäàðíîñòüþ çàìå÷àòåëüíîãî ×åëîâåêà, ó÷¼íîãî, íàñòàâ-
íèêà, ìû ïîñòàðàåìñÿ, ÷òîáû äåëî åãî æèçíè ïðîäîëæàëîñü è ðàçâèâàëîñü.

Ðåäàêöèîííàÿ êîëëåãèÿ
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Ïðåäñòàâëåíû ðåçóëüòàòû, êàñàþùèåñÿ îñíîâíîé ïðîáëåìû àëãåáðàè÷åñêîé ãåî-
ìåòðèè íàä ÷àñòè÷íî óïîðÿäî÷åííûìè ìíîæåñòâàìè ñ âû÷èñëèòåëüíîé òî÷êè çðå-
íèÿ, à èìåííî çàäà÷è ðàçðåøèìîñòè ñèñòåìû óðàâíåíèé íàä ÷àñòè÷íûì ïîðÿä-
êîì. Çàäà÷à ðàçðåøèìîñòè ñèñòåì óðàâíåíèé ðàçðåøèìà çà ïîëèíîìèàëüíîå âðå-
ìÿ, åñëè îðèåíòèðîâàííûé ãðàô, ñîîòâåòñòâóþùèé ÷àñòè÷íîìó ïîðÿäêó, ÿâëÿåò-
ñÿ ïðèâåä¼ííûì èíòåðâàëüíûì îðãðàôîì, è ÿâëÿåòñÿ NP-ïîëíîé, åñëè îñíîâàíèå
îðèåíòèðîâàííîãî ãðàôà ñîîòâåòñòâóþùåãî ÷àñòè÷íîãî ïîðÿäêà ÿâëÿåòñÿ öèêëîì
äëèíû íå ìåíüøå 4. Ïîëó÷åí òàêæå ðåçóëüòàò, õàðàêòåðèçóþùèé âîçìîæíîñòü
ïåðåõîäà îò áåñêîíå÷íûõ ñèñòåì óðàâíåíèé íàä ÷àñòè÷íûì ïîðÿäêîì ê êîíå÷íûì
ñèñòåìàì. Àëãåáðàè÷åñêèå ñèñòåìû, îáëàäàþùèå óêàçàííûì ñâîéñòâîì, íàçûâà-
þòñÿ í¼òåðîâûìè ïî óðàâíåíèÿì. ×àñòè÷íî óïîðÿäî÷åííîå ìíîæåñòâî îáëàäàåò
ñâîéñòâîì í¼òåðîâîñòè ïî óðàâíåíèÿì òîãäà è òîëüêî òîãäà, êîãäà ëþáûå åãî âåðõ-
íèå è íèæíèå êîíóñû ñ áàçîé ÿâëÿþòñÿ êîíå÷íî îïðåäåë¼ííûìè.

Êëþ÷åâûå ñëîâà: ñèñòåìû óðàâíåíèé, âû÷èñëèòåëüíàÿ ñëîæíîñòü, ÷àñòè÷íî

óïîðÿäî÷åííîå ìíîæåñòâî, í¼òåðîâîñòü ïî óðàâíåíèÿì, êîíóñû, ðàçðåøèìîñòü.

CRITERION FOR EQUATIONAL NOETHERIANITY AND COMPLEXITY
OF THE SOLVABILITY PROBLEM FOR SYSTEMS OF EQUATIONS

OVER PARTIALLY ORDERED SETS

A.Yu. Nikitin, I. D. Kudyk

Dostoevsky Omsk State University, Omsk, Russia

Results are presented concerning the main problem of algebraic geometry over partially
ordered sets from a computational point of view, namely, the solvability problem for
systems of equations over a partial order. This problem is solvable in polynomial time
if the directed graph corresponding to the partial order is a adjusted interval digraph,
and is NP-complete if the base of the directed graph corresponding to the partial order
is a cycle of length at least 4. We also present a result characterizing the possibility
of transition from infinite systems of equations over partial orders to finite systems.
Algebraic systems with this property are called equationally Noetherian. A partially
ordered set is equationally Noetherian if and only if any of its upper and lower cones
with base are finitely defined.



8 À.Þ. Íèêèòèí, È.Ä. Êóäûê
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Ââåäåíèå
Êëàññè÷åñêàÿ àëãåáðàè÷åñêàÿ ãåîìåòðèÿ èçó÷àåò óðàâíåíèÿ è ñèñòåìû óðàâíåíèé

íàä ïîëÿìè âåùåñòâåííûõ è êîìïëåêñíûõ ÷èñåë. Âî âòîðîé ïîëîâèíå XX âåêà áóðíûé
ðîñò ïåðåæèâàåò òàêîå íàïðàâëåíèå ìàòåìàòèêè, êàê óíèâåðñàëüíàÿ àëãåáðàè÷åñêàÿ
ãåîìåòðèÿ, êîòîðàÿ èçó÷àåò ñèñòåìû óðàâíåíèé íàä ïðîèçâîëüíûìè àëãåáðàè÷åñêèìè
ñèñòåìàìè. Îáùèå çàêîíîìåðíîñòè äëÿ àëãåáðàè÷åñêèõ ñèñòåì âûâîäÿòñÿ íà îñíîâå
èçó÷åíèÿ ðàçëè÷íûõ àëãåáðàè÷åñêèõ ñèñòåì, òàêèõ, êàê ñâîáîäíûå íåàáåëåâû ãðóï-
ïû, àáåëåâû ãðóïïû, ðàçðåøèìûå ãðóïïû, ìåòàáåëåâû ãðóïïû, ïîëóãðóïïû, ðåø¼òêè,
ãðàôû è ò. ä. Äàííàÿ ðàáîòà ïîñâÿùåíà âîïðîñàì àëãåáðàè÷åñêîé ãåîìåòðèè íàä ÷à-
ñòè÷íî óïîðÿäî÷åííûìè ìíîæåñòâàìè è ïðåäñòàâëÿåò ñîáîé ïðîäîëæåíèå èññëåäîâà-
íèé àëãåáðàè÷åñêîé ãåîìåòðèè íàä àëãåáðàè÷åñêèìè ñèñòåìàìè áåç ôóíêöèîíàëüíûõ
ñèìâîëîâ.

Ñèñòåìû óðàâíåíèé áûâàþò êàê êîíå÷íûå, òàê è áåñêîíå÷íûå. Ñâîéñòâî í¼òåðî-
âîñòè ïî óðàâíåíèÿì ãîâîðèò î òîì, ÷òî ìîæíî èç áåñêîíå÷íûõ ñèñòåì óðàâíåíèé
âûäåëèòü ýêâèâàëåíòíûå êîíå÷íûå ïîäñèñòåìû, îíî õàðàêòåðèçóåò ¾ïîäàòëèâîñòü¿ ñè-
ñòåìû ê èçó÷åíèþ ñ òî÷êè çðåíèÿ àëãåáðàè÷åñêîé ãåîìåòðèè. Åñëè ñèñòåìà îáëàäàåò
äàííûì ñâîéñòâîì, òî èç ýòîãî ñðàçó æå ñëåäóåò ìíîæåñòâî ñâîéñòâ, õàðàêòåðèçóþ-
ùèõ êîíå÷íîñòü öåïî÷åê àëãåáðàè÷åñêèõ êîíñòðóêöèé íàä ýòîé ñèñòåìîé, òàêèõ, êàê
óáûâàþùèå öåïî÷êè àëãåáðàè÷åñêèõ ïîäìíîæåñòâ, öåïî÷êè ñîáñòâåííûõ ýïèìîðôèç-
ìîâ êîîðäèíàòíûõ àëãåáð, îáðûâ âîçðàñòàþùèõ öåïî÷åê äèçúþíêòèâíûõ ðàäèêàëü-
íûõ èäåàëîâ è ò. ä. [1]. Ñóùåñòâóþò àëãåáðàè÷åñêèå ñòðóêòóðû, îáëàäàþùèå äàííûì
ñâîéñòâîì êàê áåçóñëîâíî, òàê è ïðè îïðåäåë¼ííîì óñëîâèè (èçâåñòíû êðèòåðèè í¼-
òåðîâîñòè). Â ï. 1 äàííîé ðàáîòû ïðèâåäåíû íåîáõîäèìûå ïðåäâàðèòåëüíûå ñâåäåíèÿ.
Ïóíêò 2 ïîñâÿù¼í ôîðìóëèðîâêå êðèòåðèÿ í¼òåðîâîñòè ïî óðàâíåíèÿì äëÿ ÷àñòè÷íî
óïîðÿäî÷åííûõ ìíîæåñòâ (×ÓÌ).

Äëÿ ñèñòåì óðàâíåíèé íàä àëãåáðàè÷åñêèìè ñèñòåìàìè ñóùåñòâóþò òàêèå âàæíûå
îáúåêòû, êàê êîîðäèíàòíàÿ àëãåáðà è ðàäèêàë ñèñòåìû. Îíè îïðåäåëÿþò îáùåå ðå-
øåíèå ñèñòåìû, åñëè îíî åñòü. Íî ïåðåä òåì, êàê ðåøàòü ñèñòåìó óðàâíåíèé è èñêàòü
å¼ îáùåå ðåøåíèå, âàæíî çíàòü: ðàçðåøèìà ëè ýòà ñèñòåìà, èìååò ëè îíà ðåøåíèå
â ïðèíöèïå? Ýòîìó âîïðîñó ïîñâÿùåí ï. 3, ãäå ïîêàçàíà ñâÿçü ×ÓÌ ñ ïîäêëàññîì îðè-
åíòèðîâàííûõ ãðàôîâ è ñâÿçü çàäà÷è ðàçðåøèìîñòè ñèñòåì óðàâíåíèé ñ ïîäçàäà÷åé
óäîâëåòâîðåíèÿ îãðàíè÷åíèé� çàäà÷åé ñïèñî÷íîãî ãîìîìîðôèçìà.

Èñïîëüçîâàíèå ÷àñòè÷íî óïîðÿäî÷åííûõ ìíîæåñòâ íà ïðàêòèêå øèðîêî ðàñïðî-
ñòðàíåíî. Ñ èõ ïîìîùüþ ìîæíî ñòðîèòü ìîäåëè òàêèõ ñòðóêòóð, êàê áàçû äàííûõ,
ïîòîêè äàííûõ â ñåòè, ñîáûòèÿ âî âðåìåííûõ ðÿäàõ è äð., ãäå òðåáóåòñÿ çàäàíèå èåðàð-
õèè. Óðàâíåíèÿ íàä ÷àñòè÷íûìè ïîðÿäêàìè çàäàþò íåêîòîðûå ïîäñòðóêòóðû (ïîäïî-
ðÿäêè) â äàííûõ ìîäåëÿõ. Ïîýòîìó èçó÷åíèå ñèñòåì óðàâíåíèé íàä ÷àñòè÷íî óïîðÿäî-
÷åííûìè ìíîæåñòâàìè òàêæå âàæíî è ñ ïðàêòè÷åñêîé òî÷êè çðåíèÿ. Íàïðèìåð, åñëè
çàäàíà ìîäåëü êîìïüþòåðíûõ âû÷èñëåíèé â êà÷åñòâå ïîñëåäîâàòåëüíî-ïàðàëëåëüíîãî
÷àñòè÷íîãî ïîðÿäêà, òî ÷åðåç ðåøåíèå ñèñòåìû óðàâíåíèé ìîæíî îïðåäåëÿòü äîñòóï-
íîñòü îäíîãî âû÷èñëåíèÿ äëÿ äðóãîãî. Íî ïî ñâîéñòâàì èçíà÷àëüíîé ìîäåëè ìîæíî
ñðàçó ïîíÿòü: ðàçðåøèìû ëè ñèñòåìû çà ïîëèíîìèàëüíîå âðåìÿ èëè íåò? È åñëè íåò,
òî ìîäåëü âû÷èñëåíèé ìîæíî ìåíÿòü òàê, ÷òîáû ñèñòåìû ðåøàëèñü ýôôåêòèâíî ïî
âðåìåíè.
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Òåîðåìû 1, 5, 6 è ëåììû 1 è 2 äîêàçàíû À.Þ. Íèêèòèíûì. Ñëåäñòâèå 1 âûâåäåíî
È.Ä. Êóäûêîì.

1. Ïðåäâàðèòåëüíûå ñâåäåíèÿ
Äàäèì áàçîâûå îïðåäåëåíèÿ òåîðèè ðåø¼òîê [2, 3] è óíèâåðñàëüíîé àëãåáðàè÷åñêîé

ãåîìåòðèè [1] è ââåä¼ì âñïîìîãàòåëüíûå îïðåäåëåíèÿ ïîðîæäàþùèõ ýëåìåíòîâ êîíóñà,
êîíóñà ñ áàçîé, êîíå÷íî ïîðîæä¼ííîãî è êîíå÷íî îïðåäåë¼ííîãî êîíóñà, íåîáõîäèìûå
äëÿ ôîðìóëèðîâêè ðåçóëüòàòîâ.

×àñòè÷íî óïîðÿäî÷åííûì ìíîæåñòâîì (÷àñòè÷íûì ïîðÿäêîì) íàçûâàåòñÿ àëãåá-
ðàè÷åñêàÿ ñèñòåìà P = ⟨P ; {⩽(2), A}⟩, ãäå ⩽�ïðåäèêàòíûé ñèìâîë îòíîøåíèÿ ïîðÿä-
êà è A�ìíîæåñòâî êîíñòàíòíûõ ñèìâîëîâ, íà êîòîðîé âûïîëíåíû ñëåäóþùèå òðè
àêñèîìû:

1) ∀p ∈ P p ⩽ p (ðåôëåêñèâíîñòü);
2) ∀p1, p2 ∈ P (p1 ⩽ p2 ∧ p2 ⩽ p1)⇒ p1 = p2 (àíòèñèììåòðè÷íîñòü);
3) ∀p1, p2, p3 ∈ P (p1 ⩽ p2 ∧ p2 ⩽ p3)⇒ p1 ⩽ p3 (òðàíçèòèâíîñòü).

ßçûê (ñèãíàòóðó) ÷àñòè÷íûõ ïîðÿäêîâ ñ ìíîæåñòâîì êîíñòàíòíûõ ñèìâîëîâ A áó-
äåì îáîçíà÷àòü êàê LA.

Äëÿ ÷àñòè÷íî óïîðÿäî÷åííîãî ìíîæåñòâà P = ⟨P ; {⩽(2), A}⟩ ïðåäèêàò ÷àñòè÷íîãî
ïîðÿäêà ⩽(2) çàäà¼ò ñîîòíîøåíèÿ äëÿ ýëåìåíòîâ íîñèòåëÿ P . Ìíîæåñòâî òàêèõ ñîîòíî-
øåíèé îáîçíà÷àåòñÿ ⩽P . Åñëè äëÿ ýëåìåíòîâ pi, pj ÷àñòè÷íîãî ïîðÿäêà P âûðàæåíèå
pi ⩽ pj âûïîëíèìî íàä P , òî ýòî ìîæíî îáîçíà÷èòü êàê pi ⩽ pj ∈⩽P , èëè â òåðìèíàõ
âûïîëíèìîñòè êàê P ⊨ pi ⩽ pj.

Àëãåáðàè÷åñêàÿ ñèñòåìà íàçûâàåòñÿ äèîôàíòîâîé, åñëè ìåæäó íîñèòåëåì àëãåáðà-
è÷åñêîé ñèñòåìû è ìíîæåñòâîì å¼ êîíñòàíòíûõ ñèìâîëîâ â ÿçûêå ñóùåñòâóåò âçàèìíî
îäíîçíà÷íîå ñîîòâåòñòâèå.

Ýëåìåíòû x è y ÷àñòè÷íîãî ïîðÿäêà P íàçûâàþòñÿ ñðàâíèìûìè, åñëè â P ëèáî
x ⩽ y, ëèáî y ⩽ x. Â ïðîòèâíîì ñëó÷àå, ýëåìåíòû íàçûâàþòñÿ íåñðàâíèìûìè, ýòî
îáîçíà÷àåòñÿ êàê x ̸∼ y [3, ñ. 16]. Äàëåå ïî òåêñòó â íåêîòîðûõ ìåñòàõ óäîáíî áóäåò
ïèñàòü íå a ⩽ b, à b ⩾ a, ÷òî îçíà÷àåò îäíî è òî æå.

Äëÿ ëþáîãî ìíîæåñòâà ýëåìåíòîâ A ÷àñòè÷íîãî ïîðÿäêà P îïðåäåëåíû ìíîæåñòâà
A↑ = {x ∈ P : ∀a ∈ A a ⩽ x} è A↓ = {x ∈ P : ∀a ∈ A x ⩽ a}. Ýòè ìíîæåñòâà
íàçûâàþòñÿ âåðõíèì è íèæíèì êîíóñàìè ìíîæåñòâà A (èëè ïðîñòî âåðõíåå è íèæíåå
ìíîæåñòâà A) [2, ñ. 90]. Äëÿ îäíîýëåìåíòíîãî ìíîæåñòâà A = {a} áóäåì îáîçíà÷àòü a↑

è a↓ ñîîòâåòñòâåííî.
Ìíîæåñòâîì ïîðîæäàþùèõ ýëåìåíòîâ êîíóñà A↑ (A↓) íàçûâàåòñÿ ìíîæåñòâî ýëå-

ìåíòîâ B ÷àñòè÷íîãî ïîðÿäêà P , äëÿ êîòîðîãî âåðíî B↑ = A↑ (B↓ = A↓). Êîíóñ A↑ (A↓)
íàçûâàåòñÿ êîíå÷íî ïîðîæä¼ííûì, åñëè ñóùåñòâóåò êîíå÷íîå ìíîæåñòâî B ïîðîæäà-
þùèõ ýòîãî êîíóñà.

Ïóñòü çàäàíî ìíîæåñòâî ýëåìåíòîâ ÷àñòè÷íîãî ïîðÿäêà A. Êîíóñîì ñ áàçîé íàçû-
âàåòñÿ ïàðà (A,A↑), êîòîðàÿ ñîñòîèò èç áàçû A è âåðõíåãî êîíóñà A↑, ïîðîæä¼ííî-
ãî áàçîé A. Àíàëîãè÷íî îïðåäåëÿåòñÿ íèæíèé êîíóñ ñ áàçîé. Âåðõíèé êîíóñ ñ áàçîé
(A,A↑) íàçûâàåòñÿ êîíå÷íî îïðåäåë¼ííûì, åñëè ñóùåñòâóåò B ⊆ A, òàêîå, ÷òî |B| <∞
è B↑ = A↑.

Òåðìîì â ÿçûêå L îò ïåðåìåííûõ X íàçûâàåòñÿ âûðàæåíèå, îïðåäåëåííîå ðåêóð-
ñèâíî ñëåäóþùèì îáðàçîì:

1) ëþáàÿ ïåðåìåííàÿ x ∈ X åñòü òåðì;
2) ëþáàÿ êîíñòàíòà ÿçûêà L åñòü òåðì;
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3) åñëè t1, . . . , tn � òåðìû è F (n) �ôóíêöèîíàëüíûé ñèìâîë ÿçûêà L, òî F (t1, . . . , tn)
ÿâëÿåòñÿ òåðìîì.

×åðåç TL(X) îáîçíà÷èì ìíîæåñòâî âñåõ òåðìîâ ÿçûêà L îò ïåðåìåííûõ X.
Àòîìàðíîé ôîðìóëîé ÿçûêà L îò ïåðåìåííûõ X íàçûâàåòñÿ âûðàæåíèå, îïðåäå-

ëåííîå ñëåäóþùèì îáðàçîì:

1) äëÿ ëþáûõ ti, tj ∈ TL(X) âûðàæåíèå ti = tj ÿâëÿåòñÿ àòîìàðíîé ôîðìóëîé;
2) äëÿ ëþáîãî ïðåäèêàòíîãî ñèìâîëà R(n) ÿçûêà L è äëÿ ëþáûõ òåðìîâ t1, . . . , tn ∈
∈ TL(X) âûðàæåíèå R(t1, . . . , tn) ÿâëÿåòñÿ àòîìàðíîé ôîðìóëîé.

Ìíîæåñòâî àòîìàðíûõ ôîðìóë â ÿçûêå L îò ïåðåìåííûõ X îáîçíà÷àåòñÿ AtL(X).
Â àëãåáðàè÷åñêîé ãåîìåòðèè óðàâíåíèåì â ÿçûêå L îò ïåðåìåííûõ X íàçûâàåòñÿ àòî-
ìàðíàÿ ôîðìóëà â ýòîì ÿçûêå îò ïåðåìåííûõ X. Ïðîèçâîëüíîå ìíîæåñòâî óðàâíåíèé
èç AtL(X) íàçûâàåòñÿ ñèñòåìîé óðàâíåíèé. Äàäèì îïðåäåëåíèå óðàâíåíèÿ äëÿ ÷à-
ñòè÷íûõ ïîðÿäêîâ.

Ïóñòü Xn = {x1, . . . , xn}�ìíîæåñòâî ïåðåìåííûõ è çàäàí ÷àñòè÷íûé ïîðÿäîê
P = ⟨P ; {⩽, A}⟩. Óðàâíåíèåì â ÿçûêå LA ÷àñòè÷íîãî ïîðÿäêà P îò ïåðåìåííûõ Xn

íàçûâàåòñÿ îäíî èç ñëåäóþùèõ âûðàæåíèé:

1) ai = aj, ãäå ai, aj ∈ A;
2) ai ⩽ aj (èëè aj ⩾ ai), ãäå ai, aj ∈ A;
3) xi = aj, ãäå xi ∈ Xn, aj ∈ A;
4) xi = xj, ãäå xi, xj ∈ Xn;
5) ai ⩽ xj (èëè xj ⩾ ai), ãäå xj ∈ Xn, ai ∈ A;
6) xi ⩽ aj (èëè aj ⩾ xi), ãäå xi ∈ Xn, aj ∈ A;
7) xi ⩽ xj (èëè xj ⩾ xi), ãäå xi, xj ∈ Xn.

Äëÿ ñèñòåìû óðàâíåíèé S(X) íàä ÷àñòè÷íûì ïîðÿäêîì P â ÿçûêå LA îò ïåðå-
ìåííûõ X äîãîâîðèìñÿ îáîçíà÷àòü ìíîæåñòâî óðàâíåíèé òèïà ai = aj, ãäå ai, aj ∈ A,
â ñèñòåìå óðàâíåíèé S(X) ÷åðåç Sa=a. Àíàëîãè÷íî îáîçíà÷àþòñÿ îñòàëüíûå ìíîæåñòâà
òèïîâ óðàâíåíèé:

Sa=a, Sa⩽a, Sx=a, Sx=x, Sa⩽x, Sx⩽a, Sx⩽x. (1)

Ìíîæåñòâî An = {(a1, . . . , an) : ai ∈ A} íàçûâàåòñÿ àôôèííûì n-ìåðíûì ïðîñòðàí-

ñòâîì íàä àëãåáðàè÷åñêîé ñèñòåìîé A, à åãî ýëåìåíòû� òî÷êàìè.
Òî÷êà p = (a1, . . . , an) ∈ An íàçûâàåòñÿ êîðíåì (ðåøåíèåì) óðàâíåíèÿ s ∈ AtL(X),

åñëè A ⊨ s(a1, . . . , an). Òî÷êà p ÿâëÿåòñÿ ðåøåíèåì ñèñòåìû óðàâíåíèé S ⊆ AtL(X),
åñëè îíà ÿâëÿåòñÿ ðåøåíèåì äëÿ êàæäîãî óðàâíåíèÿ èç ñèñòåìû S.

Ïóñòü S � ñèñòåìà óðàâíåíèé ÿçûêà LA îò ïåðåìåííûõX. Ìíîæåñòâî âñåõ ðåøåíèé
ñèñòåìû S â ïðîñòðàíñòâå An îáîçíà÷àåòñÿ ÷åðåç VA(S) (èëè V (S) äëÿ êðàòêîñòè) è
îïðåäåëÿåòñÿ êàê VA(S) = {(a1, . . . , an) ∈ An : ∀s ∈ SA ⊨ s(a1, . . . , an)}.

Ñèñòåìà óðàâíåíèé S íàçûâàåòñÿ íåñîâìåñòíîé íàä A, åñëè VA(S) = ∅; èíà÷å îíà
íàçûâàåòñÿ ñîâìåñòíîé. Äâå ñèñòåìû óðàâíåíèé S1 è S2 íàçûâàþòñÿ ýêâèâàëåíòíûìè
íàä A (îáîçíà÷àåòñÿ S1 ∼A S2), åñëè VA(S1) = VA(S2).

2. Êðèòåðèé í¼òåðîâîñòè ïî óðàâíåíèÿì
Ñôîðìóëèðóåì è äîêàæåì êðèòåðèè ñâîéñòâ í¼òåðîâîñòè ïî óðàâíåíèÿì è ñëàáîé

í¼òåðîâîñòè ïî óðàâíåíèÿì äëÿ ÷àñòè÷íûõ ïîðÿäêîâ.
Àëãåáðàè÷åñêàÿ ñèñòåìà A íàçûâàåòñÿ ñëàáî í¼òåðîâîé ïî óðàâíåíèÿì, åñëè äëÿ

ëþáîãî êîíå÷íîãî ìíîæåñòâà X è ëþáîé ñèñòåìû óðàâíåíèé S ⊆ AtL(X) ñóùåñòâóåò
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òàêàÿ êîíå÷íàÿ ñèñòåìà S0, ÷òî VA(S) = VA(S0). Åñëè ïðè ýòîì S0 ⊆ S, òî àëãåáðàè-
÷åñêàÿ ñèñòåìà A íàçûâàåòñÿ í¼òåðîâîé ïî óðàâíåíèÿì.

Òåîðåìà 1. ×àñòè÷íûé ïîðÿäîê P â ÿçûêå LA â äèîôàíòîâîì ñëó÷àå îáëàäàåò
ñâîéñòâîì í¼òåðîâîñòè ïî óðàâíåíèÿì òîãäà è òîëüêî òîãäà, êîãäà äëÿ ëþáîãî ïîä-
ìíîæåñòâà B ýëåìåíòîâ ÷àñòè÷íîãî ïîðÿäêà P âåðõíèé è íèæíèé êîíóñû ñ áàçîé B
ÿâëÿþòñÿ êîíå÷íî îïðåäåë¼ííûìè.

Äîêàçàòåëüñòâî. Ïóñòü äëÿ ÷àñòè÷íîãî ïîðÿäêà P ëþáûå êîíóñû ñ áàçîé ÿâ-
ëÿþòñÿ êîíå÷íî îïðåäåë¼ííûìè è çàäàíà ñèñòåìà óðàâíåíèé S(Xn) íàä P â ÿçûêå LA

îò n ïåðåìåííûõ. Ïðåäïîëîæèì, ÷òî ýòà ñèñòåìà ñîäåðæèò âñå ñåìü òèïîâ óðàâíå-
íèé (1) è óðàâíåíèé êàæäîãî òèïà áåñêîíå÷íîå ÷èñëî.

Áåç îãðàíè÷åíèÿ îáùíîñòè ñ÷èòàåì, ÷òî âñå ðàçëè÷íûå êîíñòàíòû â ñèñòåìå S(Xn)
èìåþò ðàçíûå èíòåðïðåòàöèè íà P . Ýòî óñëîâèå íå ÿâëÿåòñÿ îáÿçàòåëüíûì, íî óïðî-
ùàåò äàëüíåéøèå ñòðîãèå ðàññóæäåíèÿ è íå âëèÿåò íà ñóòü äîêàçàòåëüñòâà.

Òðåáóåòñÿ äîêàçàòü, ÷òî èç ñèñòåìû S(Xn) ìîæíî âûáðàòü êîíå÷íóþ ïîäñèñòå-
ìó S ′(Xn), ýêâèâàëåíòíóþ S(Xn). Ìíîæåñòâî ðåøåíèé ñèñòåìû S(Xn) ìîæíî îïðåäå-
ëèòü ñëåäóþùèì îáðàçîì: V (S) = V (Sa=a) ∩ V (Sa⩽a) ∩ V (Sx=a) ∩ V (Sx=x) ∩ V (Sx⩽a) ∩
∩ V (Sa⩽x) ∩ V (Sx⩽x). Ïîêàæåì, ÷òî èç ïîäñèñòåì êàæäîãî òèïà óðàâíåíèé ìîæíî âû-
áðàòü êîíå÷íóþ ïîäñèñòåìó, ýêâèâàëåíòíóþ èçíà÷àëüíîé.

Ñíà÷àëà ðàññìîòðèì ïîäñèñòåìó Sa=a ⊂ S(Xn). Åñëè ýòî ìíîæåñòâî óðàâíåíèé ñîâ-
ìåñòíî íàä P , òî îíî íèêàê íå âëèÿåò íà ìíîæåñòâî ðåøåíèé ñèñòåìû óðàâíåíèé S(Xn)
è îïðåäåëÿåòñÿ ïîäñèñòåìà S ′

a=a = ∅. Åñëè Sa=a íåñîâìåñòíà íàä P , òî ñóùåñòâó-
åò óðàâíåíèå ai = aj ∈ Sa=a, êîòîðîå íå âûïîëíåíî íàä ÷àñòè÷íûì ïîðÿäêîì P , è
ýòî óðàâíåíèå ýêâèâàëåíòíî ïîäñèñòåìå Sa=a. Àíàëîãè÷íûå ðàññóæäåíèÿ ïðèìåíèìû
ê ìíîæåñòâó óðàâíåíèé Sa⩽a ⊂ S(Xn).

Ââèäó êîíå÷íîñòè ìíîæåñòâà ïåðåìåííûõ ìîæíî âûáðàòü êîíå÷íûå ïîäìíîæåñòâà
óðàâíåíèé S ′

x=x è S
′
x⩽x, ýêâèâàëåíòíûõ ïîäñèñòåìàì Sx=x è Sx⩽x ñîîòâåòñòâåííî. Îò-

ìåòèì, ÷òî ñèñòåìû Sx=x è Sx⩽x íå ìîãóò áûòü íåñîâìåñòíûìè.
Åñëè ìíîæåñòâî óðàâíåíèé Sx=a ⊂ S(Xn) ñîâìåñòíî, òî, îïÿòü ââèäó êîíå÷íîñòè

ìíîæåñòâà ïåðåìåííûõ, ñóùåñòâóåò êîíå÷íàÿ ïîäñèñòåìà S ′
x=a ⊂ Sx=a, ýêâèâàëåíò-

íàÿ Sx=a. Èíà÷å â Sx=a ñóùåñòâóåò òàêàÿ ïàðà óðàâíåíèé xi = aj, xi = ak, ÷òî aj ̸= ak.
Ýòà ïàðà óðàâíåíèé ÿâëÿåòñÿ ýêâèâàëåíòíîé Sx=a ïîäñèñòåìîé.

Ïóñòü âûäåëåíî ïîäìíîæåñòâî óðàâíåíèé Sxi⩽a ⊂ Sx⩽a, â êîòîðîì âñå óðàâíåíèÿ
çàâèñÿò îò ïåðåìåííîé xi. Ýòî ìíîæåñòâî ìîæíî ïðåäñòàâèòü ñëåäóþùèì îáðàçîì:
Sxi⩽a = {xi ⩽ aj : j ∈ J, |J | = ∞}. Èç ýòîãî ïðåäñòàâëåíèÿ âèäíî, ÷òî V (Sxi⩽a) = A↓

i ,
ãäå Ai = {aj : j ∈ J}. Ïîëüçóÿñü ñâîéñòâîì, ÷òî ëþáûå êîíóñû ñ áàçîé ÷àñòè÷íîãî ïî-
ðÿäêà P êîíå÷íî îïðåäåë¼ííûå, ìîæíî âûáðàòü òàêîå êîíå÷íîå ïîäìíîæåñòâî J ′⊂ J ,
÷òî A′

i = {aj : j ∈ J ′, |J ′| < ∞} è (A′
i)
↓ = A↓

i . Ýòî îçíà÷àåò, ÷òî ìîæíî âûáðàòü
êîíå÷íóþ ïîäñèñòåìó S ′

xi⩽a ∼ Sxi⩽a.
Ïðèìåíÿÿ îïèñàííóþ ïðîöåäóðó äëÿ âñåõ ïåðåìåííûõ èç Sx⩽a, ìîæíî âûäåëèòü

êîíå÷íóþ ïîäñèñòåìó S ′
x⩽a ∼ Sx⩽a. Àíàëîãè÷íûìè ðàññóæäåíèÿìè ìîæíî âûâåñòè

ñóùåñòâîâàíèå êîíå÷íîé ïîäñèñòåìû S ′
a⩽x ∼ Sa⩽x.

Òàêèì îáðàçîì, ïîñòðîåíû êîíå÷íûå ïîäñèñòåìû S ′
a=a, S

′
a⩽a, S

′
x=a, S

′
x=x, S

′
a⩽x, S

′
x⩽a

è S ′
x⩽x, ýêâèâàëåíòíûå ïîäñèñòåìàì Sa=a, Sa⩽a, Sx=a, Sx=x, Sa⩽x, Sx⩽a è Sx⩽x ñèñòå-

ìû S(Xn) ñîîòâåòñòâåííî. Ýòî îçíà÷àåò, ÷òî V (S) = V (S ′
a=a) ∩ V (S ′

a⩽a) ∩ V (S ′
x=a) ∩

∩ V (S ′
x=x) ∩ V (S ′

x⩽a) ∩ V (S ′
a⩽x) ∩ V (S ′

x⩽x).
Òåïåðü ïóñòü ÷àñòè÷íûé ïîðÿäîê P í¼òåðîâ ïî óðàâíåíèÿì. Ðàññìîòðèì ïðîèç-

âîëüíîå áåñêîíå÷íîå ìíîæåñòâî ýëåìåíòîâ A ÷àñòè÷íîãî ïîðÿäêà P . Ó íåãî åñòü
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íèæíèé êîíóñ A↓. Ñîñòàâèì ñèñòåìó óðàâíåíèé S(x) = {x ⩽ ai : ai ∈ A} íàä P .
Ââèäó òîãî, ÷òî P í¼òåðîâ ïî óðàâíåíèÿì, ìîæíî âûáðàòü êîíå÷íóþ ïîäñèñòåìó
S ′(x) = {x ⩽ ai : ai ∈ A′, |A′| < ∞} ∼ S(x). Ýòî îçíà÷àåò, ÷òî A↓ = A′↓. Òåì ñàìûì
äîêàçàíà êîíå÷íàÿ îïðåäåë¼ííîñòü íèæíåãî êîíóñà ñ áàçîé äëÿ ëþáîãî ìíîæåñòâà ýëå-
ìåíòîâ A ÷àñòè÷íîãî ïîðÿäêà P . Àíàëîãè÷íî äîêàçûâàåòñÿ êîíå÷íàÿ îïðåäåë¼ííîñòü
âåðõíèõ êîíóñîâ ñ áàçîé.

Ñëåäóåò îòìåòèòü, ÷òî åñëè êîíóñ ñ áàçîé B íå ÿâëÿåòñÿ êîíå÷íî îïðåäåë¼ííûì, òî
ýòî íå îçíà÷àåò, ÷òî B↑ èëè B↓ íå ÿâëÿþòñÿ êîíå÷íî ïîðîæä¼ííûìè. Ïðèìåð: ïóñòü
çàäàí ÷àñòè÷íûé ïîðÿäîê P = Z ∪ {q}, ãäå Z�ëèíåéíûé ïîðÿäîê íà ìíîæåñòâå öå-
ëûõ ÷èñåë è q� åäèíè÷íûé ýëåìåíò, êîòîðûé íå ñðàâíèì íè ñ îäíèì ýëåìåíòîì èç Z.
Ôðàãìåíò ãðàôà äàííîãî ÷àñòè÷íîãî ïîðÿäêà ïðèâåä¼í íà ðèñ. 1.

.

.

.

i− 1

i

i+ 1
.
.
.

q.

Ðèñ. 1. ×àñòè÷íûé ïîðÿäîê P = Z ∪ {q}

Ëåãêî âèäåòü, ÷òî Z↓ = ∅; äëÿ ëþáîãî êîíå÷íîãî ïîäìíîæåñòâà B ⊂ Z âåðíî
B↓ ̸= ∅. Íî åñëè âçÿòü ìíîæåñòâî C = {0, q}, òî C↓ = ∅ = Z↓. Ýòî îçíà÷àåò, ÷òî Z↓

ÿâëÿåòñÿ êîíå÷íî ïîðîæä¼ííûì.
Èç ýòîãî ïðèìåðà è êðèòåðèÿ í¼òåðîâîñòè ïî óðàâíåíèÿì ïîëó÷àåì ñëåäóþùåå

Ñëåäñòâèå 1. ×àñòè÷íûé ïîðÿäîê P â ÿçûêå LA îáëàäàåò ñâîéñòâîì ñëàáîé í¼-
òåðîâîñòè ïî óðàâíåíèÿì òîãäà è òîëüêî òîãäà, êîãäà äëÿ ëþáîãî ïîäìíîæåñòâà A
ýëåìåíòîâ ÷àñòè÷íîãî ïîðÿäêà P êîíóñû B↑ è B↓ ÿâëÿþòñÿ êîíå÷íî ïîðîæä¼ííûìè.

3. Ñëîæíîñòü ïðîáëåìû ðàçðåøèìîñòè ñèñòåì óðàâíåíèé
íàä ÷àñòè÷íûìè ïîðÿäêàìè

Ñôîðìóëèðóåì çàäà÷ó ðàçðåøèìîñòè ñèñòåì óðàâíåíèé íàä ÷àñòè÷íûìè ïîðÿäêà-
ìè è íåîáõîäèìûå óñëîâèÿ å¼ ïîëèíîìèàëüíîé ðàçðåøèìîñòè è NP-ïîëíîòû. Äëÿ ýòîãî
ââåä¼ì ðÿä îïðåäåëåíèé [4] è ïåðåôîðìóëèðóåì èõ ñ àëãåáðàè÷åñêîé òî÷êè çðåíèÿ.

Ãðàô G = G(V ) ñ ìíîæåñòâîì âåðøèí V åñòü íåêîòîðîå ñåìåéñòâî ñî÷åòàíèé èëè
ïàð âèäà E = (a, b), a, b ∈ V , óêàçûâàþùåå, êàêèå âåðøèíû ñ÷èòàþòñÿ ñîåäèí¼ííû-
ìè [4, ñ. 11].

Åñëè ðàññìàòðèâàòü ãðàô êàê àëãåáðàè÷åñêóþ ñèñòåìó, òî ìîæíî ñêàçàòü, ÷òî ãðàô
G = ⟨V ;E⟩� ýòî àëãåáðàè÷åñêàÿ ñèñòåìà ñ ìíîæåñòâîì âåðøèí V â êà÷åñòâå íîñèòåëÿ
è áèíàðíûì ïðåäèêàòíûì îòíîøåíèåì E â ÿçûêå, çàäàþùèì ìíîæåñòâî ð¼áåð â ãðà-
ôå [1, ñ. 21]. Ïàðà âåðøèí u, v ∈ V , äëÿ êîòîðîé âûïîëíåíî E(u, v), íàçûâàåòñÿ ðåáðîì
ãðàôà G. Äàëåå ðåáðî áóäåì îáîçíà÷àòü (u, v). Åñëè ïîðÿäîê âåðøèí â ðåáðå íå ñó-
ùåñòâåíåí, òî åñòü (u, v) = (v, u), òî òàêîå ðåáðî íàçûâàåòñÿ íåîðèåíòèðîâàííûì èëè
çâåíîì. Åñëè ïîðÿäîê ñóùåñòâåíåí, òî ðåáðî íàçûâàåòñÿ îðèåíòèðîâàííûì èëè äó-

ãîé. Äëÿ äóãè (u, v) âåðøèíà u ÿâëÿåòñÿ èñõîäÿùåé, à âåðøèíà v� âõîäÿùåé. Ãðàô



Êðèòåðèé í¼òåðîâîñòè ïî óðàâíåíèÿì è ñëîæíîñòü ïðîáëåìû ðàçðåøèìîñòè 13

ÿâëÿåòñÿ íåîðèåíòèðîâàííûì, åñëè êàæäîå åãî ðåáðî íåîðèåíòèðîâàííîå, è îðèåíòè-
ðîâàííûì, åñëè âñå åãî ðåáðà îðèåíòèðîâàíû. Åñëè ðåáðî ãðàôà èìååò ñâî¼ íà÷àëî è
êîíåö â îäíîé è òîé æå âåðøèíå, òî òàêîå ðåáðî íàçûâàåòñÿ ïåòë¼é.

Îðèåíòèðîâàííîìó ãðàôó G ìîæíî ïîñòàâèòü â ñîîòâåòñòâèå íåîðèåíòèðîâàííûé
ãðàô U(G), ïîëó÷åííûé èç G ïóò¼ì çàìåíû äóã íà íåîðèåíòèðîâàííûå ð¼áðà.

Äàëåå áóäåì èñïîëüçîâàòü ãðàôû ñïåöèàëüíîãî âèäà, êîòîðûå èìåþò êëþ÷åâóþ
ðîëü â ðàáîòå [5]. Ïóñòü çàäàíî ìíîæåñòâî èíòåðâàëîâ I = {I1, . . . , In} íà âåùåñòâåí-
íîé ïðÿìîé R. Íåîðèåíòèðîâàííûé ãðàô G = ⟨V ;E⟩ íàçûâàåòñÿ èíòåðâàëüíûì, åñ-
ëè åãî ìíîæåñòâó âåðøèí V = {v1, . . . , vn} ñîîòâåòñòâóåò ìíîæåñòâî èíòåðâàëîâ I è
(vi, vj) ∈ E(G) òîãäà è òîëüêî òîãäà, êîãäà Ivi ∩ Ivj ̸= ∅. Ïóñòü òåïåðü çàäàíà ïàðà
ìíîæåñòâ èíòåðâàëîâ {I1, . . . , In} è {J1, . . . , Jn}. Îðèåíòèðîâàííûé ãðàô G = ⟨V ;E⟩
íàçûâàåòñÿ èíòåðâàëüíûì, åñëè êàæäîé âåðøèíå v ñîîòâåòñòâóåò ïàðà èíòåðâàëîâ
(Iv, Jv) è (u, v) ∈ E(G) òîãäà è òîëüêî òîãäà, êîãäà Iu ∩ Jv ̸= ∅. Îðèåíòèðîâàííûé
èíòåðâàëüíûé ãðàô íàçûâàåòñÿ ïðèâåä¼ííûì, åñëè äëÿ êàæäîé âåðøèíû v èíòåðâà-
ëû Iv è Jv èìåþò îáùóþ ëåâóþ òî÷êó. Íà ðèñ. 2 ïðåäñòàâëåí ïðèìåð ïðèâåä¼ííîãî
èíòåðâàëüíîãî îðèåíòèðîâàííîãî ãðàôà è åãî èíòåðâàëüíàÿ ôîðìà.

a b

cd

Ja
Ia

Jb
Ib

Jc
Ic

Jd
Id

Ðèñ. 2. Ïðèâåä¼ííûé èíòåðâàëüíûé îðèåíòèðîâàííûé ãðàô è åãî èíòåðâàëüíàÿ ôîðìà

Ïóñòü äàíû äâà ãðàôà H è G. Ãîìîìîðôèçìîì ãðàôà H â ãðàô G íàçûâàåòñÿ
òàêîå îòîáðàæåíèå φ : V (H)→ V (G), ÷òî äëÿ âñåõ u, v ∈ V (H) åñëè (u, v) ∈ E(H), òî
(φ(u), φ(v)) ∈ E(G).

Èçâåñòíà ñâÿçü ìåæäó ÷àñòè÷íûìè ïîðÿäêàìè è ãðàôàìè [4]. Ïóñòü çàäàí ÷à-
ñòè÷íûé ïîðÿäîê P , åìó ñîîòâåòñòâóåò ãðàô ΓP , âåðøèíàì êîòîðîãî ñîîòâåòñòâóþò
ýëåìåíòû ÷àñòè÷íîãî ïîðÿäêà, è äóãà (pi, pj) åñòü â ãðàôå ΓP , åñëè è òîëüêî åñëè
pj ⩽ pi. Ãðàô ΓP ÿâëÿåòñÿ ðåôëåêñèâíûì, òðàíçèòèâíûì, àíòèñèììåòðè÷íûì è àöèê-
ëè÷åñêèì, åñëè íå ðàññìàòðèâàòü ïåòëè. Íàçîâ¼ì ãðàô, ïîñòðîåííûé ïî ÷àñòè÷íîìó
ïîðÿäêó, p-ãðàôîì.

Ïóñòü äàí äèîôàíòîâ ÷àñòè÷íûé ïîðÿäîê P â ÿçûêå LA. Çàäà÷à ðàçðåøèìîñòè
ñèñòåìû óðàâíåíèé S(Xn) íàä ÷àñòè÷íûì ïîðÿäêîì P ôîðìóëèðóåòñÿ ñëåäóþùèì îá-
ðàçîì: ñîâìåñòíà ëè ñèñòåìà óðàâíåíèé S(Xn) íàä ÷àñòè÷íûì ïîðÿäêîì P â ÿçûêå LA?
Áóäåì îáîçíà÷àòü äàííóþ çàäà÷ó êàê Cons(P).

Çàäà÷à ðàçðåøèìîñòè ñèñòåìû óðàâíåíèé íàä ÷àñòè÷íûì ïîðÿäêîì òåñíî ñâÿçà-
íà ñ çàäà÷åé ñïèñî÷íîãî ãîìîìîðôèçìà (list homomorphism problem) [5�8]. Íåêîòîðûå
àâòîðû íàçûâàþò å¼ çàäà÷åé ñïèñêà H-ðàñêðàñêè (list H-coloring problem). Îíà ôîðìó-
ëèðóåòñÿ ñëåäóþùèì îáðàçîì: ïóñòü çàäàíû äâà ãðàôà G èH è äëÿ êàæäîé âåðøèíû v
ãðàôà G çàäàíî ìíîæåñòâî âåðøèí L(v) ⊆ V (H) ãðàôà H. Ñóùåñòâóåò ëè òàêîé ãîìî-
ìîðôèçì φ : G→ H, ÷òî äëÿ êàæäîé âåðøèíû v ∈ V (G) âåðøèíà φ(v) ïðèíàäëåæèò
çàäàííîìó ñïèñêó âåðøèí L(v)? Â çàäà÷å ãðàô H ôèêñèðîâàí, à ãðàô G è ìíîæåñòâà
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âåðøèí {L(vi) : L(vi) ⊆ V (H), vi ∈ V (G)} ÿâëÿþòñÿ âõîäíûìè ïàðàìåòðàìè. Çàäà÷à
ñïèñî÷íîãî ãîìîìîðôèçìà äëÿ ãðàôà H îáîçíà÷àåòñÿ L-HOM(H) [5].

Â ñëó÷àå, êîãäà äëÿ ëþáîé âåðøèíû v ∈ V (G) ñïèñîê L(v) ðàâåí âñåìó ìíî-
æåñòâó V (H), çàäà÷à L-HOM(H) ÿâëÿåòñÿ îáû÷íîé çàäà÷åé î ãîìîìîðôèçìå ãðà-
ôîâ. Â äàííîé ðàáîòå ðàññìîòðåíà òàêæå çàäà÷à RET(H), êîòîðàÿ ÿâëÿåòñÿ çàäà÷åé
L-HOM(H), ãäå äëÿ êàæäîé âåðøèíû v âõîäíîãî ãðàôà G ñïèñîê L(v) ñîäåðæèò ëèáî
îäíó âåðøèíó u ãðàôà H (äëÿ êàæäîé v âåðøèíà u ñâîÿ), ëèáî ðàâåí ìíîæåñòâó V (H).

Ó çàäà÷è L-HOM(H) åñòü èåðàðõèÿ ñëîæíîñòè, ïîýòîìó íóæíî ïîêàçàòü, êàêîå
ìåñòî â ýòîé èåðàðõèè çàíèìàåò çàäà÷à Cons(P). Ïðèâåä¼ì èçâåñòíûå ðåçóëüòàòû.

Òåîðåìà 2 (T. Feder, P. Hell, and J. Hunag [5, Òåîðåìà 2.4, ñ. 6]). Ïóñòü H �ðåô-
ëåêñèâíûé îðãðàô, ó êîòîðîãî U(H) ÿâëÿåòñÿ öèêëîì äëèíû áîëüøå 3. Òîãäà çàäà÷à
RET(H) ÿâëÿåòñÿ NP-ïîëíîé.

Òåîðåìà 3 (T. Feder, P. Hell, and J. Hunag [5, Ñëåäñòâèå 3.8, ñ. 11]). Åñëè H �ðå-
ôëåêñèâíûé ïðèâåä¼ííûé èíòåðâàëüíûé îðãðàô, òî L-HOM(H) ðàçðåøèìà çà ïîëè-
íîìèàëüíîå âðåìÿ.

Ïîñêîëüêó RET(H) ÿâëÿåòñÿ ïîäçàäà÷åé L-HOM(H), òî âèäíî, ÷òî L-HOM(H) íå
âñåãäà ïîëèíîìèàëüíî ðàçðåøèìà. Áîëåå òîãî, ñóùåñòâóåò óñëîâèå, ïðè êîòîðîì çàäà÷à
L-HOM(H) ÿâëÿåòñÿ NP-ïîëíîé.

Òåîðåìà 4 (P. Hell and A. Ra�ey [7, Òåîðåìà 3.2, ñ. 6]). Ïóñòü H � îðèåíòèðîâàí-
íûé ãðàô. Åñëè H ñîäåðæèò íàïðàâëåííóþ àñòåðîèäíóþ òðîéêó, òî çàäà÷à L-HOM(H)
ÿâëÿåòñÿ NP-ïîëíîé.

Íàïðàâëåííàÿ àñòåðîèäíàÿ òðîéêà � ýòî äîñòàòî÷íî ñëîæíûé îáúåêò, îïðåäåë¼í-
íûé äëÿ îðèåíòèðîâàííûõ ãðàôîâ. Åãî ïîëíîå îïðåäåëåíèå äàíî â [7].

Ïî äàííûì ðåçóëüòàòàì ìîæíî ïîíÿòü, ÷òî çàäà÷à RET(H) òîæå ìîæåò áûòü ïî-
ëèíîìèàëüíî ðàçðåøèìà, åñëè H óäîâëåòâîðÿåò íåêîòîðûì óñëîâèÿì, íàïðèìåð åñëè
H �ðåôëåêñèâíîå êîëåñî, ò. å. îðãðàô, ïîëó÷åííûé ïðèñîåäèíåíèåì âåðøèíû, êîòîðàÿ
äîìèíèðóåò íàä âñåìè îñòàëüíûìè [5, c. 7].

Äàëåå ïîêàçàíî ñâåäåíèå çàäà÷è Cons(P) ê çàäà÷å L-HOM(H).

Ëåììà 1. Ïóñòü çàäàí äèîôàíòîâ ÷àñòè÷íûé ïîðÿäîê P â ÿçûêå LA (|A| = m) è
ýòîìó ÷àñòè÷íîìó ïîðÿäêó ñîîòâåòñòâóåò p-ãðàô H. Çàäà÷à Cons(P) ñâîäèòñÿ ê çàäà÷å
L-HOM(H) çà ïîëèíîìèàëüíîå âðåìÿ.

Äîêàçàòåëüñòâî. Äëÿ äèîôàíòîâîãî ñëó÷àÿ ÷àñòè÷íîãî ïîðÿäêà P â ÿçûêå LA

îïðåäåëèì ìíîæåñòâî óðàâíåíèé Sa⩽a âñåõ îòíîøåíèé ïîðÿäêà ìåæäó ýëåìåíòàìè
íîñèòåëÿ P . Äëÿ äîêàçàòåëüñòâà ëåììû îïèøåì àëãîðèòì 1. Ãðàôû ïðåäñòàâëÿþò-
ñÿ ìàòðèöàìè ñìåæíîñòè, óðàâíåíèÿ êîäèðóþòñÿ òðîéêàìè: ïåðâûé àðãóìåíò, âòîðîé
àðãóìåíò, ïðåäèêàò.

Íåîáõîäèìî ïîêàçàòü, ÷òî ðåøåíèÿì ñèñòåìû óðàâíåíèé S(Xn) íàä P âçàèìíî îä-
íîçíà÷íî ñîîòâåòñòâóþò ãîìîìîðôèçìû èç ãðàôà G â ãðàô H, óäîâëåòâîðÿþùèå ñïèñ-
êàì L. Ïóñòü äëÿ ðåøåíèÿ pi = (pi1 , . . . , pin) çàäàíî îòîáðàæåíèå

φi(x) =

{
haj , x = gaj , gaj ∈ GA,

hik , x = gik , k ∈ {1, . . . , n}, gik ̸∈ GA.

Ñíà÷àëà íóæíî ïîêàçàòü, ÷òî φi � ýòî ãîìîìîðôèçì, òî åñòü

∀gr, gs ∈ V (G)
(
(gr, gs) ∈ E(G)⇒ (φi(gr), φi(gs)) ∈ E(H)

)
.



Êðèòåðèé í¼òåðîâîñòè ïî óðàâíåíèÿì è ñëîæíîñòü ïðîáëåìû ðàçðåøèìîñòè 15

Òàê êàê êîíñòàíòíûå ñèìâîëû S(Xn) ïðåîáðàçóþòñÿ ïî øàãó 4 àëãîðèòìà 1 â âåð-
øèíû GA è âñå èõ ñîîòíîøåíèÿ äîáàâëåíû â ñèñòåìó íà øàãå 2, òî ìîæíî âûäåëèòü
ïîäãðàô W (GA, E) ãðàôà G, êîòîðûé èçîìîðôåí p-ãðàôó H, ïîñòðîåííîìó íà øàãå 3
àëãîðèòìà. Ïîýòîìó

∀gar , gas ∈ GA

(
(gar , gas) ∈ E(G)⇒ (φi(gar), φi(gas)) ∈ E(H)

)
,

÷òî îáåñïå÷èâàåòñÿ ïîñòðîåíèåì φi.

Àëãîðèòì 1. Ñâåäåíèå âõîäà çàäà÷è Cons(P) ê L-HOM(H)

Âõîä: ñèñòåìà óðàâíåíèé S(Xn) íàä ÷àñòè÷íûì ïîðÿäêîì P â ÿçûêå LA (âõîä äëÿ
çàäà÷è Cons(P)).

Âûõîä: ãðàô G ñî ñïèñêàìè âåðøèí L (âõîä äëÿ çàäà÷è L-HOM(H)).
1: Ñèñòåìà óðàâíåíèé S(Xn) ðàçáèâàåòñÿ íà ñåìü íåïåðåñåêàþùèõñÿ ïîäñèñòåì óðàâ-
íåíèé (1). Ïðè ýòîì óðàâíåíèå t1 = t2 íàä P , ãäå t1 è t2 � òåðìû, ýêâèâàëåíòíî
ïàðå íåðàâåíñòâ t1 ⩽ t2 è t2 ⩽ t1. Ïîýòîìó ñèñòåìà S(Xn) çàìåíÿåòñÿ íà ýêâèâà-
ëåíòíóþ åé ñèñòåìó óðàâíåíèé S ′(Xn), ñîäåðæàùóþ òîëüêî óðàâíåíèÿ òèïîâ Sa⩽a,
Sx⩽a, Sa⩽x è Sx⩽x.

2: Åñëè ïîäñèñòåìà Sa⩽a â S
′(Xn) ñîâìåñòíà, òî å¼ ìîæíî èñêëþ÷èòü èç ðàññìîòðå-

íèÿ, ïîòîìó ÷òî îíà íå âëèÿåò íà ðàçðåøèìîñòü ñèñòåìû S ′(Xn). Åñëè Sa⩽a â S
′(Xn)

íåñîâìåñòíà, òî: 1) ñèñòåìà S(Xn) íåñîâìåñòíà; 2) â ñèñòåìå Sa⩽a ñóùåñòâóåò óðàâ-
íåíèå ai ⩽ aj, êîòîðîå íå âåðíî íàä P . Ââîäèòñÿ ñèñòåìà S ′′(Xn) = S ′(Xn) ∪ Sa⩽a,
ýêâèâàëåíòíàÿ ñèñòåìå S(Xn).

3: Ïî ÷àñòè÷íîìó ïîðÿäêó P ñòðîèòñÿ p-ãðàô H. Êàæäîìó ýëåìåíòó íîñèòåëÿ pi ∈ P
ñòàâèòñÿ â ñîîòâåòñòâèå âåðøèíà ãðàôà hi ∈ V (H). Åñëè äëÿ pi, pj ∈ P âåðíî
P ⊨ pj ⩽ pi, òî (hi, hj) ∈ E(H). Òàê êàê ðàññìàòðèâàåòñÿ äèîôàíòîâ ñëó÷àé, òî
êîíñòàíòíûå ñèìâîëû ai ∈ A òàêæå ïåðåõîäÿò â ýëåìåíò hi, êàê è pi.

4: Ïî ñèñòåìå S ′′(Xn) ñòðîèòñÿ ãðàô G: âåðøèíàì ãðàôà G ñîîòâåòñòâóþò ïåðåìåí-
íûå Xn è êîíñòàíòû ÿçûêà A; äóãà (ti, tj) ïðèñóòñòâóåò â ãðàôå G, åñëè óðàâíåíèå
tj ⩽ ti ñîäåðæèòñÿ â ñèñòåìå S

′(Xn), ti, tj ∈ {Xn ∪ A}. Äëÿ âåðøèí ãðàôà G, ñîîò-
âåòñòâóþùèõ êîíñòàíòíûì ñèìâîëàì A, ââîäèòñÿ îáîçíà÷åíèå GA = {ga1 , . . . , gam}.

5: Ïî ïîäñèñòåìå Sx⩽a∪Sa⩽x ñòðîÿòñÿ ñïèñêè âåðøèí ãðàôà H. Äëÿ êàæäîé ïåðåìåí-
íîé xi â ïîäñèñòåìå âûäåëÿþòñÿ òå óðàâíåíèÿ, êîòîðûå çàâèñÿò òîëüêî îò ýòîé ïå-
ðåìåííîé: Sxi⩽a∪Sa⩽xi

. Äàëåå èç ñèñòåìû Sxi⩽a âûáèðàþòñÿ âñå êîíñòàíòû (èõ ìíî-
æåñòâî îáîçíà÷èì Axi

). Àíàëîãè÷íî âûáèðàåòñÿ ìíîæåñòâî Axi
êîíñòàíò èç Sa⩽xi

.

Îïðåäåëÿåòñÿ ìíîæåñòâî êîíñòàíò L(xi) = A
↓
xi
∩A↑

xi
. Åñëè ïîäñèñòåìà Sxi⩽a ïóñòàÿ,

òî L(xi) = A; äëÿ âñåõ êîíñòàíò L(ai) = {ai}.
6: Äëÿ ñïèñêîâ ýëåìåíòîâ èç øàãà 5 îïðåäåëÿþòñÿ ñïèñêè âåðøèí: äëÿ êàæäîãî
x ∈ Xn ïî øàãó 4 îïðåäåëåíà âåðøèíà v ∈ V (G) è ñïèñêó L(x) = {ai1 , . . . , air}
ñîîòâåòñòâóåò ñïèñîê L(v) = {hi1 , . . . , hir} ⊆ V (H), ãäå âåðøèíà hik ñîîòâåòñòâóåò
êîíñòàíòå aik èç øàãà 3. Êîíñòàíòíûì ñèìâîëàì ai ∈ A ñîîòâåòñòâóþò âåðøèíû
gi ∈ GA ïî øàãó 4 è L(gi) = hi, ãäå hi ñîîòâåòñòâóåò êîíñòàíòå ai ïî øàãó 3.

Äàëåå ïóñòü çàôèêñèðîâàí ýëåìåíò gik ∈ V (G) \GA äëÿ ðåøåíèÿ pi = (pi1 , . . . , pin)
ñèñòåìû óðàâíåíèé S(Xn) è âûáðàí ïðîèçâîëüíûé ýëåìåíò gl ∈ A. Åñëè (gik , gl) ∈
∈ E(G), òî ïî øàãó 4 àëãîðèòìà 1 âåðøèíà gl ñîîòâåòñòâóåò ýëåìåíòó al, à âåðøèíà
gik �ïåðåìåííîé xk. Åñëè (gik , gl) ∈ E(G), òî xk ⩽ al ∈ S(Xn). Äëÿ ðåøåíèÿ pi ïåðåìåí-
íîé xk ñîîòâåòñòâóåò ýëåìåíò pik è, ñëåäîâàòåëüíî, P ⊨ pik ⩽ pl. Èç øàãà 3 àëãîðèòìà
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ñëåäóåò, ÷òî (hik , hl) ∈ E(H). Íî φi(gl) = hl è φi(gik) = hik . Ýòè ðàññóæäåíèÿ âåðíû
äëÿ âñåõ ýëåìåíòîâ èç V (G) \GA. Òåì ñàìûì ïîêàçàíî, ÷òî

∀gr ∈ {V (G) \GA}∀gas ∈ GA

(
(gr, gas) ∈ E(G)→ (φi(gr), φi(gas)) ∈ E(H)

)
.

Àíàëîãè÷íûìè ðàññóæäåíèÿìè äîêàçûâàåòñÿ, ÷òî

∀gar ∈ GA∀gs ∈ {V (G) \GA}
(
(garr, gs) ∈ E(G)→ (φi(gar), φi(gs)) ∈ E(H)

)
;

∀gr, gs ∈ {V (G) \GA}
(
(gr, gas) ∈ E(G)→ (φi(gr), φi(gs)) ∈ E(H)

)
.

Òàêèì îáðàçîì, îòîáðàæåíèå φi : G→ H ÿâëÿåòñÿ ãîìîìîðôèçìîì.
Òåïåðü íóæíî ïîêàçàòü, ÷òî äàííûé ãîìîìîðôèçì óäîâëåòâîðÿåò óñëîâèÿì ñïèñ-

êîâ L(g) äëÿ ãðàôà G.
Ïî øàãàì 5 è 6 âèäíî, ÷òî L(gi) = hi äëÿ âñåõ gi ∈ GA. Òàê êàê φi(gi) = hi äëÿ

âñåõ gi ∈ GA, òî äëÿ âñåõ ýëåìåíòîâ èç GA ãîìîìîðôèçì φi óäîâëåòâîðÿåò óñëîâèÿì
ñïèñêîâ.

Ïóñòü gik ∈ {V (G) \ GA} è φi(gik) = hik . Äëÿ íåãî ïî øàãàì 5 è 6 îïðåäåë¼í
ñïèñîê âåðøèí L(gik) ⊆ V (H). Â øàãå 4 âåðøèíà gik ñîïîñòàâëåíà ïåðåìåííîé xk,
êîòîðîé ñîîòâåòñòâóåò ñïèñîê ýëåìåíòîâ L(xk) (øàã 5). Òàê êàê pi = (pi1 , . . . , pin)�
ðåøåíèå S(Xn), òî aik ∈ L(xk). Ïî øàãó 6 ýòî îçíà÷àåò, ÷òî hik = φi(gik) ∈ L(gik), ò. å.
φi óäîâëåòâîðÿåò óñëîâèÿì ñïèñêîâ âåðøèí.

Òàêèì îáðàçîì, êàæäîå ðåøåíèå ñèñòåìû óðàâíåíèé pi = (pi1 , . . . , pin) îïðåäåëÿåò
ãîìîìîðôèçì φi, óäîâëåòâîðÿþùèé ïîïàäàíèþ â ñïèñêè âåðøèí.

Äëÿ âçàèìíî îäíîçíà÷íîãî ñîîòâåòñòâèÿ îñòàëîñü ïîêàçàòü, ÷òî äðóãèõ ãîìîìîð-
ôèçìîâ, óäîâëåòâîðÿþùèõ ñïèñêàì, íå ñóùåñòâóåò.

Ïóñòü åñòü ãîìîìîðôèçì ψ : G → H, êîòîðûé óäîâëåòâîðÿåò ñïèñêàì âåðøèí,
ïîëó÷åííûì ïî àëãîðèòìó, íî íå ñîîòâåòñòâóåò íè îäíîìó èç ðåøåíèé. Òàê êàê ψ
óäîâëåòâîðÿåò âñåì ñïèñêàì, òî îí óäîâëåòâîðÿåò è âñåì ñïèñêàì äëÿ g ∈ GA, òî åñòü
ñîõðàíÿåòñÿ èçîìîðôíîñòü H è ïîäãðàôà G. Åñëè ñèñòåìà óðàâíåíèé íåñîâìåñòíà
èç-çà óðàâíåíèé â Sa⩽a, òî ãîìîìîðôèçì G → H íåëüçÿ ñîñòàâèòü òàê, ÷òîáû îí
óäîâëåòâîðÿë ñïèñêàì äëÿ GA.

Ïóñòü âûäåëåí íåêîòîðûé ýëåìåíò gi ∈ V (G) \ GA è ψ(gi) = hj. Èç àëãîðèòìà 1
âèäíî, ÷òî ïåðåìåííàÿ xi ñîîòâåòñòâóåò âåðøèíå gi, à ýëåìåíò è êîíñòàíòà (pj è aj)
÷àñòè÷íîãî ïîðÿäêà P � âåðøèíå hj. Òàê êàê hj ∈ L(gi), òî aj ∈ L(xi) ïî øàãàì 5
è 6 àëãîðèòìà. Àíàëîãè÷íóþ ïðîöåäóðó ìîæíî ïðîäåëàòü ïî îñòàëüíûì ýëåìåíòàì èç
V (G) \GA è ïîëó÷èòü çíà÷åíèÿ a = (aα1 , . . . , aαn) äëÿ âñåõ ïåðåìåííûõ Xn.

Â ñèñòåìå óðàâíåíèé ÷åòûðå âèäà ïîäñèñòåì: Sa⩽a, Sx⩽a, Sa⩽x è Sx⩽x. Êàê óæå îò-
ìå÷àëîñü, Sa⩽a íåïðîòèâîðå÷èâà, èíà÷å ψ íå ãîìîìîðôèçì. Ïîäñèñòåìû Sx⩽a è Sa⩽x íå
ìîãóò áûòü ïðîòèâîðå÷èâûìè ïðè ïîäñòàíîâêå çíà÷åíèé èç a, òàê êàê îíè óäîâëåòâî-
ðÿþò âñåì ñïèñêàì âåðøèí, êîòîðûå ñîñòàâëÿþòñÿ ïî äàííûì óðàâíåíèÿì íà øàãå 5.
Çíà÷èò, ïðè ïîäñòàíîâêå çíà÷åíèé a â ñèñòåìó Sx⩽x ïîëó÷àþòñÿ íåâåðíûå íàä P âûðà-
æåíèÿ. Ïóñòü òàêèì âûðàæåíèåì áóäåò ak ⩽ al, ñîîòâåòñòâóþùåå óðàâíåíèþ xi ⩽ xj,
ò. å. P ⊭ pk ⩽ pl. Âåðøèíû hk, hl ÿâëÿþòñÿ îáðàçàìè âåðøèí gi, gj, ñîîòâåòñòâóþ-
ùèõ ïåðåìåííûì xi, xj. Ïî àëãîðèòìó 1 ïåðåìåííûå xi, xj ïðåîáðàçóþòñÿ â âåðøèíû
gi, gj ∈ {V (G)\GA} è ìåæäó íèìè åñòü äóãà (gj, gi) ∈ E(G). Òàê êàê ψ� ãîìîìîðôèçì,
òî (ψ(gj), ψ(gi)) = (hl, hk) ∈ E(H). Íî òàê êàê P ⊭ pk ⩽ pl, òî äóãè (hl, hk) â H áûòü íå
ìîæåò. Ïðîòèâîðå÷èå. Òåì ñàìûì äîêàçàíî, ÷òî ðåøåíèÿ ñèñòåìû óðàâíåíèé âçàèìíî
îäíîçíà÷íî îïðåäåëÿþò ãîìîìîðôèçìû ìåæäó ãðàôàìè, óäîâëåòâîðÿþùèå ñïèñêàì.
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Àëãîðèòì ñâåäåíèÿ çàäà÷ ÿâëÿåòñÿ ïîëèíîìèàëüíûì ïî ÷èñëó ýëåìåíòîâ ÷àñòè÷-
íîãî ïîðÿäêà (m) è êîëè÷åñòâó ïåðåìåííûõ â ñèñòåìå óðàâíåíèé (n). Ïåðâûé øàã
àëãîðèòìà� çàìåíà ïîäñèñòåì Sa=a, Sx=a è Sx=x íà Sa⩽a, Sx⩽a, Sa⩽x è Sx⩽x � óâåëè÷è-
âàåò êîëè÷åñòâî óðàâíåíèé íå áîëåå ÷åì âäâîå. Ñëåäóþùèé øàã� ïðîâåðêà ñîâìåñò-
íîñòè ïîäñèñòåìû Sa⩽a; ïðîâåðÿåòñÿ ñîâìåñòíîñòü íå áîëåå m

2 óðàâíåíèé. Ïîñòðîåíèå
p-ãðàôà H ïî ÷àñòè÷íîìó ïîðÿäêó P ïðåäñòàâëÿåò ñîáîé êîïèðîâàíèå ìàòðèöû ñìåæ-
íîñòè. Äëÿ ïîëó÷åíèÿ ãðàôà G ñòðîèòñÿ ìàòðèöà ñìåæíîñòè ñ (n + m) âåðøèíàìè
è íå áîëåå ÷åì (n + m)2 äóãàìè. Íàêîíåö, ïîñòðîåíèå ñïèñêîâ âåðøèí� ýòî ïîèñê
ïåðåñå÷åíèé êîíóñîâ. Äëÿ ýëåìåíòà ÷àñòè÷íîãî ïîðÿäêà a ïîñòðîåíèå a↑ è a↓ ïðîèñ-
õîäèò ïóò¼ì ñðàâíåíèÿ ýëåìåíòà a ñî âñåìè ýëåìåíòàìè ÷àñòè÷íîãî ïîðÿäêà. Ïîýòîìó
òðóäî¼ìêîñòü äàííîé îïåðàöèè îöåíèâàåòñÿ êàê O(m). Ïîñòðîåíèå A↑

xi
ïðîèçâîëüíîãî

ïîäìíîæåñòâà ýëåìåíòîâ ÷àñòè÷íîãî ïîðÿäêà ïðîõîäèò òàê, ÷òî ñíà÷àëà ñòðîèòñÿ a↑

äëÿ ëþáîãî ýëåìåíòà a ∈ Axi
. Äàëåå îñòàëüíûå ýëåìåíòû èç Axi

ñðàâíèâàþòñÿ ñ a↑.
Ñëîæíîñòü ýòîé ïðîöåäóðû ìîæíî îöåíèòü êàê O(m2). Íåîáõîäèìî ïîñòðîèòü n òàêèõ
ìíîæåñòâ. Ñëåäîâàòåëüíî, àëãîðèòì ñâåäåíèÿ çàäà÷è Cons(P) ê çàäà÷å L-HOM(H) ÿâ-
ëÿåòñÿ ïîëèíîìèàëüíûì ïî ÷èñëó ýëåìåíòîâ ÷àñòè÷íîãî ïîðÿäêà è ÷èñëó ïåðåìåííûõ
â ñèñòåìå óðàâíåíèé è èìååò òðóäî¼ìêîñòü O(n2 + nm2 +m2).

Ñëåäóåò îòìåòèòü, ÷òî çàäà÷ó L-HOM(H) íåëüçÿ ñâåñòè ê çàäà÷å Cons(P): çàäà÷à
L-HOM(H) øèðå, ÷åì çàäà÷à Cons(P). Íàïðèìåð, íà ðèñ. 3 ïîêàçàíà äèàãðàììà Õàññå
÷àñòè÷íîãî ïîðÿäêàM. Ðàññìîòðèì âñå âîçìîæíûå êîíóñû:

1) ∅↓ = ∅↑ = a↓1 = a↑3 = {a1, a2, a3};
2) a↑2 = {a2, a3}↑ = {a1, a2};
3) a↓2 = {a1, a2}↓ = {a2, a3};
4) {a1, a2}↑ = {a1, a3}↑ = {a1, a2, a3}↑ = {a1};
5) {a2, a3}↓ = {a1, a3}↓ = {a1, a2, a3}↓ = {a3}.
Åñëè çàäàòü ñïèñîê L(v) = {a1, a3}, òî âèäíî, ÷òî íèêàêîå ïåðåñå÷åíèå èç âñåâîç-

ìîæíûõ êîíóñîâ íå äàñò ìíîæåñòâî ýëåìåíòîâ {a1, a3}. À òàê êàê ñïèñêè ýëåìåíòîâ
ôîðìèðóþòñÿ ïî ñèñòåìàì óðàâíåíèé Sx⩽a è Sa⩽x, òî è íè ïî êàêîé ñèñòåìå óðàâíåíèé
íåëüçÿ ñîñòàâèòü óêàçàííûé ñïèñîê ýëåìåíòîâ.

a1

a2

a3

Ðèñ. 3. ×àñòè÷íûé ïîðÿäîêM

Òåîðåìà 5. Ïóñòü P �÷àñòè÷íûé ïîðÿäîê è H � ñîîòâåòñòâóþùèé ýòîìó ÷à-
ñòè÷íîìó ïîðÿäêó p-ãðàô. Òîãäà åñëè H �ïðèâåä¼ííûé èíòåðâàëüíûé îðãðàô, òî çà-
äà÷à Cons(P) ðàçðåøèìà çà ïîëèíîìèàëüíîå âðåìÿ.

Äîêàçàòåëüñòâî. Ïî ëåììå 1 çàäà÷à Cons(P ) ïîëèíîìèàëüíî ñâîäèòñÿ ê çàäà-
÷å L-HOM(H), ãäå H �ðåôëåêñèâíûé àöèêëè÷íûé òðàíçèòèâíûé îðèåíòèðîâàííûé
ãðàô. Ðåôëåêñèâíûå àöèêëè÷íûå òðàíçèòèâíûå îðãðàôû ÿâëÿþòñÿ ïîäêëàññîì ðå-
ôëåêñèâíûõ îðãðàôîâ. Ïîýòîìó ïî òåîðåìå 3 çàäà÷à L-HOM(H) ðàçðåøèìà çà ïîëè-
íîìèàëüíîå âðåìÿ, åñëè H �ïðèâåä¼ííûé èíòåðâàëüíûé îðãðàô.
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Ìîæíî îòìåòèòü ñëó÷àé, â êîòîðîì ÷àñòè÷íûé ïîðÿäîê P çàäàí â ÿçûêå L áåç
êîíñòàíò. Òîãäà Cons(P) ðåøàåòñÿ òðèâèàëüíî. Ëþáàÿ ñèñòåìà óðàâíåíèé S(Xn) íàä P
ñîñòîèò èç óðàâíåíèé äâóõ òèïîâ: Sx=x è Sx⩽x. Ñëåäîâàòåëüíî, ðåøåíèÿìè äàííîé
ñèñòåìû áóäóò òî÷êè âèäà Pi = (pi, . . . , pi), pi ∈ P .

×òî êàñàåòñÿ çàäà÷è RET(H), òî å¼ ìîæíî ñâåñòè ê çàäà÷å Cons(P) äëÿ p-ãðàôîâH.
Ëåììà 2. Ïóñòü çàäàí p-ãðàô H è åìó ñîîòâåòñòâóåò ÷àñòè÷íûé ïîðÿäîê P â

ÿçûêå LA. Çàäà÷à RET(H) ñâîäèòñÿ ê çàäà÷å Cons(P) çà ïîëèíîìèàëüíîå âðåìÿ.
Äîêàçàòåëüñòâî. Äëÿ ñâåäåíèÿ ïîñòðîèì ïî ãðàôàì G,H è ñïèñêàì L(v) ñè-

ñòåìó óðàâíåíèé S(Xn) è ÷àñòè÷íûé ïîðÿäîê P .
Äàíî: p-ãðàôG è ñïèñêè âåðøèí L(v) ∈ V (H), v ∈ V (G) (âõîä äëÿ çàäà÷è RET(H)).

Íóæíî ïîñòðîèòü ñèñòåìó óðàâíåíèé S(Xn) íàä ÷àñòè÷íûì ïîðÿäêîì P â ÿçûêå LA

(âõîä äëÿ çàäà÷è Cons(P)).
Ïî p-ãðàôó H ïîëó÷èì ÷àñòè÷íûé ïîðÿäîê P ñòàíäàðòíûì îáðàçîì.
Ïóñòü â ãðàôå G âñåãî n âåðøèí. Ïî ãðàôó G ñòðîèòñÿ ñèñòåìà óðàâíåíèé Sx⩽x

ñëåäóþùèì îáðàçîì: âåðøèíàì ãðàôà G ñòàâÿòñÿ â ñîîòâåòñòâèå ïåðåìåííûå Xn; åñëè
â ãðàôå G ïðèñóòñòâóåò äóãà (gi, gj), òî â ñèñòåìó äîáàâëÿåòñÿ óðàâíåíèå xi ⩾ xj.
Ïî ñïèñêàì L(v) ñòðîèòñÿ ìíîæåñòâî óðàâíåíèé Sx=a: åñëè äëÿ âåðøèíû gi ãðàôà G
ñïèñîê L(gi) = {hj}, òî â ñèñòåìó äîáàâëÿåòñÿ óðàâíåíèå xi = aj, ãäå xi ñîîòâåòñòâóåò
âåðøèíå gi, à êîíñòàíòà aj � âåðøèíå hj. Åñëè L(gi) = V (H), òî íèêàêèå óðàâíåíèÿ
â ñèñòåìó íå äîáàâëÿþòñÿ. Ñèñòåìà S(Xn) ïðåäñòàâëÿåò ñîáîé îáúåäèíåíèå Sx⩽x∪Sx=a.

Àíàëîãè÷íî ñâåäåíèþ çàäà÷è Cons(P) ê çàäà÷å L-HOM(H) â ëåììå 1 ìîæíî ïî-
êàçàòü ñîîòâåòñòâèå ãîìîìîðôèçìîâ ìåæäó ãðàôîì G ñî ñïèñêàìè L è ãðàôîì H è
ðåøåíèÿìè ñèñòåìû S(Xn) íàä P â ÿçûêå LA.

Ïîëèíîìèàëüíîñòü ñâåäåíèÿ (ïî ÷èñëó âåðøèí ãðàôîâ |V (G)| = n è |V (H)| = m)
çàêëþ÷àåòñÿ â òîì, ÷òî ïîñòðîåíèå ÷àñòè÷íîãî ïîðÿäêà P ïî ãðàôó H ÿâëÿåòñÿ êîïè-
ðîâàíèåì ìàòðèöû ñìåæíîñòè è èìååò òðóäî¼ìêîñòü O(m). Ïîñòðîåíèå ñèñòåìû óðàâ-
íåíèé S(Xn) íå ïðåâîñõîäèò ïî ñëîæíîñòè O(n

2), òàê êàê ïîñòðîåíèå Sx⩽x îöåíèâàåòñÿ
ïîðÿäêîì ÷èñëà äóã ãðàôà G, à ïîñòðîåíèå ñèñòåìû Sx=a �êîëè÷åñòâîì âåðøèí ãðà-
ôà G (ýòî ìíîæåñòâî óðàâíåíèé îïðåäåëÿåòñÿ ïî ñïèñêàì L(v)). Èòîãî, òðóäî¼ìêîñòü
ñâåäåíèÿ îöåíèâàåòñÿ êàê O(n2 +m).

Òåîðåìà 6. Ïóñòü çàäàí êîíå÷íûé ÷àñòè÷íûé ïîðÿäîê P . Åñëè äëÿ ñîîòâåòñòâó-
þùåãî åìó p-ãðàôà H ãðàô U(H) ÿâëÿåòñÿ öèêëîì äëèíû áîëüøå 3, òî çàäà÷à Cons(P)
ÿâëÿåòñÿ NP-ïîëíîé.

Äîêàçàòåëüñòâî. Ïî ëåììå 2 çàäà÷à Cons(P) ïîëèíîìèàëüíî ñâîäèòñÿ ê çàäà÷å
RET(H), ãäå H �ðåôëåêñèâíûé àöèêëè÷íûé òðàíçèòèâíûé îðèåíòèðîâàííûé ãðàô.
Ðåôëåêñèâíûå àöèêëè÷íûå òðàíçèòèâíûå îðãðàôû ÿâëÿþòñÿ ïîäêëàññîì ðåôëåêñèâ-
íûõ îðãðàôîâ. Ïîýòîìó ïî òåîðåìå 2 çàäà÷à L-HOM(H) ÿâëÿåòñÿ NP-ïîëíîé, åñëè
U(H) ÿâëÿåòñÿ öèêëîì äëèíû áîëüøå 3.

Òàêèå ÷àñòè÷íûå ïîðÿäêè ñóùåñòâóþò. Îäèí èç íèõ ïðåäñòàâëåí íà ðèñ. 4.
Òàêèì îáðàçîì, ïîêàçàíî, ÷òî äëÿ çàäà÷è Cons(P) îáëàñòü çíà÷åíèé ïåðåìåííûõ

îïðåäåëÿåòñÿ ïåðåñå÷åíèåì êîíóñîâ â ÷àñòè÷íîì ïîðÿäêå P , â îòëè÷èå îò ïðîèçâîëüíî-
ãî ñëó÷àÿ çàäàíèÿ ñïèñêîâ â çàäà÷å L-HOM(H) è äóàëüíîñòüþ çàäàíèÿ ñïèñêîâ â çà-
äà÷å RET(H). Çàäà÷à Cons(P) ìîæåò áûòü êàê ïîëèíîìèàëüíî ðàçðåøèìîé, òàê è
NP-ïîëíîé, â çàâèñèìîñòè îò ÷àñòè÷íîãî ïîðÿäêà P . Íåîáõîäèìûå óñëîâèÿ äëÿ óäî-
âëåòâîðåíèÿ äàííûõ ñâîéñòâ ïîëó÷åíû â òåîðåìàõ 5 è 6.
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A

B

C

D

Ðèñ. 4. ×àñòè÷íûé ïîðÿäîê P, ó êîòîðîãî
ãðàô U(H) ÿâëÿåòñÿ öèêëîì äëèíû 4

Çàêëþ÷åíèå
Ñôîðìóëèðîâàí êðèòåðèé í¼òåðîâîñòè ïî óðàâíåíèÿì äëÿ ÷àñòè÷íî óïîðÿäî÷åí-

íûõ ìíîæåñòâ è äàíû íåîáõîäèìûå óñëîâèÿ äëÿ ïîëèíîìèàëüíîé ðàçðåøèìîñòè è
NP-ïîëíîòû çàäà÷è ðàçðåøèìîñòè ñèñòåìû óðàâíåíèé íàä ÷àñòè÷íî óïîðÿäî÷åííû-
ìè ìíîæåñòâàìè.
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Íàéäåíû äâå áåñêîíå÷íûå ñåðèè ïîëóãðóïï, ñâîéñòâî âíåøíåïëàíàðíîñòè ãðàôîâ
Êýëè â êîòîðûõ ýêâèâàëåíòíî ñâîéñòâó îáîáù¼ííîé âíåøíåïëàíàðíîñòè èõ ãðà-
ôîâ Êýëè, íî íå ýêâèâàëåíòíî ñâîéñòâó ïëàíàðíîñòè, è îäíà áåñêîíå÷íàÿ ñåðèÿ
ïîëóãðóïï, ñâîéñòâî îáîáù¼ííîé âíåøíåïëàíàðíîñòè ãðàôîâ Êýëè êîòîðûõ ýê-
âèâàëåíòíî ñâîéñòâó ïëàíàðíîñòè èõ ãðàôîâ Êýëè, íî íå ýêâèâàëåíòíî âíåøíå-
ïëàíàðíîñòè. Äîêàçàíî, ÷òî ãðàô Êýëè êîíå÷íîé ïîëóãðóïïû íå èçîìîðôåí íè
îäíîìó èç çàïðåù¼ííûõ ïîäãðàôîâ Ñåäëà÷åêà, âçÿòûõ ñ ëþáîé îðèåíòàöèåé è
ðàñêðàñêîé ð¼áåð, ïî õàðàêòåðèñòè÷åñêîìó ñâîéñòâó îáîáù¼ííîé âíåøíåïëàíàð-
íîñòè.

Êëþ÷åâûå ñëîâà: ãðàôû ×àðòðýíäà � Õàðàðè, ãðàôû Ñåäëà÷åêà, ïîëóãðóïïû ñ

ïëàíàðíûìè ãðàôàìè Êýëè.

COMPARISON OF OUTERPLANARITY
AND GENERALIZED OUTERPLANARITY PROPERTIES
FOR CAYLEY GRAPHS OF PLANAR SEMIGROUPS

D.V. Solomatin

Omsk State Pedagogical University, Omsk, Russia

We have found two infinite series of semigroups whose Cayley graphs have an outerpla-
narity property equivalent to the generalized outerplanarity property of their Cayley
graphs, but not equivalent to the planarity property, and one infinite series of semi-
groups whose Cayley graphs have a generalized outerplanarity property equivalent to
the planarity property of their Cayley graphs, but not equivalent to outerplanarity.
It is proved that the Cayley graph of a finite semigroup is not isomorphic to any of
the forbidden Sedláček’s subgraphs by the characteristic property of generalized outer
planarity with any orientation and edge coloring.

Keywords: Chartrand — Harari graphs, Sedláček graphs, semigroups with planar
Cayley graphs.

Ââåäåíèå
Âíåøíåïëàíàðíûå ãðàôû, êàê ñâÿçíûå ãðàôû, èìåþùèå íå ìåíåå òð¼õ âåðøèí, êî-

òîðûå ìîæíî âëîæèòü â ïëîñêîñòü òàê, ÷òîáû âñå âåðøèíû ëåæàëè âî âíåøíåé ãðàíè,
ââåäåíû Ã. ×àðòðýíäîì è Ô. Õàðàðè [1] ïðè ðåøåíèè âîïðîñîâ ïëàíàðíîñòè ãðàôîâ, îá-
ðàçîâàííûõ ñîâåðøåííûìè ïàðîñî÷åòàíèÿìè, ñâÿçûâàþùèìè äâå êîïèè îäíîãî ãðàôà.
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Äàëüíåéøåå îáîáùåíèå âíåøíåïëàíàðíûõ ãðàôîâ ðàçâèâàëîñü â ðàçíûõ íàïðàâëåíè-
ÿõ, èñòîðè÷åñêè ïåðâûì áûëî ïðåäëîæåííîå â [2] È. Ñåäëà÷åêîì ðàññìîòðåíèå òàêèõ
ïëàíàðíûõ ãðàôîâ, êàæäîå ðåáðî êîòîðûõ ïðèíàäëåæèò âíåøíåé ãðàíè õîòÿ áû îäíîé
èç ñâîèõ âåðøèí.

Â öèôðîâóþ ýïîõó âíåøíåïëàíàðíûå ãðàôû íàõîäÿò ïðèìåíåíèå â èíôîðìàòèêå,
îñîáåííî â îáëàñòÿõ, ñâÿçàííûõ ñ ñåòåâûìè ñòðóêòóðàìè è õèìè÷åñêîé èíôîðìàòèêîé,
à èìåííî: âíåøíåïëàíàðíûå ãðàôû èñïîëüçóþò äëÿ îïèñàíèÿ îòíîøåíèé â ñåòåâûõ
ñòðóêòóðàõ, òàê êàê îíè ïðåäñòàâëÿþò ñîáîé ïîäìíîæåñòâî ïëîñêèõ è êðóãîâûõ ãðà-
ôîâ; îíè ìîãóò ïðèìåíÿòüñÿ äëÿ ìîäåëèðîâàíèÿ ñâÿçíîñòè, ñáîðà äàííûõ, ìàðøðóòè-
çàöèè, ìîáèëüíîñòè, ýíåðãîýôôåêòèâíîñòè, óïðàâëåíèÿ òîïîëîãèåé, àíàëèçà òðàôèêà,
ïîèñêà êðàò÷àéøèõ ïóòåé è áàëàíñèðîâêè íàãðóçêè. Ïðèëîæåíèÿ â õåìîèíôîðìàòèêå
åù¼ øèðå, òàê êàê ìíîãèå õèìè÷åñêèå ñîåäèíåíèÿ ìîæíî îïèñàòü ñ ïîìîùüþ âíåøíå-
ïëàíàðíûõ ãðàôîâ. Íàïðèìåð, â [3] îïèñàí ïîëèíîìèàëüíûé àëãîðèòì, êîòîðûé âû-
÷èñëÿåò ìàêñèìàëüíûé îáùèé ïîäãðàô ìåæäó äâóìÿ âíåøíåïëàíàðíûìè ãðàôàìè, îí
îêàçàëñÿ ïîëåçåí äëÿ ðåøåíèÿ çàäà÷ ïðîãíîçèðîâàíèÿ â îáîçíà÷åííîé ñôåðå. Ñïîñîá-
íîñòü âíåøíåïëàíàðíûõ ãðàôîâ ïðåäñòàâëÿòü ñëîæíûå îòíîøåíèÿ âèçóàëüíî-èíòóè-
òèâíûì îáðàçîì äåëàåò èõ öåííûì èíñòðóìåíòîì â ðàçëè÷íûõ îáëàñòÿõ äèñêðåòíîé
ìàòåìàòèêè. Ïëàíàðíûå ãðàôû, â ñâîþ î÷åðåäü, íàõîäÿò ïðèëîæåíèÿ ïðè ïðîåêòè-
ðîâàíèè ìèêðîñõåì. Èçâåñòíî òàêæå ïðèìåíåíèå ÷àñòè÷íî êîììóòàòèâíûõ ïîëóãðóïï
ïðè àíàëèçå âîçìîæíîñòè ðàñïàðàëëåëèâàíèÿ àëãîðèòìîâ è ïðîãðàìì.

Â îáçîðå [4] àíàëèçèðóþòñÿ âîïðîñû âíåøíåïëàíàðíîñòè ãðàôîâ Êýëè ïîëóãðóïï,
ñðåäè ïðî÷åãî � â êëàññàõ ÷àñòè÷íî êîììóòàòèâíûõ ïîëóãðóïï, êîíå÷íûõ ñâîáîäíûõ
êîììóòàòèâíûõ ïîëóãðóïï, ìîíîèäîâ è ïîëóãðóïï ñ íóë¼ì, ñâÿçàííûå ñ âîçìîæíîñòüþ
èõ îáîáùåíèÿ. Â ðàçíûõ êëàññàõ ïîëóãðóïï íåðåäêî âîçíèêàþò òàêèå ñèòóàöèè, ÷òî
ïîëóãðóïïà äîïóñêàåò îáîáù¼ííûé âíåøíåïëàíàðíûé, íî íå äîïóñêàåò âíåøíåïëàíàð-
íûé ãðàô Êýëè [5]. Î÷åâèäíû ïðèìåðû ïîëóãðóïï, â êîòîðûõ ñâîéñòâî ïëàíàðíîñòè
ãðàôîâ Êýëè ýêâèâàëåíòíî ñâîéñòâó âíåøíåïëàíàðíîñòè è ñâîéñòâó îáîáù¼ííîé âíåø-
íåïëàíàðíîñòè, òàêèìè ñðåäè ïðî÷èõ ÿâëÿþòñÿ ïîëóãðóïïû ñ íóëåâûì óìíîæåíèåì.
Â ðàáîòå ïðèâåäåíû íåñêîëüêî êëàññîâ ïîëóãðóïï, äëÿ êîòîðûõ ñâîéñòâî ãðàôà Êýëè
áûòü îáîáù¼ííûì âíåøíåïëàíàðíûì ýêâèâàëåíòíî ëèøü åãî âíåøíåïëàíàðíîñòè ëèáî
ëèøü åãî ïëàíàðíîñòè.

1. Ïðåäâàðèòåëüíûå ñâåäåíèÿ
Ïðèâåä¼ì îïðåäåëåíèÿ êëþ÷åâûõ ïîíÿòèé. Ãðàôîì Êýëè ïîëóãðóïïû S îòíîñèòåëü-

íî ìíîæåñòâà îáðàçóþùèõ å¼ ýëåìåíòîâ X íàçûâàåì îðèåíòèðîâàííûé ìóëüòèãðàô
Cay(S,X) = (S, {(a, x, b) : a, b ∈ S, x ∈ X, ax = b}) ñ ïîìå÷åííûìè äóãàìè. Äóãà (a, x, b)
íà÷èíàåòñÿ â âåðøèíå a ∈ S, çàêàí÷èâàåòñÿ â âåðøèíå b ∈ S è ïîìå÷åíà ýëåìåíòîì
x ∈ X òîãäà è òîëüêî òîãäà, êîãäà â ïîëóãðóïïå S âûïîëíåíî ðàâåíñòâî ax = b.

Ãðàô íàçûâàåòñÿ âíåøíåïëàíàðíûì, åñëè îí èçîìîðôåí ïëîñêîìó ãðàôó, êàæ-
äàÿ âåðøèíà ïëîñêîé óêëàäêè êîòîðîãî ïðèíàäëåæèò âíåøíåé ãðàíè. Ãðàô íàçû-
âàåòñÿ îáîáù¼ííûì âíåøíåïëàíàðíûì, åñëè îí èçîìîðôåí ïëîñêîìó ãðàôó, êàæ-
äîå ðåáðî ïëîñêîé óêëàäêè êîòîðîãî ïðèíàäëåæèò âíåøíåé ãðàíè õîòÿ áû îäíîé
èç ñâîèõ âåðøèí. Ãîâîðèì, ÷òî ïîëóãðóïïà S äîïóñêàåò (îáîáù¼ííûé) âíåøíåïëà-

íàðíûé ãðàô Êýëè, åñëè îòíîñèòåëüíî íåêîòîðîãî ìíîæåñòâà îáðàçóþùèõ X îñíîâà

SCay(S,X) =
(
S, {{a, b} : a, b ∈ S,∃x ∈ X (ax = b)}

)
ãðàôà Cay(S,X), ïîëó÷åííàÿ èç

èñõîäíîãî ïóò¼ì óäàëåíèÿ ïåòåëü, ìåòîê è çàìåíîé âñåõ äóã âèäà (a, x, b) è (b, y, a) äëÿ
a, b ∈ S è x, y ∈ X îäíèì ðåáðîì {a, b}, ÿâëÿåòñÿ (îáîáù¼ííûì) âíåøíåïëàíàðíûì
ãðàôîì.
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Ñîãëàñíî êðèòåðèþ Ñåäëà÷åêà, ãðàô ÿâëÿåòñÿ îáîáù¼ííûì âíåøíåïëàíàðíûì òî-
ãäà è òîëüêî òîãäà, êîãäà îí íå ñîäåðæèò ïîäãðàôîâ, ñòÿãèâàåìûõ ê çàïðåù¼ííûì
ãðàôàì Ñåäëà÷åêà G1�G12. Äëÿ ñðàâíåíèÿ, ñîãëàñíî êðèòåðèþ ×àðòðýíäòà �Õàðàðè,
ãðàô âíåøíåïëàíàðåí òîãäà è òîëüêî òîãäà, êîãäà îí íå ñîäåðæèò ïîäãðàôîâ, ãîìåî-
ìîðôíûõ ãðàôàì ×àðòðýíäà �Õàðàðè, K2,3 èëè K4.

2. Îñíîâíîé ðåçóëüòàò
Â [6] äîêàçàíî, ÷òî íåöèêëè÷åñêàÿ ïîëóãðóïïà S ñ îäíèì îïðåäåëÿþùèì ñîîòíî-

øåíèåì, äîïóñêàþùàÿ ïîëóãðóïïîâîå òîæäåñòâî, èìååò ïëàíàðíûé ãðàô Êýëè òîãäà
è òîëüêî òîãäà, êîãäà S àíòèèçîìîðôíà îäíîé èç ïîëóãðóïï: S1 = ⟨a, b | ab = ba⟩,
S2,k =

〈
a, b | ab = bk

〉
, k = 1, 2, . . . , S3 = ⟨a, b | aba = ba⟩, S4 = ⟨a, b | aba = b⟩, S5 =

= ⟨a, b | a2 = b2⟩, S6 = ⟨a, b | aba2 = ba⟩; èëè èçîìîðôíà îäíîé èç ïîëóãðóïï: S1, S2,1,
S4, S5. Çàìåòèì, ÷òî â ñèëó [7] ïîëóãðóïïû S1, S2,k, k = 1, 2, . . . , S3, S4, S5 è S6 �
ýòî âñå âîçìîæíûå ïîëóãðóïïû, êîòîðûì ìîæåò áûòü èçîìîðôíà èëè àíòèèçîìîðô-
íà íåöèêëè÷åñêàÿ ïîëóãðóïïà ñ îäíèì îïðåäåëÿþùèì ñîîòíîøåíèåì, äîïóñêàþùàÿ
ïîëóãðóïïîâîå òîæäåñòâî. Êàê îêàçàëîñü, ïîëóãðóïïà S ñ îäíèì îïðåäåëÿþùèì ñî-
îòíîøåíèåì è ñ òîæäåñòâîì äîïóñêàåò âíåøíåïëàíàðíûé ãðàô Êýëè òîãäà è òîëüêî
òîãäà, êîãäà îíà äîïóñêàåò îáîáù¼ííûé âíåøíåïëàíàðíûé ãðàô Êýëè.

Òåîðåìà 1. Åñëè S � ýòî íåöèêëè÷åñêàÿ ïîëóãðóïïà ñ åäèíñòâåííûì îïðåäåëÿ-
þùèì ñîîòíîøåíèåì, äîïóñêàþùàÿ ïîëóãðóïïîâîå òîæäåñòâî, òî ñëåäóþùèå óñëîâèÿ
ýêâèâàëåíòíû:

1) ïîëóãðóïïà S äîïóñêàåò âíåøíåïëàíàðíûé ãðàô Êýëè;
2) ïîëóãðóïïà S äîïóñêàåò îáîáùåííûé âíåøíåïëàíàðíûé ãðàô Êýëè;
3) ïîëóãðóïïà S àíòèèçîìîðôíà îäíîé èç ïîëóãðóïï: S2,k =

〈
a, b | ab = bk

〉
, ãäå

k ⩽ 3; S3 = ⟨a, b | aba = ba⟩; èëè èçîìîðôíà ïîëóãðóïïå S2,1 = ⟨a, b | ab = b⟩.
Äîêàçàòåëüñòâî. Â [8, òåîðåìà 5.1] äîêàçàíî, ÷òî íåöèêëè÷åñêàÿ ïîëóãðóï-

ïà ñ îäíèì îïðåäåëÿþùèì ñîîòíîøåíèåì è ñ òîæäåñòâîì äîïóñêàåò âíåøíåïëàíàð-
íûé ãðàô Êýëè òîãäà è òîëüêî òîãäà, êîãäà îíà àíòèèçîìîðôíà îäíîé èç ïîëóãðóïï
S2,k =

〈
a, b | ab = bk

〉
, ãäå k ⩽ 3, èëè S3 = ⟨a, b | aba = ba⟩; èëè èçîìîðôíà ïîëóãðóï-

ïå S2,1 = ⟨a, b | ab = b⟩. Ïîýòîìó äëÿ äîêàçàòåëüñòâà òåîðåìû äîñòàòî÷íî âûïîëíèòü
äîïîëíèòåëüíóþ ïðîâåðêó äîïóñòèìîñòè îáîáù¼ííîãî âíåøíåïëàíàðíîãî ãðàôà Êýëè
ïåðå÷èñëåííûõ â [6] ïîëóãðóïï, äîïóñêàþùèõ ïëàíàðíûå ãðàôû Êýëè.

Íàëè÷èå îáîáù¼ííîé âíåøíåïëîñêîé óêëàäêè ïðåäñòàâëåíî â [8] íà ðèñ. 5.1.1 è
5.1.2 äëÿ 1 ⩽ k ⩽ 3 è íà ðèñ. 5.1.3. Îòñóòñòâèå îáîáù¼ííîé âíåøíåïëîñêîé óêëàäêè
â îñòàâøèõñÿ ñëó÷àÿõ ðàññìàòðèâàåìûõ ïîëóãðóïï ñ ïëîñêèìè ãðàôàìè Êýëè îáîñ-
íîâûâàåòñÿ íàëè÷èåì â îñíîâå èõ ãðàôà Êýëè ïîäãðàôîâ, ñòÿãèâàåìûõ ê ïåðâîìó èç
ãðàôîâ Ñåäëà÷åêà, G1 â îáîçíà÷åíèÿõ èç [9]. Áîëåå òî÷íî, äëÿ ïîëóãðóïïû, èçîìîðô-
íîé èëè àíòèèçîìîðôíîé S1 èëè èçîìîðôíîé S4, íàëè÷èå ïîäãðàôà, ñòÿãèâàåìîãî
ê G1 â îñíîâå, îáåñïå÷èâàåòñÿ ñóùåñòâîâàíèåì òð¼õ íåïåðåñåêàþùèõñÿ ìàðøðóòîâ îò
âåðøèíû a2 äî âåðøèíû a2b3, êîòîðûì ïðèíàäëåæàò âåðøèíû ñëåäóþùèõ ìíîæåñòâ:
{a2, a, ab, ab2, ab3, a2b3}, {a2, a2b, a2b2, a2b3}, {a2, a3, a3b, a3b2, a3b3, a2b3}. Äëÿ ïîëóãðóïïû,
àíòèèçîìîðôíîé S2,k ïðè k ⩾ 4, íàëè÷èå ïîäãðàôà, ñòÿãèâàåìîãî ê G1 â îñíîâå, îáåñ-
ïå÷èâàåòñÿ ñóùåñòâîâàíèåì òð¼õ íåïåðåñåêàþùèõñÿ ìàðøðóòîâ îò âåðøèíû b2k−1a äî
âåðøèíû b2a (ðèñ. 1). Çäåñü ïóíêòèðîì èçîáðàæ¼í ôðàãìåíò ìàðøðóòà, ïîëó÷åííûé
ïîñëåäîâàòåëüíûì óìíîæåíèåì íà b ñëåâà (k − 3) ðàçà ñ ó÷¼òîì òîãî, ÷òî äëÿ ëþáî-
ãî íàòóðàëüíîãî ÷èñëà n èìååò ìåñòî ðàâåíñòâî abna = abbn−1a = bkbn−1a = bn+k−1a,
êîòîðîå èñïîëüçóåòñÿ ïðè óìíîæåíèè íà a ñëåâà.
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Ðèñ. 1. Ïîäãðàô îñíîâû ãðàôà Êýëè ïîëóãðóïïû, àíòèèçîìîðôíîé S2,k =
=
〈
a, b | ab = bk

〉
, ïðè k ⩾ 4 ñòÿãèâàåìûé ê ïåðâîìó ãðàôó Ñåäëà÷åêà

Â îñíîâå ãðàôà Êýëè ïîëóãðóïïû, èçîìîðôíîé S5, îáíàðóæèâàåòñÿ ïîäãðàô, ñòÿ-
ãèâàåìûé ê G1 è ñîñòîÿùèé èç òð¼õ íåïåðåñåêàþùèõñÿ ìàðøðóòîâ îò âåðøèíû ba
äî a5, âîññòàíàâëèâàåìûõ íà âåðøèíàõ ñëåäóþùèõ ìíîæåñòâ: {ba, bab, b3a, b5, a6, a5},
{ba, b3, a4, a5}, {ba, b, a2, a3, a3b, a5}.

Â îñíîâå ãðàôà Êýëè ïîëóãðóïïû, àíòèèçîìîðôíîé S4, îáíàðóæèâàåòñÿ ïîäãðàô,
ñòÿãèâàåìûé ê G1 è ñîñòîÿùèé èç òð¼õ íåïåðåñåêàþùèõñÿ ìàðøðóòîâ îò âåðøèíû b2a2

äî bab, âîññòàíàâëèâàåìûõ íà âåðøèíàõ ñëåäóþùèõ ìíîæåñòâ: {b2a2, ba2, ba, b, ab, bab},
{b2a2, b2a, b2, bab}, {b2a2, b3a2, b3a, b3, ab3, bab}. Îòìåòèì ïîïóòíî, ÷òî íà ñîîòâåòñòâóþ-
ùåì äàííîé ïîëóãðóïïå ðèñ. 11 â [6] ñîäåðæèòñÿ òèïîãðàôñêàÿ íåòî÷íîñòü, âìåñòî
âåðøèíû ba ñëåäóåò ÷èòàòü bab.

Â îñíîâå ãðàôà Êýëè ïîëóãðóïïû, àíòèèçîìîðôíîé S5, îáíàðóæèâàåòñÿ ïîäãðàô,
ñòÿãèâàåìûé ê G1 è ñîñòîÿùèé èç òð¼õ íåïåðåñåêàþùèõñÿ ìàðøðóòîâ îò âåðøèíû ab
äî a5, âîññòàíàâëèâàåìûõ íà âåðøèíàõ ñëåäóþùèõ ìíîæåñòâ: {ab, bab, ab3, b5, a6, a5},
{ab, b3, a4, a5}, {ab, b, a2, a3, ba3, a5}.

È íàêîíåö, â îñíîâå ãðàôà Êýëè ïîëóãðóïïû, àíòèèçîìîðôíîé S6, îáíàðóæèâà-
åòñÿ ïîäãðàô, ñòÿãèâàåìûé ê G1 è ñîñòîÿùèé èç òð¼õ íåïåðåñåêàþùèõñÿ ìàðøðó-
òîâ îò âåðøèíû ba4 äî ba, âîññòàíàâëèâàåìûõ íà âåðøèíàõ ñëåäóþùèõ ìíîæåñòâ:
{ba4, a4, a3, a2, a, ba}, {ba4, ba3, ba2, ba}, {ba4, b2a4, b2a3, b2a2, b2a, ba}. Ñëåäîâàòåëüíî, ãðà-
ôû Êýëè ïîëóãðóïï, äîïóñêàþùèõ ïëàíàðíûå ãðàôû Êýëè, íî íå óäîâëåòâîðÿþùèõ
óñëîâèÿì òåîðåìû, íå ÿâëÿþòñÿ îáîáù¼ííûìè âíåøíåïëàíàðíûìè.

Íàéòè èíôîðìàöèþ î ÷àñòè÷íî êîììóòàòèâíûõ ïîëóãðóïïàõ, íåîáõîäèìóþ äëÿ
ïîíèìàíèÿ ñëåäóþùåé òåîðåìû, ìîæíî â [10].

Òåîðåìà 2. Åñëè S(Γ)� ýòî ÷àñòè÷íî êîììóòàòèâíàÿ ñâîáîäíàÿ ïîëóãðóïïà, ñî-
îòâåòñòâóþùàÿ ãðàôó êîììóòàòèâíîñòè Γ ìíîæåñòâà îáðàçóþùèõ å¼ ýëåìåíòîâ, òî
ñëåäóþùèå óñëîâèÿ ýêâèâàëåíòíû:

1) ïîëóãðóïïà S(Γ) äîïóñêàåò âíåøíåïëàíàðíûé ãðàô Êýëè;
2) ïîëóãðóïïà S(Γ) äîïóñêàåò îáîáù¼ííûé âíåøíåïëàíàðíûé ãðàô Êýëè;
3) ñòåïåíü ëþáîé âåðøèíû â ãðàôå Γ ðàâíà íóëþ, òî åñòü ïîëóãðóïïà S(Γ) àíòè-

êîììóòàòèâíàÿ.

Äîêàçàòåëüñòâî. Ïóñòü VΓ �ìíîæåñòâî âåðøèí ãðàôà Γ. Òîãäà, êàê ïî-
êàçàíî â [8, ðèñ. 6.1.1], ïðè íàëè÷èè õîòÿ áû îäíîé ïàðû êîììóòèðóþùèõ ýëå-
ìåíòîâ â ìíîæåñòâå îáðàçóþùèõ îñíîâà ãðàôà Êýëè ñîäåðæèò òðè ïîïàðíî íåïå-
ðåñåêàþùèõñÿ ìàðøðóòà, âîññòàíàâëèâàåìûõ íà ñëåäóþùèõ ìíîæåñòâàõ âåðøèí:
{sa3b2, sa3b, sa2b, sab, sb, sb2}, {sa3b2, sa2b2, sab2, sb2}, {sa3b2, sa3b3, sa2b3, sab3, sb3, sb2},
ãäå s� ñëîâî èç áóêâ àëôàâèòà VΓ, âîçìîæíî ïóñòîå, çàâåðøàþùååñÿ ýëåìåíòîì, íå
êîììóòèðóþùèì ñ êîììóòèðóþùèìè ìåæäó ñîáîé a è b. Ñëåäîâàòåëüíî, îñíîâà ãðà-
ôà Êýëè òàêîé ïîëóãðóïïû ñîäåðæèò ïîäãðàô, ñòÿãèâàåìûé ê ïåðâîìó ãðàôó Ñåä-
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ëà÷åêà G1. Ïîýòîìó ïîëóãðóïïà S(Γ) äîïóñêàåò îáîáù¼ííûé âíåøíåïëàíàðíûé ãðàô
Êýëè èëè äîïóñêàåò âíåøíåïëàíàðíûé ãðàô Êýëè òîãäà è òîëüêî òîãäà, êîãäà S(Γ)
íåêîììóòàòèâíàÿ.

Äëÿ ïîëíîòû êàðòèíû ïðèâåä¼ì åù¼ îäèí ðåçóëüòàò, â êëàññå n-âååðíûõ ïîëóðåø¼-
òîê îïèñûâàþùèé ïîëóãðóïïû, ñâîéñòâî îáîáù¼ííîé âíåøíåïëàíàðíîñòè ãðàôà Êýëè
êîòîðûõ ýêâèâàëåíòíî ñâîéñòâó åãî ïëàíàðíîñòè.

Òåîðåìà 3. Åñëè S = Sn
k � ýòî n-âååðíàÿ ïîëóðåø¼òêà, òî ñëåäóþùèå óñëîâèÿ

ýêâèâàëåíòíû:

1) ïîëóãðóïïà S äîïóñêàåò ïëàíàðíûé ãðàô Êýëè;
2) ïîëóãðóïïà S äîïóñêàåò îáîáù¼ííûé âíåøíåïëàíàðíûé ãðàô Êýëè;
3)
∣∣S(2)

∣∣ ⩽ 3, ãäå S(2) �ìíîæåñòâî âñåõ íåíóëåâûõ ñëîâ ïîëóãðóïïû S âèäà aiaj,
i ̸= j.

Äîêàçàòåëüñòâî. Õàðàêòåðèñòè÷åñêîìó ñâîéñòâó ïëàíàðíîñòè ãðàôà Êýëè ïî-
ëóãðóïï Sn

k , äîêàçàííîìó â [10], óäîâëåòâîðÿþò òîëüêî S1
k (òîãäà îñíîâó ãðàôà Êýëè

ôîðìèðóåò ïóñòîé ãðàô ïåðâîãî ïîðÿäêà ïðè ëþáîì k ⩾ 1), S2
k (òîãäà îñíîâó ãðàôà

Êýëè ôîðìèðóåò çâåçäà K1,k ïðè ëþáîì k ⩾ 1) è S3
3 (îðèåíòèðîâàííàÿ îñíîâà ãðàôà

Êýëè â ýòîì ñëó÷àå ïðèâåäåíà â [8, ðèñ. 6.2.2]). Â êàæäîì èç ýòèõ ñëó÷àåâ ãðàô Êýëè
ÿâëÿåòñÿ îáîáù¼ííûì âíåøíåïëàíàðíûì.

Ðàçâèâàÿ èäåè ðåøåíèÿ çàäà÷è î äîïóñòèìîñòè ãðàôîâ Ïîíòðÿãèíà �Êóðàòîâñêî-
ãî, âçÿòûõ ñ íåêîòîðîé îðèåíòàöèåé è ïîìåòêîé ð¼áåð â êà÷åñòâå ãðàôîâ Êýëè ïî-
ëóãðóïï [11], è àíàëîãè÷íî ãðàôàì ×àðòðåíäà �Õàðàðè [8, òåîðåìà 7.1], ðàññìîòðèì
âîïðîñ î äîïóñòèìîñòè ãðàôîâ Ñåäëà÷åêà, âçÿòûõ ñ íåêîòîðîé îðèåíòàöèåé è ïîìåòêîé
ð¼áåð, â êà÷åñòâå ãðàôîâ Êýëè ïîëóãðóïï.

Òåîðåìà 4. Åñëè G� ãðàô Êýëè êîíå÷íîé ïîëóãðóïïû, òî G íå èçîìîðôåí íè
îäíîìó èç ãðàôîâ Ñåäëà÷åêà Gi, 1 ⩽ i ⩽ 12, ñ ëþáîé îðèåíòàöèåé è ðàñêðàñêîé ð¼áåð.

Äîêàçàòåëüñòâî. ×èñëî âåðøèí n è ÷èñëî ð¼áåð m ãðàôà Êýëè ïîëóãðóïïû
ñâÿçàíû ñ ÷èñëîì îáðàçóþùèõ å¼ ýëåìåíòîâ t ðàâåíñòâîì nt = m. Â ïðîòèâíîì ñëó÷àå
íå õâàòèò ð¼áåð äëÿ îïåðàöèè óìíîæåíèÿ íà êàæäûé èç îáðàçóþùèõ ëèáî íå õâà-
òèò âåðøèí äëÿ ïîëó÷åíèÿ ðåçóëüòàòîâ òàêîãî óìíîæåíèÿ. Ïàðàìåòðû n è m ãðàôîâ
Ñåäëà÷åêà ïðèâåäåíû â òàáëèöå.

i 1 2 3 4 5 6 7 8 9 10 11 12
n 8 8 8 8 6 7 7 7 8 5 6 6
m 9 9 9 9 8 9 9 9 10 9 9 9

Êàê âèäèì, äëÿ ëþáîãî i, 1 ⩽ i ⩽ 12, ÷èñëî ð¼áåð m = |E(Gi)| íå äåëèòñÿ íà ÷èñëî
âåðøèí n = |V (Gi)|. Ñëåäîâàòåëüíî, íè îäèí èç ãðàôîâ Ñåäëà÷åêà, âçÿòûé ñ íåêîòîðîé
îðèåíòàöèåé è ïîìåòêîé ð¼áåð, íå èçîìîðôåí ãðàôó Êýëè êàêîé-ëèáî ïîëóãðóïïû.

Çàêëþ÷åíèå
Â ðåçóëüòàòå ïðîâåä¼ííîãî èññëåäîâàíèÿ íàéäåíû: áåñêîíå÷íûå ñåðèè ÷àñòè÷íî

êîììóòàòèâíûõ ïîëóãðóïï è áåñêîíå÷íûå ñåðèè íåöèêëè÷åñêèõ ïîëóãðóïï ñ åäèí-
ñòâåííûì îïðåäåëÿþùèì ñîîòíîøåíèåì, äîïóñêàþùèå ïîëóãðóïïîâîå òîæäåñòâî,
ñâîéñòâî âíåøíåïëàíàðíîñòè ãðàôîâ Êýëè êîòîðûõ ýêâèâàëåíòíî ñâîéñòâó îáîáù¼í-
íîé âíåøíåïëàíàðíîñòè, íî íå ýêâèâàëåíòíî ñâîéñòâó ïëàíàðíîñòè; ñåðèè n-âååðíûõ
ïîëóðåø¼òîê, ñâîéñòâî ïëàíàðíîñòè ãðàôîâ Êýëè êîòîðûõ ýêâèâàëåíòíî ñâîéñòâó
îáîáù¼ííîé âíåøíåïëàíàðíîñòè, íî íå ýêâèâàëåíòíî âíåøíåïëàíàðíîñòè. Êðîìå òîãî,
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äîêàçàíî, ÷òî ãðàô Êýëè ëþáîé êîíå÷íîé ïîëóãðóïïû íå èçîìîðôåí íè îäíîìó èç
çàïðåù¼ííûõ ãðàôîâ Ñåäëà÷åêà èç êðèòåðèÿ îáîáù¼ííîé âíåøíåïëàíàðíîñòè ãðàôîâ,
âçÿòûõ ñ ëþáîé îðèåíòàöèåé è ïîìåòêîé ð¼áåð.

Ïîëó÷åííûå ðåçóëüòàòû ìîãóò áûòü èñïîëüçîâàíû äëÿ óñòàíîâëåíèÿ âçàèìíîãî îò-
íîøåíèÿ ìåæäó êëàññàìè ïîëóãðóïï, äîïóñêàþùèõ âíåøíåïëàíàðíûå ãðàôû Êýëè, è
êëàññàìè ïîëóãðóïï, äîïóñêàþùèõ îáîáù¼ííûå âíåøíåïëàíàðíûå ãðàôû Êýëè. Ïî-
ñëåäíåå îòêðûâàåò ïåðñïåêòèâû èññëåäîâàíèÿ áîëåå ñëîæíûõ êîíñòðóêöèé, â ÷àñò-
íîñòè îðäèíàëüíûõ ñóìì ïðÿìîóãîëüíûõ ïîëóãðóïï, äîïóñêàþùèõ âíåøíåïëàíàðíûå
ãðàôû Êýëè è èõ îáîáùåíèÿ.
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The random oracle model is an instrument used for proving that protocol has no
structural flaws when settling with standard hash properties is impossible or fairly
difficult. In practice, however, random oracles must be instantiated with some specific
hash functions that are not random oracles. Therefore, in the real world an adversary
has broader capabilities than considered in the random oracle proof: it can exploit
the peculiarities of a specific hash function to achieve its goal. In a case when a hash
function is based on some building block, one can go further and show that even if
the adversary has access to that building block, the hash function still behaves like a
random oracle under some assumptions made about the building block. Thereby, the
protocol can be proved secure against more powerful adversaries under less complex
assumptions. The notion of indifferentiability formalizes that approach. In this paper,
we show that Streebog, a Russian standardized hash function, is indifferentiable from
a random oracle under an ideal cipher assumption for the underlying block cipher.

Keywords: Streebog, GOST, random oracle, indifferentiability.

¾ÑÒÐÈÁÎÃ¿ ÊÀÊ ÑËÓ×ÀÉÍÛÉ ÎÐÀÊÓË

Ë.Ð. Àõìåòçÿíîâà, À.À. Áàáóåâà, À.À. Áîæêî

ÊðèïòîÏðî, ã. Ìîñêâà, Ðîññèÿ

Ìîäåëü ñî ñëó÷àéíûì îðàêóëîì èñïîëüçóåòñÿ äëÿ äîêàçàòåëüñòâà ñòîéêîñòè êðèï-
òîãðàôè÷åñêèõ ïðîòîêîëîâ â ñëó÷àå, êîãäà ñòàíäàðòíûå ïðåäïîëîæåíèÿ îá èñ-
ïîëüçóþùåéñÿ õåø-ôóíêöèè íå ïîçâîëÿþò ýòîãî ñäåëàòü. Îäíàêî íà ïðàêòèêå äëÿ
ðåàëèçàöèè ñëó÷àéíîãî îðàêóëà â êîíêðåòíîì ïðîòîêîëå èñïîëüçóåòñÿ íåêîòîðàÿ
äåòåðìèíèðîâàííàÿ õåø-ôóíêöèÿ, êîòîðàÿ, áåçóñëîâíî, íå ÿâëÿåòñÿ ñëó÷àéíûì
îðàêóëîì. Ñëåäîâàòåëüíî, â ðåàëüíîì ìèðå íàðóøèòåëü îáëàäàåò áîëåå øèðîêè-
ìè âîçìîæíîñòÿìè, ÷åì ïðåäïîëàãàëîñü â äîêàçàòåëüñòâå � îí ìîæåò èñïîëüçî-
âàòü îñîáåííîñòè êîíñòðóêöèè êîíêðåòíîé õåø-ôóíêöèè äëÿ îñóùåñòâëåíèÿ óãðî-
çû. Åñëè èñïîëüçóåìàÿ õåø-ôóíêöèÿ ñòðîèòñÿ íà îñíîâå íåêîòîðîãî äðóãîãî ïðè-
ìèòèâà (íàïðèìåð, áëî÷íîãî øèôðà), ìîæíî ðàññìîòðåòü íàðóøèòåëÿ, êîòîðûé
èìååò äîñòóï íàïðÿìóþ ê ýòîìó ïðèìèòèâó, è ïîêàçàòü, ÷òî äàæå îòíîñèòåëüíîãî
òàêîãî íàðóøèòåëÿ èñïîëüçóåìàÿ õåø-ôóíêöèÿ âåä¼ò ñåáÿ êàê ñëó÷àéíûé îðà-
êóë â ïðåäïîëîæåíèè îá èäåàëüíîñòè èñïîëüçóåìîãî ïðèìèòèâà. Òàêèì îáðàçîì
ìîæíî äîêàçàòü ñòîéêîñòü ïðîòîêîëà îòíîñèòåëüíî áîëåå ñèëüíûõ íàðóøèòåëåé
â ìåíåå ñèëüíûõ ïðåäïîëîæåíèÿõ îá èñïîëüçóþùèõñÿ ïðèìèòèâàõ. Õåø-ôóíêöèè,
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ïðè èñïîëüçîâàíèè êîòîðûõ ìîæíî äîñòè÷ü òàêîãî ðåçóëüòàòà, íàçûâàþòñÿ íåðàç-
ëè÷èìûìè îò ñëó÷àéíîãî îðàêóëà. Â äàííîé ðàáîòå ïîêàçàíî, ÷òî õåø-ôóíêöèÿ
¾Ñòðèáîã¿ íåðàçëè÷èìà îò ñëó÷àéíîãî îðàêóëà â ìîäåëè èäåàëüíîãî áëî÷íîãî
øèôðà.

Êëþ÷åâûå ñëîâà: Ñòðèáîã, ÃÎÑÒ, ñëó÷àéíûé îðàêóë, íåðàçëè÷èìîñòü.

1. Introduction
The random oracle model introduced in [1] assumes that each party of the protocol

and an adversary has access to a random oracle, which is used instead of a hash function.
A random oracle [1] is an ideal primitive that models a random function. It provides a
random output for each new query, and identical input queries produce the same answer.
The random oracle model makes it possible to prove that the protocol has no structural �aws
in situations when it is impossible or very di�cult to deal with standard hash properties,
which is the case for many e�cient and elegant solutions. For example, such protocols
and mechanisms as TLS [2], IPSec [3], and Schnorr signature [4, 5] were analyzed in the
random oracle model; Russian standardized versions of TLS [6] and IPSec [7], as well as
SESPAKE protocol [8, 9], shortened ElGamal signature [10], to-be-standardized RSBS blind
signature [11], and postquantum Shipovnik signature [12] are also analyzed in the random
oracle model.

In practice, however, being idealized primitives, random oracles do not exist and have to
be instantiated with some speci�c hash functions that are not random oracles. Therefore, in
the real world, an adversary has broader capabilities than those considered in the random
oracle proof: it can exploit the peculiarities of a speci�c hash function to achieve its goal.
To address such a situation, one can go further and consider the design of the hash function
to show that, under some less complex and more speci�c assumptions than the whole
function being a random oracle, it behaves like a random oracle. To do that, one must �rst
understand what �behaves like a random oracle� means and what assumptions you need to
make.

These questions for a particular class of hash functions are addressed by J. S. Coron et
al. in [13, 14]. They study the case when an arbitrary-length hash function is built from
some �xed-length building block (like an underlying compression function or a block cipher).
They propose a de�nition based on Maurer et al.'s notion of indi�erentiability [15] of what
it means to implement a random oracle with such a construction under the assumption
that the building block itself is an ideal primitive. The de�nition is chosen in a way that
any hash function satisfying it can securely instantiate a random oracle in a higher-level
application1 (under the assumption that the building block is an ideal primitive). Hence,
idealized assumptions are made about less complex lower-level primitive and, as a result,
more adversarial capabilities are taken into account.

In this paper, we study whether Streebog, a Russian standardized hash function [16], can
instantiate a random oracle. We recall that Streebog has always been a popular target for
analysis. An overview of the results which study standard properties of the algorithm can be
found in [17]. A recent paper [18] studies keyed version of Streebog as a secure pseudorandom
function in a related-key resilient PRF model for an underlying block cipher, highlighting
some important high-level design features of Streebog.

1We note that, as shown in [19], it only directly applies to cryptographic protocols which admit the
so-called �single-stage security proofs.�
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Since Streebog is a modi�ed Merkle �Damgard construction based on LSX-style block
cipher in Miyaguchi� Preneel mode, we adopt the notion of Coron et al. The paper's
main result is presented in Section 3: we prove that Streebog is indi�erentiable from a
random oracle under an ideal cipher assumption for the underlying block cipher. We bene�t
greatly from the work done in [13, 14] since their analysis is focused on Merkle �Damgard
constructions with a block cipher in Davis �Meyer mode. However, Streebog's design
features and a di�erent structure of the compression function do not allow us to use the
paper's results and pose several challenges.

2. De�nitions
Let |a| be the bit length of the string a ∈ {0, 1}∗, the length of an empty string is equal

to 0. For a bit string a we denote by |a|n = ⌈|a|/n⌉ the length of the string a in n-bit blocks.
Let 0u be the string consisting of u zeroes.

For a string a ∈ {0, 1}∗ and a positive integer l ⩽ |a| let msbℓ(a) be the string consisting
of the leftmost l bits of a. For nonnegative integers l and i, let strl(i) be l-bit representation of
i with the least signi�cant bit on the right, let int(M) be an integer i such that strl(i) =M .
For bit strings a ∈ {0, 1}⩽n and b ∈ {0, 1}⩽n we denote by a + b a string strn((int(a) +
+int(b)) mod 2n). If the value s is chosen uniformly at random from a set S, then we denote

it s
U←− S.
A block cipher E with a block size n and a key size k is the permutation family(

EK ∈ Perm({0, 1}n) : K ∈ {0, 1}k
)
, where K is a key.

2.1. S t r e e b o g h a s h f u n c t i o n

The Streebog hash function is de�ned in [16]. For the purposes of the paper, we will
de�ne Streebog as a modi�cation of Merkle �Damgard construction, which is applied to
a pre�x-free encoding of the message; in that we follow the approach of [13, 14]. We will
also make the use of the equivalent representation of Streebog from [20]. For Streebog the
length of an internal state in Merkle �Damgard construction is n = 512 and the length of
the output k is either 256 or 512.

Let us de�ne a compression function h : {0, 1}n × {0, 1}n → {0, 1}n, which is based on
12-rounds LSX-like block cipher E : {0, 1}n × {0, 1}n → {0, 1}n, where the �rst argument
is a key, in Miyaguchi � Preneel mode:

h(y, x) = E(y, x)⊕ x⊕ y.

We also de�ne a pre�x-free encoding g : {0, 1}∗ → ({0, 1}n, {0, 1}n)∗, which takes as an
input a message X:

g(X) = (x1,∆1)∥(x2,∆2)∥ . . . ∥(x′l∥10n−1−|x′
l|, ∆̃l)∥(L, 0)∥(Σ, 0),

where L = |X|, l = ⌊L/n⌋ + 1, X = x1∥ . . . ∥x′l, x1, . . . , xl−1 ∈ {0, 1}n, x′l ∈ {0, 1}<n,
and x′l is an empty string if L is already divisible by n; ∆i = strn(i n) ⊕ strn((i − 1)n),

∆̃i = strn((i− 1)n), and Σ =
l−1∑
i=1

xi + (x′l∥10n−1−|x′
l|). The encoding pads the message with

10n−1−|x′
l|, then it splits the message in blocks of length n, computes the counter value

for each block and appends two last blocks of the encoding, the bit length L and the
checksum Σ, which correspond to the �nalizing step of Streebog.

Finally, we de�ne the hash function Streebog on Fig. 1, where IV , |IV | = 512, is a
prede�ned constant, di�erent for k = 256 and k = 512. On Fig. 2 Streebog is depicted
schematically.
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We will call a sequence of triples (y1, x1, z1), (y2, x2, z2), . . . , (yl+2, xl+2, zl+2), where zi =
= h(yi, xi) ⊕ yi ⊕ xi, which appears during a computation of Streebog on an input X, a
computational chain for X.

Streebog(X)

l← ⌊|X|/n⌋+ 1

(x1, c1)∥(x2, c2)∥ . . . ∥(xl, cl)∥(xl+1, cl+1)∥(xl+2, cl+2)← g(X)

y1 ← IV

for i = 1 . . . l + 2 do :

yi+1 ← h(yi, xi)⊕ ci
return msbk(yl+3)

Fig. 1. Streebog hash function

Fig. 2. Streebog computation, l = 3

2.2. I n d i f f e r e n t i a b i l i t y

The following strategy is often applied to prove the security of a cryptosystem with
some component (or primitive). First, it is proven that the system is secure in case of using
idealized primitive. Secondly, we prove that the real primitive is indistinguishable from an
idealized one. Informally, two algorithms A and B are computationally indistinguishable if
no (e�cient) algorithm D is able to distinguish whether it is interacting with A or B.

We consider two types of the ideal primitives: random oracles and ideal ciphers.
A random oracle [1] is an ideal primitive that models a random function. It provides
a random output for each new query, identical input queries produce the same
answer. An ideal cipher is an ideal primitive that models a random block-cipher
E : {0, 1}κ × {0, 1}n → {0, 1}n, each key K ∈ {0, 1}κ de�nes a random permutation on
{0, 1}n. The ideal cipher provides oracle access to E and E−1; that is, on query (+, K, x),
it answers c = E(K, x), and on query (−, K, c), it answers x such that c = E(K, x).

Obviously, a random oracle (ideal cipher) is easily distinguishable from a hash function
(block cipher) if one knows its program and the public parameter. Thus, in [15] the extended
notion of indistinguishability � indi�erentiability �was introduced. It was proven, that if a
component A is indi�erentiable from B, then the security of any cryptosystem C(A) based
on A is not a�ected when replacing A by B. According to the authors, indi�erentiability
is the weakest possible property that allows security proofs of the generic type described
above. Thus, to prove the security of some cryptosystem using hash function, we may prove
its security in the random oracle model, and then prove that hash function is indi�erentiable
from a random oracle within some underlying assumptions. We assume that the base block
cipher is modelled as an ideal cipher.

Let us de�ne formally what the indi�erentiability from an ideal primitive means. We give
the de�nition directly for the hash function (based on the ideal cipher) and random oracle.
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This de�nition is a particular case of more general indi�erentiability notion introduced
in [15].

De�nition 1. A hash function H with oracle access to an ideal cipher E is said to be
(TD, qH , qE, ε)-indi�erentiable from a random oracle H if there exists a simulator S such
that for any distinguisher D with binary output it holds that:∣∣Pr[DH,E → 1

]
− Pr

[
DH,S → 1

]∣∣ < ε.

The simulator has oracle access to H. The distinguisher runs in time at most TD and makes
at most qH and qE queries to its oracles.

The indi�erentability notion is illustrated in Fig. 3. The distinguisher interacts with
two oracles, further we denote them by left and right oracles respectively. In one world,
left oracle implements the hash function H (with oracle access to the ideal cipher), while
the right oracle directly implements the ideal cipher E . In another world, the left oracle
implements the random oracle H and the right oracle is implemented by the simulator S.
The task of the simulator is to model the ideal cipher using the oracle access to H so that
no distinguisher could notice the di�erence. To achieve that, the output of S must match
what the resolver can get from H. Note that the simulator does not have access to the
queries of the distinguisher to H.

Fig. 3. The indi�erentiability of hash function H and random oracle H

3. Streebog indi�erentiability
In this section, we present the main result of the paper, which shows that Streebog is

indi�erentiable from a random oracle in the ideal cipher model for the base block cipher.
First, we discuss the choice of the underlying assumption. Indeed, the straightforward

solution is to prove Streebog indi�erentiability in assumption that the compression function
is a random oracle. Although such proof may be constructed much easier than in the
ideal cipher model, we show that the Miyaguchi � Preneel compression function cannot be
modeled as a random oracle. Indeed, for this function the following condition always holds:

x = E−1(y, h(y, x)⊕ x⊕ y).

Thus, the distinguisher can easily identify whether it interacts with the real compression
function or the random one by making the query (y, x) to the left oracle and the query
(−, y, h(y, x)⊕ x⊕ y) to the right oracle.

We give an indi�erentiability theorem for Streebog. The full proof is provided for
the Streebog variant with output size k = 512. For the shortened Streebog variant
argumentation is completely similar. Formally, the only thing which has to be adjusted is
the construction of the simulator; we will highlight the di�erence in the proof. The general
structure of the proof and some techniques are adopted from [13, 14].
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Theorem 1. The hash function Streebog with k = 512 or 256 using a cipher E :
{0, 1}n × {0, 1}n → {0, 1}n is (tD, qH , qE, ε)-indi�erentiable from a random oracle in the
ideal cipher model for E for any tD with

ε =
(1 + lm)q

2n−4
+

(1 + n+ lm)q
2

2n−7
,

where q = qE + qH(lm + 2) and lm is the maximum message length (in blocks, including
padding) queried by the distinguisher to its left oracle.

Proof. The main goal of the proof is to show that no distinguisher can tell apart two
words: in the �rst one, it has access to the Streebog construction using an ideal cipher as
an underlying block cipher and to the ideal cipher itself; in the second one it has access to
a random oracle and a simulator. The �rst step of the proof is to present a simulator for
which it would be possible to achieve that goal.

Our simulator for the ideal cipher E is quite elaborate. On every distinguisher query, it
tries to detect whether the distinguisher seeks to compute Streebog for some message itself.
If this is the case, it chooses the answer consistently with the random oracle; otherwise, it
chooses the answer randomly.

The simulator. Before we proceed with the simulator itself, let us de�ne an auxiliary
function g0 : {0, 1}∗ → ({0, 1}n, {0, 1}n)∗:

g0(X) = (x1,∆1)∥(x2,∆2)∥ . . . ∥(x′l∥10n−1−|x′
l|, ∆̃l)∥(L, 0),

where L = |X|, l = ⌊L/n⌋ + 1, X = x1∥ . . . ∥x′l, x1, . . . , xl−1 ∈ {0, 1}n, x′l ∈ {0, 1}<n, and

x′l is an empty string if L is already divisible by n. Clearly, if Σ =
l−1∑
i=1

xi + (x′l∥10n−1−|x′
l|),

then g0(X)∥(Σ, 0) = g(X).
The simulator accepts two types of queries: either a forward ideal cipher query (+, y, x),

where x ∈ {0, 1}n corresponds to a plaintext and y ∈ {0, 1}n to a cipher key, on which
it returns a ciphertext z ∈ {0, 1}n; or an inverse query (−, y, z), on which it returns a
plaintext x. The simulator maintains a table T , which contains triples (y, x, z) ∈ {0, 1}n ×
× {0, 1}n × {0, 1}n.

Forward query.When the simulator gets a forward query (+, y, x), it looks up the table T
for a triple (y, x, z) for some z. It returns z if such a triple exists. If there is no such triple,
the simulator chooses z randomly, puts the triple (y, x, z) in the table, and returns z to the
distinguisher. Additionally, in that case the simulator proceeds with the following routine.
It looks up the table for a sequence (y1, x1, z1), . . . , (yl, xl, zl) of length l = ⌊int(x)/n⌋ + 1
such that:

� there exists X such that g0(X) = (x1,∆1)∥(x2,∆2)∥ . . . ∥(xl, ∆̃l)∥(x, 0);
� it is the case that y1 = IV ;
� for each i = 2, . . . , l, it is the case that yi = xi−1 ⊕ yi−1 ⊕ zi−1 ⊕∆i−1;
� it is the case that y = xl ⊕ yl ⊕ zl ⊕ ∆̃l.

If such sequence exists, the simulator forms a pair (yl+2, xl+2) such that yl+2 = x ⊕

⊕ y ⊕ z and xl+2 =
l−1∑
i=1

xi + x′l, where X = x1∥ . . . ∥x′l. It is easy to see that g(X) =

= (x1,∆1)∥ . . . ∥(xl, ∆̃l)∥(x, 0)∥(xl+2, 0). The simulator does nothing if there already exists
a triple (yl+2, xl+2, z

′) for some z′ in the table T . Otherwise, it computes z′ to form a triple
(yl+2, xl+2, z

′), which will be consistent with a random oracle output onX, in advance. To do
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this, it queries the random oracle to get the output Z = H(X), computes z′ = Z⊕xl+2⊕yl+2

and stores the triple (yl+2, xl+2, z
′) in the table T 2.

Inverse query. On an inverse query (−, y, z) the simulator acts almost similarly. It looks
up the table T for a triple (y, x, z) for some x. It returns x if such triple exists. If there is
no such triple, the simulator chooses x randomly, puts the triple (y, x, z) in the table, and
returns x to the distinguisher. In this case, it proceeds with completely the same routine
as described above.

We will denote the number of entries in the table T by q. It is clear that qE ⩽ q ⩽ 2qE,
since for each adversarial query to S, at most one additional record can be added to the
table T besides the answer to the query itself.

Proof of indi�erentiability. Due to the de�nition of indi�erentiability, if the following
inequality holds for every distinguisher D:∣∣Pr[DH,E → 1

]
− Pr

[
DH,S → 1

]∣∣ ⩽ ε,

then the theorem follows. So we have to prove that no discriminator D can distinguish
between these two words except with probability ε. We will do that using the game hopping
technique, starting in the world with the random oracle H and the simulator S and moving
through the sequence of indistinguishable games to the world with the Streebog construction
and the ideal cipher E .

Game 1 → Game 2. The Game 1 is the starting point, where D has access to the
random oracle H and the simulator S. In the Game 2 (Fig. 4), we give D access to the relay
algorithm R0 instead of direct access to H. R0, in its turn, has access to the random oracle
and on distinguisher's queries simply answers with H(X). Let us denote by Gi the events
that D returns 1 in Game i. It is clear that Pr[G1 ] = Pr[G2 ].

Fig. 4. Game 2

Game 2 → Game 3. In the Game 3, we modify the simulator S by introducing failure
conditions. The simulator explicitly fails (i.e., returns an error symbol ⊥) when answering to
the distinguisher's query, if it computes the response satisfying one of the following failure
conditions. Let S0 denote the modi�ed simulator.

We introduce two types of failure conditions. Each condition captures di�erent relations
between the simulator's answers that could be exploited by the distinguisher. By failing,
the simulator �gives� the distinguisher an immediate win. Our longterm goal is to show
that, unless the failure happens, distinguisher cannot tell apart Game 2 form the ideal
cipher world. The simulator S0 chooses response to the forward or inverse query similarly
to the simulator S and then checks the resulting triple (y, x, z) for the conditions de�ned
below. For each type of conditions we also provide a brief motivation behind it, i.e., how
the distinguisher can exploit corresponding situations to tell apart two worlds.

2In the case of k = 256, the simulator �rst pads Z with 256 randomly chosen bits and then computes
z′ = Z ⊕ xl+2 ⊕ yl+2.
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Conditions of type 1. Conditions of type 1 are checked if the answer to the query
was chosen randomly or the discriminator was �rst returned with a value selected by the
simulator as corresponding to a random oracle and previously tabulated:

1) Condition B11: x⊕ y ⊕ z = IV .
2) Condition B12: there exists l ∈ {1, . . . , lm} such that x⊕ y ⊕ z ⊕ ∆̃l = IV .
3) Condition B13: there exist a triple (y′, x′, z′) ∈ T and i ∈ {1, . . . , lm − 1} such that

x⊕ y ⊕ z = x′ ⊕ y′ ⊕ z′ ⊕∆i. Note that
∣∣{∆i : i ∈ {1, 2, . . .}}

∣∣ ⩽ n.
4) Condition B14: there exist a triple (y′, x′, z′) ∈ T and l ∈ {1, . . . , lm} such that

x⊕ y ⊕ z = x′ ⊕ y′ ⊕ z′ ⊕ ∆̃l.
5) Condition B15: there exists a triple (y

′, x′, z′) ∈ T such that x⊕ y⊕ z = x′⊕ y′⊕ z′.
The type 1 conditions correspond to the situation when the internal states of two

Streebog computational chains for di�erent messages collide. The distinguisher can exploit
that situation in a number of ways, for example, it can force these two chains to end with
the same block, which will give the same result for two di�erent messages. From this,
the distinguisher can easily distinguish between the two worlds by querying its left oracle
with these messages. Other bad situations which correspond to this type of conditions are
analyzed in the proof of Lemma 1.

Conditions of type 2. Conditions of type 2 are checked if only the answer to the query
was chosen by the simulator randomly (i.e., the answer was not taken from the table):

1) Condition B21: there exists a triple (y
′, x′, z′) ∈ T such that x⊕ y ⊕ z = y′.

2) Condition B22: there exist a triple (y′, x′, z′) ∈ T and i ∈ {1, . . . , lm − 1} such that
x⊕ y ⊕ z = y′ ⊕∆i.

3) Condition B23: there exist a triple (y′, x′, z′) ∈ T and l ∈ {1, . . . , lm} such that
x⊕ y ⊕ z = y′ ⊕ ∆̃l.

The conditions of type 2 correspond to a situation when some block in the computational
chain is queried sometime after the query corresponding to the next block was made. In this
case, this query can be made even after the query for the last block in the chain was. The
distinguisher can then easily tell two worlds apart, because the simulator did not choose the
answer to the last query to be consistent with the random oracle. Notice that conditions
of that type are only checked when the simulator chooses the answer randomly itself.
Otherwise, the distinguisher can easily force the failure event using the random oracle, for
example, it can choose an arbitrary X, query the random oracle for Z = H(X), then query
the right oracle with (+, Z, x) for some x, and �nally compute the Streebog construction for
X using its right oracle. The simulator would then fail due to condition B21 when answering
for the last block of the computational chain. However, such a situation will not help the
distinguisher, since this is in a sense an extension of the computational message chain with
new blocks, which will not lead to another valid computational chain due to our pre�x-free
encoding g. Bad situations which correspond to this type of conditions are analyzed in the
proof of Lemma 2.

The probability of the event that the simulator fails due to one of the failure conditions
is estimated as follows:

Pr[S0 fails ] ⩽
(1 + lm)qE

2n−1
+

(1 + n+ lm)q
2
E

2n−4
.

That bound directly follows from Lemma 3 with qS = qE, which is given in Appendix
Appendix A. The proof of this statement is rather technical and is also provided in Appendix
Appendix A.
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Since Game 2 and Game 3 are di�erent only in situations, where the simulator S0 fails,
it is clear that∣∣Pr[G2 ]− Pr[G3 ]

∣∣ ⩽ Pr[S0 fails ] ⩽
(1 + lm)qE

2n−1
+

(1 + n+ lm)q
2
E

2n−4
.

Now, before we proceed to the next game, our aim is to show that unless the simulator
fails, its outputs are always consistent with random oracle outputs, i.e., it does not matter
if the distinguisher is computing the Streebog construction with its right oracle (maybe in
some unsual way) or queries the random oracle, the results would be the same. To do this,
we prove two lemmas, where Lemma 2 formalizes the outlined goal.

The �rst lemma states that in the table T there are no two sequences of triples
corresponding to computational chains with two di�erent inputs such that the last block of
one chain is the �rst, middle, or last block of another, unless S0 fails.

Lemma 1. If the simulator S0 does not fail, then in the table T there are no
two di�erent sequences of triples (y1, x1, z1), . . . , (yl+2, xl+2, zl+2) and (y′1, x

′
1, z

′
1), . . . ,

(y′p+2, x
′
p+2, z

′
p+2), where l, p ⩽ lm, such that the following conditions hold:

� there exist X and X ′ such that g(X) = (x1,∆1)∥ . . . ∥(xl+1, 0)∥(xl+2, 0) and g(X ′) =
= (x′1,∆1)∥ . . . ∥(x′p+1, 0)∥(x′p+2, 0);

� it is the case that y1 = y′1 = IV ;
� for each i = 2, . . . , l and j = 2, . . . , p, it is the case that yi = xi−1 ⊕ yi−1 ⊕ zi−1 ⊕∆i−1

and y′j = x′j−1 ⊕ y′j−1 ⊕ z′j−1 ⊕∆j−1;

� it is the case that yl+1 = xl ⊕ yl ⊕ zl ⊕ ∆̃l and y
′
p+1 = x′p ⊕ y′p ⊕ z′p ⊕ ∆̃l;

� it is the case that yl+2 = xl+1 ⊕ yl+1 ⊕ zl+1 and y
′
p+2 = x′p+1 ⊕ y′p+1 ⊕ z′p+1;

� there exists s ∈ {1, . . . , l + 2} such that (ys, xs, zs) = (y′p+2, x
′
p+2, z

′
p+2).

Proof. Let us suppose that there exist two sequences (y1, x1, z1), . . . , (yl+2, xl+2, zl+2)
and (y′1, x

′
1, z

′
1), . . . , (y

′
p+2, x

′
p+2, z

′
p+2) in the table T , which satisfy conditions of the lemma.

Then there exists the maximum r ∈ {1, . . . ,min(s, p+ 2)} such that

(ys−i, xs−i, zs−i) = (y′p−2−i, x
′
p−2−i, z

′
p−2−i), i = 0, . . . , r − 1.

In other words, r is the length of the subsequence of equal triples ending with (ys, xs, zs) =
= (y′p+2, x

′
p+2, z

′
p+2). We will now consider several cases depending on values of r and l.

Notice that r ⩽ s ⩽ l + 2.
T h e c a s e r = 1. Since it is true that (ys, xs, zs) = (y′p+2, x

′
p+2, z

′
p+2), we can deduce

that one of the following equalities has to hold:

1) if s = 1, then ys = IV . Hence, x′p+1 ⊕ y′p+1 ⊕ z′p+1 = y′p+2 = ys = IV ;
2) if s ∈ {2, . . . , l}, then ys = xs−1 ⊕ ys−1 ⊕ zs−1 ⊕∆s−1. Hence, x

′
p+1 ⊕ y′p+1 ⊕ z′p+1 =

= xs−1 ⊕ ys−1 ⊕ zs−1 ⊕∆s−1;
3) if s = l + 1, then ys = xs−1 ⊕ ys−1 ⊕ zs−1 ⊕ ∆̃s−1. Hence, x

′
p+1 ⊕ y′p+1 ⊕ z′p+1 =

= xs−1 ⊕ ys−1 ⊕ zs−1 ⊕ ∆̃l;
4) if s = l+2, then ys = xs−1⊕ys−1⊕zs−1. Hence, x

′
p+1⊕y′p+1⊕z′p+1 = xs−1⊕ys−1⊕zs−1.

However, it is easy to see that the above equalities correspond to the failure conditions
B11, B13, B14, B15, respectively. Therefore, one of these failure conditions would have been
triggered if a forward or inverse query which corresponds to the triple (ys−1, xs−1, zs−1) or
(y′p+1, x

′
p+1, z

′
p+1) (depending on which of them was made later) was made.

T h e c a s e r ⩾ 2, l > 1 and r = 3, l = 1. Since r ⩾ 2, it is easy to see that the
same inequality holds for s. Thereof, from y′p+2 = ys and the lemma statement we have
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that x′p+1 ⊕ y′p+1 ⊕ z′p+1 ⊕ 0 = xs−1 ⊕ ys−1 ⊕ zs−1 ⊕ c for some c ∈ {∆1, . . . ,∆l−1, ∆̃l, 0}.
However, since from r ⩾ 2 we have (ys−1, xs−1, zs−1) = (y′p+1, x

′
p+1, z

′
p+1), the constant c has

to be equal to 0. It is also easy to see that none of the values {∆1, . . . ,∆l−1, ∆̃l} is equal
to 0 when l > 1. Hence, due to the encoding g, it is only possible that the triple (ys, xs, zs)
is the last one in the sequence and s = l + 2.

Thereof, xl+1 = x′p+1, where, due to the de�nition of g, xl+1 and x
′
p+1 are equal to |X| and

|X ′| correspondingly. Consequently, since by de�nition l = ⌊|X|/n⌋+1 and p = ⌊|X ′|/n⌋+1,
we have that p = l.

Finally, consider triples (yl+2−r, xl+2−r, zl+2−r) ̸= (y′l+2−r, x
′
l+2−r, z

′
l+2−r). Notice that r <

< l + 2 or else the considered sequences are equal (that excludes the r = 3, l = 1 case at
all). Since yl+2−r+1 = y′l+2−r+1, the following equality has to hold:

yl+2−r ⊕ xl+2−r ⊕ zl+2−r ⊕ c = y′l+2−r ⊕ x′l+2−r ⊕ z′l+2−r ⊕ c,

where c is equal either to ∆l+2−r or ∆̃l+2−r. However, it is easy to see that in either way
the equality matches the failure condition B15. Therefore, it would have been triggered
if a forward or inverse query which corresponds to the triple (yl+2−r, xl+2−r, zl+2−r) or
(y′l+2−r, x

′
l+2−r, z

′
l+2−r) (depending on which of them was made later) was made.

T h e c a s e r = 2 and l = 1. We have that ∆̃l is equal to 0, hence two situations are
possible. The �rst one is when s = 3, the reasoning here is exactly the same as in the last
case, since equal triples are the last two triples in the sequences.

The second one is when s = 2. From that and since r = 2, we have that (y1, x1, z1) =
= (y′p+1, x

′
p+1, z

′
p+1). From the lemma statement, y1 = IV and y′p+1 = x′p ⊕ y′p ⊕ z′p ⊕ ∆̃p,

thereof the following equality has to hold:

x′p ⊕ y′p ⊕ z′p ⊕ ∆̃p = IV.

However, it is easy to see that the equality matches the failure condition B12. Hence, it
would have been triggered, when a forward or inverse query which corresponds to the triple
(y′p, x

′
p, z

′
p) was made.

We have considered all possible pairs (r, l). Hence, we can conclude that no such
sequences can exist if the simulator S0 does not fail.

Now we prove that the outputs of the simulator are consistent with the random oracle
unless it fails. To do this, we show that if the distinguisher at some point computes the
Streebog construction itself, it has to do that block-by-block, with the last triple of the
computational chain being consistent with the random oracle.

Lemma 2. Consider any sequence of triples (y1, x1, z1), . . . , (yl+2, xl+2, zl+2), where
l ⩽ lm, from the table T such that the following conditions hold:

� there exists X such that g(X) = (x1,∆1)∥ . . . ∥(xl+1, 0)∥(xl+2, 0);
� it is the case that y1 = IV ;
� for each i = 2, . . . , l, it is the case that yi = xi−1 ⊕ yi−1 ⊕ zi−1 ⊕∆i−1;
� it is the case that yl+1 = xl ⊕ yl ⊕ zl ⊕ ∆̃l;
� it is the case that yl+2 = xl+1 ⊕ yl+1 ⊕ zl+1.

If the simulator S0 does not fail, then it must be the case the triples (y1, x1, z1), . . . ,
(yl+1, xl+1, zl+1) were put in the table T exactly in that order and answers to the
corresponding queries were chosen randomly by the simulator. It is also necessary that the
triple (yl+2, xl+2, zl+2) was put in the table simultaneously with the triple (yl+1, xl+1, zl+1),
chosen to be consistent with the random oracle output H(X).
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Proof. Let us suppose that there exists i ∈ {1, . . . , l+1} such that the triple (yi, xi, zi)
was put in the table as a result of the corresponding forward or inverse query, when the
triple (yi+1, xi+1, zi+1) already existed in the table T . For that pair of triples the following
equality holds:

yi ⊕ xi ⊕ zi ⊕ c = yi+1,

where c is one of the values {∆i, ∆̃i, 0}, depending on the value of i. From Lemma 1 it
follows that the triple (yi, xi, zi) could not be the last in the computational chain of some
message X ′ ̸= X. In other words, the answer to the corresponding query was not chosen to
be consistent with the random oracle, but was chosen randomly by the simulator. Hence,
on the query corresponding to the triple (yi, xi, zi) one of the failure conditions of type 2
would have been triggered.

Thereby, when the query corresponding to the triple (yl+1, xl+1, zl+1) is made, triples
(y1, x1, z1), . . . , (yl, xl, zl) already exist in the table and the triple (yl+2, xl+2, zl+2) does not.
These triples satisfy the conditions of the simulator's routine and it has to choose the triple
(yl+2, xl+2, zl+2) to be consistent with the random oracle and put it in the table with the
triple (yl+1, xl+1, zl+1).

Game 3→ Game 4. In Game 4 (Fig. 5), we modify the relay algorithm R0. Let R1 denote
the modi�ed algorithm. It does not have access to the random oracle. On a distinguisher
query X, R1 applies the Streebog construction to X using the simulator for the block
cipher E. Notice that now at most qE + qH(lm + 2) queries are made to S0.

Fig. 5. Game 4

Let fail3 and fail4 denote the events when the simulator fails in the corresponding
game. From Lemma 2 it follows that, unless the simulator does not fail, answers of the
modi�ed relay algorithm R1 are exactly the outputs of the random oracle on corresponding
messages, since the simulator's answers are consistent with the random oracle. Hence, if
the simulator does not fail in either world, the view of the distinguisher remains unchanged
from Game 3 to Game 4:

Pr
[
G3 | fail3

]
= Pr

[
G4 | fail4

]
.

Probability of the event fail3 was estimated earlier in the transition from Game 2 to Game 3.
Probability of the event fail4 is estimated from Lemma 3, where qS = qE + qH(lm + 2).
Thus, we have:∣∣Pr[G3 ]− Pr[G4 ]

∣∣ = ∣∣Pr[G3 | fail3
]
Pr
[
fail3

]
+ Pr[G3 | fail3 ] Pr[fail3 ]−

−Pr
[
G4 | fail4

]
Pr
[
fail4

]
− Pr[G4 | fail4 ] Pr[fail4 ]

∣∣ ⩽ Pr
[
G3 | fail3

]
·
∣∣Pr[fail3]−

−Pr
[
fail4

] ∣∣+ ∣∣Pr[G3 | fail3 ] Pr[fail3 ]− Pr[G4 | fail4 ] Pr[fail4 ]
∣∣ ⩽

⩽
∣∣Pr[fail4 ]− Pr[fail3 ]

∣∣+ ∣∣Pr[G3 | fail3 ] Pr[fail3 ]− Pr[G4 | fail4 ] Pr[fail4 ]
∣∣ ⩽

⩽ max(Pr[fail3 ] ,Pr[fail4 ])+max(1·Pr[fail3 ]−0·Pr[fail4 ] , 0·Pr[fail3 ] +1·Pr[fail4 ]) ⩽
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⩽ 2max (Pr[fail3 ] ,Pr[fail4 ]) ⩽ 2

(
(1+lm)(qE+qH(lm+2))

2n−1
+

(1+n+lm)(qE+qH(lm+2))2

2n−4

)
.

Game 4 → Game 5. In Game 5 (Fig. 6) we modify the simulator. Let S1 denote the
modi�ed simulator. It does not consult the random oracle when answering the query, it
still maintains a table T of triples (x, y, z). On a forward query (+, y, x), it searches the
table T for a triple (y, x, z) for some z. It returns z if such triple exists. If there is no such
triple, the simulator chooses z randomly, puts the triple (y, x, z) in the table and returns z
to the distinguisher. It acts similarly to answer the inverse query (−, y, z), but chooses a
random x, if there is no corresponding triple.

Fig. 6. The ideal cipher world and Game 5

The simulator responses in both games are identical except for the S0 failure condition.
This is true because even when S0 chooses the answer using the random oracle, all its
answers look uniformly distributed to the distinguisher as it does not have a direct access
to the random oracle in Game 4. Hence, the view of the distinguisher is identical in both
games if the simulator does not fail in Game 4, and if in Game 5 the simulator does not give
a response, which would have led to failure in Game 4. The probabilities of these events
are equal, since the number of queries to the simulators in both games is the same, and
the distribution of the responses of the simulators is identical. Let us denote the event
�S1 should have failed� by fail5. Hence, the following inequality holds:∣∣Pr[G4 ]− Pr[G5 ]

∣∣ = ∣∣Pr[G4 | fail4
]
Pr
[
fail4

]
+ Pr[G4 | fail4 ] Pr[fail4 ]−

−Pr
[
G5 | fail5

]
Pr
[
fail5

]
− Pr[G5 | fail5 ] Pr[fail5 ]

∣∣ =
=
∣∣Pr[G4 | fail4 ] Pr[fail4 ]− Pr[G5 | fail5 ] Pr[fail5 ]

∣∣ ⩽
⩽ Pr[G4 | fail4 ] Pr[fail4 ] + Pr[G5 | fail5 ] Pr[fail5 ] ⩽ Pr[fail4 ] + Pr[fail5 ] =

= 2Pr[fail4 ] ⩽ 2

(
(1 + lm)(qE + qH(lm + 2))

2n−1
+

(1 + n+ lm)(qE + qH(lm + 2))2

2n−4

)
.

Game 5→ Game 6. In the �nal game we replace the simulator S1 with the ideal cipher E .
Since the relay algorithm R1 is the Streebog construction and now it uses the ideal cipher
for E, the Game 6 is exactly the ideal cipher model.

We now have to show that the view of the distinguisher remains almost unchanged.
The outputs of the ideal cipher and the simulator S1 have di�erent distributions: the ideal
cipher is a permutation for each key and S1 chooses its answers randomly. Hence, the
distinguisher can tell apart two games only if forward/inverse outputs of the simulator
collide for the same key. The probability of that event is at most the birthday bound
through all queries. Thus, we have

∣∣Pr[G5 ]− Pr[G6 ]
∣∣ ⩽ (qE + qH(lm + 2))2

2n
.
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Finally, combining all the transitions and since Game 6 is exactly the ideal cipher model,
we can deduce that∣∣Pr[DH,E → 1

]
− Pr

[
DH,S → 1

] ∣∣ ⩽ (1 + lm)qE
2n−1

+
(1 + n+ lm)q

2
E

2n−4
+

+4

(
(1 + lm)(qE + qH(lm + 2))

2n−1
+

(1 + n+ lm)(qE + qH(lm + 2))2

2n−4

)
+

(qE + qH(lm + 2))2

2n
.

The statement of Theorem 1 hence follows.

4. Conclusion
In the paper, we prove that the Streebog hash function is indi�erentiable from a random

oracle under the ideal cipher assumption for the underlying block cipher. From a practical
point of view, under this assumption Streebog can be considered as a random oracle as long
as computational power of the adversary remains much less than 2n/2 operations. However,
it is still an open problem to determine if it is possible to prove indi�erentiability of Streebog
and other hash functions under idealized assumptions for even lower-level objects than a
block cipher.
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Appendix A. Probability of the simulator's failure event
Lemma 3. Let S0 be a simulator de�ned in the proof of Theorem 1. Then the

probability of the event that the simulator S0 explicitly fails due to one of the failure
conditions B11, . . . , B23, de�ned in the proof of Theorem 1, satis�es the following bound:

Pr[S0 fails ] =
(1 + lm)qS

2n−1
+

(1 + n+ lm)q
2
S

2n−4
,

where qS is a number of queries made to the simulator.

Proof. Let us denote by q the maximum number of entries in the table T , qS ⩽ q ⩽
⩽ 2qS. To estimate the desired probability, we consider each failure condition and bound
the probability that there exists a query to the simulator satisfying the condition. Let us
begin with conditions of type 1.

� Condition B11. It is the probability that one of at most q random n-bit strings (where
the randomness is due to either the simulator's random choice or the random oracle
output) is equal to �xed IV . Hence,

Pr[∃ query satisfying B11 ] ⩽
q

2n
.

� Condition B12. It is the probability that one of at most q random n-bit strings is equal
to one of lm strings IV ⊕ ∆̃l, l ∈ {1, . . . , lm}:

Pr[∃ query satisfying B12 ] ⩽
lm q

2n
.
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� Condition B13. To estimate the probability of this event, we will consider three separate
situations.
The �rst one is that there exists a query satisfying the condition, the answer to which was
chosen by the simulator randomly. The probability of that situation is the probability
that one of at most qS ⩽ q random n-bit strings is equal to one of less than nq strings
x′⊕y′⊕z′⊕∆i, (y

′, x′, z′) ∈ T , i ∈ {1, . . . , lm−1} (recall that |{∆i : i ∈ {1, 2, . . .}| ⩽ n).
Hence,

Pr[∃ query satisfying B13 and Situation 1 ] ⩽
n q2

2n
.

The second one is that there exists a query satisfying the condition, the answer to
which was chosen by the simulator to be consistent with the random oracle (then
x ⊕ y ⊕ z is exactly the random oracle output), and the triple (y′, x′, z′) ∈ T was
constructed independently from the random oracle (the answer to the corresponding
query was chosen randomly by the simulator itself). The probability of that situation is
the probability that one of at most qS ⩽ q random oracle n-bit outputs is equal to one
of less than nq strings x′ ⊕ y′ ⊕ z′ ⊕∆i, (y

′, x′, z′) ∈ T , i ∈ {1, . . . , lm − 1}. Hence,

Pr[∃ query satisfying B13 and Situation 2 ] ⩽
n q2

2n
.

The third one is that there exists a query satisfying the condition, the answer to which
was chosen by the simulator to be consistent with the random oracle, and the triple
(y′, x′, z′) ∈ T was also constructed to be consistent with the random oracle. Then both
x⊕ y⊕ z and x′⊕ y′⊕ z′ are the random oracle outputs on di�erent messages X and X ′

(they are di�erent since both triples have to be the last blocks of some computational
chains and there is only one computational chain for every X). The probability of that
situation is the probability that two random oracle outputs Z and Z ′ from at most
qS ⩽ q satisfy any of the less than n equalities Z ⊕ Z ′ = ∆i. Hence,

Pr[∃ query satisfying B13 and Situation 3 ] ⩽
n q2

2n
.

Finally, it is easy to see that

Pr[∃ query satisfying B13 ] ⩽ Pr[∃ query satisfying B13 and Situation 1 ] +

+Pr[∃ query satisfying B13 and Situation 2 ] + Pr[∃ query satisfying B13 and Situation 3 ] .

Hence,

Pr[∃ query satisfying B13 ] ⩽ 3
n q2

2n
.

� Condition B14. The probability of that event is estimated similarly to the previous one
with the di�erence that |{∆̃l : l = 1, . . . , lm}| = lm. Hence,

Pr[∃ query satisfying B14 ] ⩽ 3
lm q

2

2n
.

� Condition B15. The probability of that event is estimated similarly to the previous two:

Pr[∃ query satisfying B15 ] ⩽ 3
q2

2n
.

We proceed with conditions of type 2:
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� Condition B21. It is the probability that one of at most qS ⩽ q random n-bit strings,
where the randomness is due to either the simulator's random choice or the random
oracle output and is independent of the distinguisher's random tape, is equal to one
of q strings y′, (y′, x′, z′) ∈ T , where all y′ are chosen by the distinguisher. Hence,

Pr[∃ query satisfying B21 ] ⩽
q2

2n
.

� Condition B22. The probability of that event is estimated similarly to the previous one,
with the only di�erence that there are at most nq di�erent strings y′⊕∆i, (y

′, x′, z′) ∈ T ,
i ∈ {1, . . . , lm − 1}. Hence,

Pr[∃ query satisfying B22 ] ⩽
n q2

2n
.

� Condition B23. The probability of that event is estimated similarly to the previous ones,
with the di�erence that there are at most lm q di�erent strings y

′ ⊕ ∆̃l, (y
′, x′, z′) ∈ T ,

l ∈ {1, . . . , lm}. Hence,

Pr[∃ query satisfying B23 ] ⩽
lm q

2

2n
.

Finally, we estimate the probability of the event that the simulator fails:

Pr[S0 fails ] ⩽ Pr[∃ query satisfying some bad condition ] ⩽

⩽
(1 + lm)q

2n
+

(4 + 4n+ 4lm)q
2

2n
=

(1 + lm)qS
2n−1

+
(1 + n+ lm)q

2
S

2n−4
,

where the last inequality is due to q ⩽ 2qS.
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The paper focuses on the decompilation of a flat transistor circuit in SPICE format
into a hierarchical network of logic gates. The problem arises in VLSI layout verifica-
tion as well as in reverse engineering transistor circuit to redesign integrated circuit
and to detect untrusted attachments. The most general case is considered when the
extraction of functional level structure from transistor-level circuit is performed with-
out any predetermined cell library. Graph methods for solving some key tasks in this
area are proposed. The presented graph methods have been implemented in C++ as
a part of a decompilation program, which has been tested using practical transistor-
level circuits.
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ÃÐÀÔÎÂÛÅ ÌÅÒÎÄÛ ÐÀÑÏÎÇÍÀÂÀÍÈß ÊÌÎÏ-ÂÅÍÒÈËÅÉ
Â ÑÕÅÌÀÕ ÒÐÀÍÇÈÑÒÎÐÍÎÃÎ ÓÐÎÂÍß

Ä.È. ×åðåìèñèíîâ, Ë.Ä. ×åðåìèñèíîâà

Îáúåäèíåííûé èíñòèòóò ïðîáëåì èíôîðìàòèêè ÍÀÍ Áåëàðóñè, ã. Ìèíñê, Áåëàðóñü

Ðàññìàòðèâàåòñÿ çàäà÷à äåêîìïèëÿöèè ïëîñêîãî îïèñàíèÿ òðàíçèñòîðíîé ñõåìû
â ôîðìàòå SPICE â èåðàðõè÷åñêîå îïèñàíèå ñõåìû íà óðîâíå ëîãè÷åñêèõ ýëåìåí-
òîâ. Ïðîáëåìà äåêîìïèëÿöèè âîçíèêàåò ïðè âåðèôèêàöèè ÑÁÈÑ ïóò¼ì ñðàâíåíèÿ
èñõîäíîãî îïèñàíèÿ äëÿ ñèíòåçà òðàíçèñòîðíîé ñõåìû ñî ñõåìîé, âîññòàíîâëåííîé
èç òîïîëîãèè, à òàêæå ïðè îáðàòíîì èíæèíèðèíãå äëÿ ïåðåïðîåêòèðîâàíèÿ èíòå-
ãðàëüíûõ ñõåì è îáíàðóæåíèÿ íåñàíêöèîíèðîâàííûõ âëîæåíèé. Ðàññìàòðèâàåòñÿ
ñëó÷àé, êîãäà ïðè èçâëå÷åíèè ñòðóêòóðû ôóíêöèîíàëüíîãî óðîâíÿ èç òðàíçèñòîð-
íîé ñõåìû áèáëèîòåêà èñõîäíûõ ëîãè÷åñêèõ ýëåìåíòîâ íå èçâåñòíà. Ïðåäëîæåíû
ãðàôîâûå ìåòîäû äëÿ ðåøåíèÿ íåêîòîðûõ êëþ÷åâûõ çàäà÷, âîçíèêàþùèõ ïðè
äåêîìïèëÿöèè îïèñàíèÿ òðàíçèñòîðíîé ñõåìû. Ïðåäñòàâëåííûå ìåòîäû ðåàëèçî-
âàíû íà ÿçûêå C++ êàê ÷àñòü ïðîãðàììû äåêîìïèëÿöèè, êîòîðàÿ ïðîòåñòèðîâàíà
íà ïðàêòè÷åñêèõ ñõåìàõ òðàíçèñòîðíîãî óðîâíÿ.

Êëþ÷åâûå ñëîâà: ÊÌÎÏ-ñõåìà èç òðàíçèñòîðîâ, ýêñòðàêöèÿ ïîäñõåì, ðàñïî-
çíàâàíèå ëîãè÷åñêèõ âåíòèëåé, èçîìîðôèçì ãðàôîâ, ôîðìàò SPICE.
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1. Introduction
Currently CMOS is the dominant technology used in most very large scale integrated

(VLSI) circuit chips: more than 95% of integrated circuits are fabricated in CMOS. Modern
digital CMOS circuits contain up to a billion primitive elements at the transistor level, and
the complexity of systems rapidly increases while time-to-market is imposed to decrease.
Rapid veri�cation of the software implementations and the detection of logical errors are
becoming a major bottleneck in VLSI Computer-Aided Design (CAD). One of the most
important steps in CAD VLSI circuit is to ensure that the �nal layout of the circuit geometry
correctly represents the intended logic of the previous speci�cation. Traditional test method,
such as switch-level simulation, is an e�ective means for verifying MOS digital circuits, but
it is very expensive in terms of the computing resources required, since transistor-level
circuit simulators such as SPICE (Simulation Program with Integrated Circuit Emphasis)
have proven to be very time consuming in terms of computer and human e�ort even for
relatively small circuits. It is easier to verify circuit implementation at the higher level of
its description (without unnecessary details) � functional or logical level.

The step to raise the level of circuit description is performed by decompiling transistor
circuit. As with the decompilation of programs, the circuit is decompiled to replace its
representation at a low (transistor) level with a higher-level representation (at the logic
gate level). Tools for the recognition of high-level structures in transistor circuits can be
used to support many tasks in integrated circuit design, such as functional veri�cation [1],
fault simulation [2], automatic test pattern generation [3], circuit reengineering [4], static
timing analysis, etc.

In the paper, we consider the problem of extraction of logical networks from transistor-
level circuit netlists in SPICE. The most general case is considered when the source cell
library is unknown. Graphs are used to represent both the �at transistor circuit and
hierarchical network of logic elements. This is undirected vertex-colored (or labeled) sparse
graph of large size. In graph interpretation, the problem is formulated as recognition of
subgraphs corresponding to logic gates and other subgraphs that frequently occur in a
given graph. The complexity of frequent subgraph mining was thought to be tremendous
due to the need to solve the subgraph isomorphism problem, which is NP-complete, many
times. But VLSI transistor netlists tend to be sparse enough and have the speci�c structure,
so runtimes did not grow unreasonably since sensible data structures and data processing
methods have been adopted.

Graph methods are proposed to solve some key tasks in the problem of decompiling
transistor-level circuits. The presented graph methods have been implemented in C++ as a
part of a decompilation program, which was tested using practical transistor-level circuits.
The presented experimental results show that the typical running time for large CMOS
circuits is polynomial in the total number of transistors in netlists.

2. Related work
There were many attempts to solve the problem of extracting the hierarchy of large-

scale subcircuits from a transistor level networks for various VLSI technologies, restrictions,
solution methods. An overview of the approaches to this problem can be found in [5, 6].
Some of the methods for extracting logical networks are based on structure recognition and
use a rule-based method in which CMOS gate structures are recognized in transistor-level
circuits as channel connected sequences of MOS transistors [5, 7, 8]. Such algorithms are
very fast and can easily �nd static CMOS logic gates, but cannot help to recognize other
structures.
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The other approach [9, 10] for solving subcircuit extraction problem is based on mapping
transistor-level circuit into a graph and treating subcircuit pattern matching problem as
subgraph isomorphism one. However, such algorithms are much slower than rule-based
techniques because the subgraph matching problem is NP-complete in general case.

Some of the methods suppose that cell library is prede�ned. So the subgraphs to be
found are known and the problem can be reduced to pattern recognition. This is done
in [9, 10] and in the second step of extraction process for the gate-level structure in [5].

This paper presents the methods and the computer program for extracting the hierarchy
of a large-scale digital circuit from its MOS transistor-level description for the most general
case when any prede�ned cell library of logic gates is unknown. Moreover, the proposed
method makes it possible to recognize subcircuits that implement the same logic functions
but are not topologically isomorphic at the transistor level. The method is based on the
solution of graph problems that are modi�ed to process large transistor-level descriptions
in a short time.

3. Transistor circuit graph representation
The source and resulting circuit netlists are presented in SPICE (Simulation Program

with Integrated Circuit Emphasis) format [2]. It is one of the main formats for exchanging
electrical circuits that allows to describe both the transistor- and gate-level circuits including
hierarchical ones. This format is used in the developed decompilation program for source
and resulting netlists.

The main part of the circuit netlist in SPICE format is the list of transistors, where
each transistor terminal is indicated by the label of the net connecting it with the rest of
the circuit. Each transistor has four terminals: drain, gate, source, and substrate, and so it
has four connections. The general form of the netlist description of a unipolar transistor is
as follows:

M⟨name⟩⟨nd⟩⟨ng⟩⟨ns⟩⟨nb⟩⟨model-name⟩[L = value] [W = value],

whereM is the title of a transistor; nd, ng, ns, and nb are the labels of nets connected with
the drain, gate, source, and substrate terminals of the corresponding transistor; �model-
name� is the transistor type; L and W are the length and the width. For example, the
transistor instance description ¾mp 2 1 3 3 P¿ is an abbreviated notation for the pairs
(mp.d, 2), (mp.g, 1), (mp.s, 3), (mp.b, 3), where the name mp of the p-MOS transistor is
taken out, the names of its terminals are omitted and set by a predetermined sequence of
nets.

A simple model for an electrical circuit is a hypergraph, in which the vertices correspond
to devices, and edges to their connections. But in a netlist format, an electrical circuit
consists of elements that are connected to each other by nets, and a more convenient
natural way to represent circuits is to use an undirected bipartite graph G = (V1, V2, E),
V1∩V2 = ∅, were vertices may be divided into two classes V1 and V2. The vertices of the �rst
set V1 correspond to transistor terminals and circuit ports (primary inputs and outputs),
and the vertices of the other set V2 correspond to connections between the terminals, i.e.,
nets. No edge exists between two transistor terminals and no edge exists between two nets.
Examples of nets are power supply and ground nets, which are connected to a large number
of circuit elements. Each edge e ∈ E has one end in V1 and the other in V2.

Circuit representation in the form of a hypergraph requires signi�cantly more memory
during software implementation than the representation in the form of a bipartite graph.
We can say that according to the memory requirement, the complexity of the �rst structure
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is estimated as O(n2), while the complexity of the second is estimated as O(n), where n is
the number of circuit elements. In addition, a bipartite graph is a natural formal model for
representing a circuit in SPICE format.

For sparse graphs (such as our bipartite graph), the optimal data structure that speeds
up computation is an array of adjacency lists of graph vertices. The array is indexed by
vertices, and each vertex of the graph corresponds to an adjacency list consisting of vertices
adjacent to it. In a bipartite graph, which is a model of a CMOS circuit, the degrees of all
vertices in the set V1 of transistor terminals (and circuit ports) are 1, so for this graph each
of the adjacency lists consists of the only element. In this case, the array is indexed by the
vertices exclusively of the set V1. The value of the i-th array element is the net connected
to the i-th terminal. For example, the data structure representing a bipartite graph for the
inverter circuit:

.subckt inverter 1 2 3

mp 2 1 3 3 mypmos

mn 2 1 0 0 mynmos

.ends

will be the array �2 1 3 3 2 1 0 0�. The order of the nets in the array of adjacency is determined
by the order of the transistor instances in the SPICE circuit description. The memory
requirements for such structure are estimated as O(n), where n = |V1|.

4. De�nitions and notation
As stated above, transistor circuits are modeled as a bipartite graph G = (V1, V2, E),

consisting of two subsets of vertices V1 and V2 corresponding to terminals (transistor
terminals and circuit ports) and nets, and the set of edges E. We assume that the graph
is undirected and vertex-colored, i.e., each vertex has a color associated with it, that is
drawn from a prede�ned set of vertex colors L(V ). Each vertex of the graph is not required
to have a unique color, and the same color can be assigned to several vertices in the same
graph. Transistor-level circuits made by CMOS technology have several types of their nodes:
terminals (drain, gate, source and substrate) of n-MOS and p-MOS transistors, power
supply terminals (Vdd and Gnd), input/output ports (external nets), and internal nets.
Thus each graph vertex corresponding to an n-MOS terminal is assigned by one of the
�rst four colors, p-MOS terminal is assigned by one of next four colors. Then input/output
ports, Vdd and Gnd nets, internal nets have unique colors.

A graph, which is a model for describing a MOS circuit, is connected (there is a path
between any pair of vertices in the graph). Some other speci�c features of the bipartite
graph: it is sparse and the degrees of all vertices from the set V1 of transistor terminals and
circuit ports are 1.

Two undirected graphs G1 = (V1, E1) and G2 = (V2, E2) with |V1| = |V2| are isomorphic
if they are topologically identical to each other, that is, there is a one-to-one mapping f
between vertices of V1 and V2 such that each edge in E1 is mapped into a single edge in E2

and vice versa, i.e., (v, u) ∈ E1 ⇐⇒ (f(v), f(u)) ∈ E2.
In the case of colored graphs, the mapping f must also preserve the colors on the vertices.

Two bipartite colored graphs G1 = (V 1
1 , V

1
2 , E

1) and G2 = (V 2
1 , V

2
2 , E

2) are isomorphic if
there is a one-to-one mapping f : V 1

1 ↔ V 2
1 and V 1

2 ↔ V 2
2 between vertices of graphs such

that L(v) = L(f(v)) for each v ∈ V 1
1 ∪V 1

2 and each edge in E1 is mapped into a single edge
in E2 and vice versa, i.e., (v, u) ∈ E1 ⇐⇒ (f(v), f(u)) ∈ E2.

The given graph Gs = (Vs, Es) is a subgraph of G = (V,E) if Vs ⊆ V and Es ⊆ E. Two
subgraphs G1 = (V1, E1) and G2 = (V2, E2) of a graph G are called edge-disjoint if they do
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not share edges, i.e., they use di�erent sets of edges from E: E1 ∩ E2 = ∅. In the case of
vertex-colored graphs, this mapping must also preserve the colors on the vertices.

Given two graphs G = (V,E) and G1 = (V1, E1), the problem of subgraph isomorphism
is to �nd an isomorphism between G1 = (V1, E1) and a subgraph of G = (V,E), i.e.,
determine whether or not G1 = (V1, E1) is included in G. The subgraph isomorphism
detection can be de�ned as follows: given a graph G and a pattern graph G1 (that can have
all its vertices and edges in G), �nd all the subgraphs of G which are isomorphic to G1.
Subgraph isomorphism has a wide range of practical applications.

Thus, graph isomorphism requires a strict correspondence among the two graphs being
matched, and subgraph isomorphism requires an isomorphism between one of the compared
graphs and a subgraph of the other. Subgraph isomorphism is more common than strict
isomorphism in pattern recognition, but has been shown to be NP-complete for general
case of graphs. However, for the problem of graph isomorphism, no e�cient (polynomial)
algorithm (suitable for arbitrary graphs) is known too, a lot of work has appeared on this
topic, but little progress has been made [11].

5. Graph-based formulation of subcircuit extraction problem
The proposed subcircuit extraction application begins with the construction of a graph

model from the SPICE description and hierarchical hash tables for storing the syntax
elements of the analyzed circuit [12]. After this, the circuit is preprocessed, during which
some standard fragments are searched. For example, each group of identical MOS transistors
(with the same signals applied to their gate terminals), connected in series or in parallel, is
replaced in the circuit with the single such transistor. Then, the identi�cation of pass gates
is ful�lled.

The goal of transistor circuit decompilation is to build a logic network that is functionally
equivalent to it. The task consists in recognizing subcircuits, which implement logic gates.
When there is no prede�ned cell library, it is necessary to extract subcircuits realizing logic
functions or, if we cannot, to split the transistor circuit into su�ciently large subcircuits
that look like as logic gates and are found quite often. In graph interpretation, the problem
is solved by partitioning a graph into su�ciently large edge-disjoint subgraphs in such a
way that they can be partitioned into the minimum number of classes of isomorphic graphs.

In MOS transistor circuit, not every subcircuit is correct. Correct subcircuits are
among channel connected sequences of transistors. Thus, �rst, the proposed method of the
subcircuit recognition uses the structural approach to divide the transistor-level circuit into
subcircuits, which are channel connected sequences of transistors, as in [5, 7, 8]. In graph
interpretation, the task is reduced to searching for connectivity components in a graph.

After this step, we get a set of possible correct subcircuits, which potentially can be
standard CMOS gates. And, in a general case, in addition to the set of channel connected
components of transistors, individual transistors or some other elements can remain. The set
of such circuit elements forms the uncovered part of the circuit, they are no longer analyzed
and are included in the resulting mixed gate-transistor-level circuit without changes.

In the second step, we have the set of possible subcircuits that are channel connected
components. Among these subcircuits there are those that are standard CMOS gates.
The task is to �nd such subcircuits and the functions that they realize. And �nally, the set
of all subcircuits, both implementing and not implementing CMOS gates, is partitioned into
classes of topologically identical. Subcircuits of the same class represent the same functional
block in resulting hierarchical description of the decompiled circuit. In graph interpretation,
the task is to classify subcircuits into classes of isomorphic circuits.
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As result of the mentioned steps performing, a hierarchical mixed gate-block-transistor
netlist is generated. In the next step, the extraction of logic network from the hierarchical
transistor-level circuit is done. That makes it possible to recognize more complex elements
than gates. In graph interpretation, the task is to extract out of undirected graph connected
subgraphs only with those vertices that correspond to CMOS gates, and convert the
resulting undirected subgraphs into oriented ones.

6. Partitioning a graph into connected subgraphs
A static MOS circuit has a well-de�ned structure that allows it to be splitted into

smaller subcircuits, each of which is a group of channel connected transistors. Such a
circuit component consists of transistors connected by their source and drain terminals
and provides a signal path between the power Vdd and Gnd terminals. A group of channel
connected transistors is a cluster with three types of external connections:

− the cluster inputs are fed only to the transistor gates;
− the cluster outputs are connected only to the transistor gates of the other clusters;
− there are connections to the Vdd and Gnd terminals.

Figure 1 shows the example of grouping transistors into two channel connected
components.

Fig. 1. Two groups of channel connected components of MOS transistor circuit

The task of recognizing clusters of the MOS transistor circuit is solved on a graph H,
which is obtained from the previously introduced graph G = (V1, V2, E), by:

− removing the circuit power terminals and transistor gate terminals;
− shorting the drain and source terminals for each transistor.

In graph interpretation, a channel connected group of MOS transistor circuit
corresponds to a connectivity component of the graph H. All connectivity components
are edge-disjoint subgraphs of the graph H. So the splitting transistor circuit into disjoint
subcircuits of channel connected transistors is reduced to the search for connectivity
components of the graph H. This is done by using the well-known Depth-First Search
(DFS) algorithm, which starts at an arbitrary unconsidered vertex and explores paths from
it as far as possible along each branch before backtracking. Reaching a backtracking results
in a new connectivity component. When implementing the DFS algorithm, the initial graph
G = (V1, V2, E) was not transformed explicitly into the graphH. Instead, the DFS algorithm
was tuned to the modi�cation of data structure for storing a bipartite graph G.
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It is worth noting that in order to search for groups of transistors connected by a
current, it is necessary to know in advance which terminals of the initial transistor-level
circuit correspond to Gnd and Vdd.

7. Structural recognition of logic gates
In static CMOS circuits, the MOS transistor can be regarded as a switch controlled

by input voltage at its gate. The simplest digital circuit is a pass gate consisting of the
only MOS transistor that controls the transmission of binary signals. This circuit is passive
because it does not amplify the input signal. The ampli�cation of binary signals is provided
by a complementary MOS circuit (CMOS gate) in which, at any instant of time, gate output
is connected either to a power circuit or to ground through a path with low resistance. The
CMOS gate consists of two blocks separated by a connection net (output net) (Fig. 2).
The �rst block is formed by n-MOS transistors (pull-down network � n-part of a CMOS
gate), which are connected in series by their source/drain terminals. The block is placed
between the connection node (output net) and Gnd. The second block is formed by p-MOS
transistors (pull-up network � p-part of a CMOS gate), which are connected in parallel,
by their source/drain terminals. The block is placed between Vdd and the connection
node. When the block conductivities are complementary, no matter what the input signals
(on transistors gates) are, there is a valid path to output node either from Gnd or from
Vdd.

Fig. 2. CMOS gate: its transistor structure and implemented function

A CMOS gate is a group of channel connected transistors; the opposite is not always
true. The necessary conditions for the group to belong to the class of CMOS gates are the
following:

− the only chain connecting the p-part and the n-part of the group is the output
(connection) node;

− all paths from the connection node go to the signal nets Gnd or Vdd;
− pull-down and pull-up networks have the same number of transistors;
− pull-down and pull-up networks implement mutually inverse functions.
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For example, the right group of channel connected transistors of the two shown in Fig. 1
is CMOS NAND element, but the left one is not.

A logic function expression implemented by the pull-down (or pull-up) network is formed
by tracing paths from the connection node to Gnd (or Vdd) terminal. Each path gives a
conjunction of the conductivity variables fed to gate terminals of the transistors from the
path. The OR of all such conjunctions yields the disjunctive normal form (DNF) for the
expression. If the conductivity functions fn and fp of pull-down or pull-up networks are
complementary (fn = f̄p), then the analyzed channel connected group is a standard CMOS
gate. To classify CMOS gates extracted from the transistor circuit, it is convenient to
represent the recognized functions as parenthesized algebraic expressions. Such a form can
be constructed by the algebraic factoring DNF of the Boolean function found [12, 13].
For the CMOS gate in Fig. 2, we have

fn = ac ∨ bc ∨ d = (a ∨ b)c ∨ d, fp = āb̄d̄ ∨ c̄d̄ = (āb̄ ∨ c̄)d̄,

and fn = f̄p. Thus, it is standard NOAO2 CMOS gate.
Channel connected groups of transistors, which are static CMOS gates, can be divided

into classes of identical according to the formulae of implemented logic functions. Each class
is made up of all instances that implement the same function formulae and therefore are
functionally equivalent.

However, not always the only CMOS gate may be associated with the class of
functionally equivalent channel connected groups. This is true if we are only interested
in functional equivalence of circuits. The topological aspect requires dividing a class of
functionally equivalent CMOS gates into subclasses of topologically equivalent CMOS gates.
Some features of the topological implementation of circuits at the transistor level, which
must be taken into account when combining or not combining subcircuits into a class of
topologically equivalent, are given in [12]. For example, we should take into account the
following speci�cs of the topological implementation of CMOS gates:

− asymmetry of the inputs of the topological implementation of a CMOS gate (although
the gate implements a symmetric function);

− interchangeability of its drain and source.

The proposed algorithm distinguishes between the following groups of functionally
equivalent CMOS gates:

1) CMOS gate implementations that di�er from each other by exchange the drain and
the source at least in one transistor. The interchangeability of the drain and source
in a MOS transistor results in existence of topologically di�erent subcircuits that
implement the same logic function. For instance, there are four variants of subcircuits
for a CMOS inverter. If, in a decompiled circuit, all variants of a logic gate subcircuit
are represented by the same subcircuit, then the decompiled and original circuits will
not be isomorphic.

2) CMOS gate implementations that di�er from each other by permutation of their
inputs (Fig. 3). Even if a CMOS gate implements a symmetric Boolean function,
the permutation of the inputs of the CMOS circuit that implements it makes the
circuit topologically nonisomorphic to the original one. This is because CMOS circuit
has asymmetric inputs. However, logically, both CMOS circuits implementations are
equivalent.

Topological equivalence of CMOS gate implementations can be established by checking
whether the corresponding graphs are isomorphic or not.
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Fig. 3. Topologically nonequivalent implementations of the NAND gate

8. Graph isomorphism and canonical labeling
One of the key operations required to partition the set of subgraphs into classes of

isomorphic ones consists in checking whether two subgraphs are identical or not. One way
of performing this check is to perform a graph isomorphism operation. But in our case,
when many such checks are required for the same set of subgraphs, a better way to perform
the task is vertex canonical labeling [14]. It assigns to each graph a unique code (a sequence
of bits) that is invariant on the ordering graph vertices and edges. Comparing whether
or not two graphs have identical canonical labels allows you to say whether or not two
graphs are identical. Moreover, by comparing the canonical labels we can partition the set
of graphs into classes of pairwise isomorphic graphs. Thus, checking two arbitrary graphs
for isomorphism is reduced to comparison of their canonical forms.

Calculating canonical labels is computationally equivalent to determining isomorphism
between graphs; both canonical labeling and determining graph isomorphism are not known
to be either in P- or in NP-complete class [15]. If a graph has |V | vertices, the complexity
of determining its canonical labeling using this method is in O(|V |!) making it impractical
even for moderate size graphs.

In our case, the complexity of determining a canonical labeling of a graph is reduced
due to taking into account the special properties of subgraphs under classi�cation: they
are vertex-colored, sparse and small enough. By comparing canonical labels of graphs, it is
possible to sort them in a unique and deterministic way.

Canonical labeling is done in an iterative manner in the process of building a sequence
of partitions for the set of graph vertexes that de�nes an ordering of the graph vertices.

Suppose we have an ordered collection of subsets of the vertices (V1, V2, . . . , Vk) whose
union is V . They say that all vertices from the same subset Vi have the same label i. The set
of these subsets represents the partition of the set V of graph vertices, constructed from
the initial partition that is speci�ed by colors of vertices.

At �rst, the number and sizes of these subsets Vi must be the same for both compared
graphs, i.e., the graphs have identical partitions of the set V . Then we repeatedly apply a
relabeling step, which assigns to each vertex v a classi�er C(v) = (n1, n2, . . . , nk), where
ni is the number of vertices in subset Vi that are adjacent to v. Using these classi�ers,
each subset Vi can be partitioned into subsets, where each subset should include all vertices
with the same classi�er. These subsets are lexicographically ordered according to their
classi�ers. In this way, we may obtain a re�nement of the original partition, which consists
of subdividing the partition blocks. No re�nement will be obtained if all vertices in each
subset Vi have identical classi�ers. If a re�nement has been obtained, then the classi�ers
are recalculated (and vertices are relabeled) until there is no further re�nement.
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It is clear from the description that the essential idea is to relabel vertices so that each
new classi�er re�ects information about a gradually increasing region around the vertex.
In an ideal situation, after exhaustive application of the relabeling process, all subsets
in the partition (V1, V2, . . . , Vk) will become singletons (containing exactly one member),
such a graph canonical labeling is called discrete. Discrete canonical labeling de�nes graph
canonical isomorph, which is given by an ordered set of vertex classi�ers that represent a
unique graph code. If two compared graphs have the same canonical labeling, then they are
isomorphic with each other.

Today there exist several successful programs of computing the canonical isomorphs,
they di�er by re�nement procedure associated with details of reducing the search tree built
in the process of partition re�nement (the pioneer work [16]). However, the fastest known
algorithm for graph isomorphism (as well as graph canonization) is 2O(

√
n logn) time, and no

polynomial algorithm is known.

9. Graph-based subcircuit recognition method
After structural recognition of logic gates and pass gates, there are two main

unrecognized groups of transistors. The �rst group includes structures that cannot be
partitioned into gates or that are separate transistors. In resulting SPICE description they
are given as ungrouped transistors. The second group includes found channel connected
components of MOS transistors that have not been recognized as standard CMOS gates, so
they are assigned to be pseudogates. Each of the pseudogates is represented by a bipartite
undirected vertex-colored graph, which is sparse.

At this stage, the subcircuits associated with the pseudogates must be pattern matched
using a user-de�ned library of cells, as was done, for example, in the Frosty program [5].
However, in our case, when there is no cell library, all we can do is to classify remaining
pseudogates into classes of pairwise identical subcircuits.

In graph interpretation, the task consists in testing isomorphism between graphs by
means of comparing their canonical labelings. To simplify the canonization problem, the
subcircuit graphs are complemented with edges connecting all four terminals for each
transistor. The �bliss� program (T. Yuntilla and P. Caski [17]) was chosen as a prototype
of a program for calculating canonical isomorphs, which provides fast processing of large
and sparse graphs. Our pseudogate graphs are represented with exactly such graphs.
The experiments with the modi�ed canonical graph labeling program have shown that
applying the canonicalization process to pseudogate graphs results in a discrete canonical
labeling.

The graphs of pseudogates with the same initial partitions on the set of colored vertices
are considered one by one. For each of them, a canonical isomorph is generated and a hash
of the canonized graph is computed. The hash value is a word-length bit string obtained by
the transformation of a sequence of numbers representing graph vertex classi�ers. Graphs
with equal hashes are isomorphic and they are changed in a hierarchical SPICE description
with their canonical isomorph.

10. Logic network construction
At this stage, we have a mixed circuit which, in addition to static CMOS gates, consists

of pseudogates, pass transistors and ungrouped transistors. Now, the task is to recognize
more complex elements than gates. Using the previously described graph-based subcircuit
recognition method, we can recognize in logical network (consisting of CMOS gates) some
library-de�ned patterns. So the next step is to extract a subcircuit from the mixed circuit



Graph methods for recognition of CMOS gates in transistor-level circuits 53

which consists only of gates, i.e., logical network. To specify a logical network means to
specify its inputs and outputs, the structure of connections between its elements, and
Boolean functions realized by the elements.

In graph interpretation, a logical network is a directed connected graph H = (W,A).
The set of vertices W is partitioned into three subsets: network inputs and outputs, and
internal vertices. Each vertex is labeled with input or output variable, or, if it is internal
vertex, with the function realized by the corresponding gate. An arc (directed edge) a =
= (u, v) ∈ A goes from the source vertex u to the target vertex v (u, v ∈ W ). We further
consider that graph H = (W,A) is speci�ed by the adjacency list, i.e., an array D of the
length |W |, where each entry D[i] is a pointer to a linked list of all out-neighbors of vertex
wi ∈ W .

The connected graph H = (W,A) is extracted from the undirected bipartite graph
G = (V1, V2, E) corresponding to the object mixed circuit. Graph H is contained in G
as the connected component C, including only the vertices corresponding to the CMOS
gates. There can be more than one such a component in the graph G. Each undirected
connected subgraph corresponding to a connected component in a bipartite undirected
graph G is transformed into a directed connected graph Hi = (Wi, Ai) of some logical
network. The transformation is carried out in the process of traversing the subgraph along
the paths in-going or out-going from the vertices labeled as CMOS gates.

The search for the next connected component C begins with any unconsidered vertex
labeled as a CMOS gate and is done by the breadth-�rst search (BFS) method, considering
only the vertices labeled as CMOS gates. BFS allows not only to �nd out a connected
component C, but also to get its topological sorting, which orders the vertices so that the
order corresponds to reachability. That is, if a vertex u is directly reachable from v, then
the edge (u, v) ∈ E generates arc (v, u) ∈ A, and if the vertex v belongs to the i-th graph
rank, then the vertex u belongs to the (i+ 1)-th rank.

The proposed method provides to extract logic network that is ranked lexicographically.
From a lexicographically ordered network of logical gates, it is easy to pass to the formulas
of logical equations that specify the output functions of the network.

The next task connected with the logic network extraction is to determine primary
inputs and outputs of the network. It is solved by considering fan-ins and fan-outs for all
vertices of the graph H = (W,A). If all vertices from both fan-in and fan-out of some vertex
v ∈ W are labeled as CMOS gates, then the vertex v is an internal one. Non-internal vertices
are assigned to primary inputs or primary outputs, depending on which of the fan-in and
fan-out sets contains the non-internal vertex.

After the gate-level networks are extracted, more complex elements than gates can be
recognized if the cell library is known.

11. Experimental results
Some experiments with the developed decompilation program have been performed.

Decompiled transistor-level circuits implement digital devices, both combinational and
sequential, with the complexity of several hundred thousand transistors.

The experiments have been carried out on a computer with Intel(R) Ñîãå(ÒÌ) i5-4460
3.20GHz and 16 GB RAM. Table 1 shows how quickly the decompilation speed decreases
with increasing transistor circuit complexity. Here, transistor circuit decompilation speed is
estimated by the number of its transistors processed per second: n/t, where n is the number
of transistors in a decompiled circuit, t is the circuit decompilation time.
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Two types of experiments have been carried out with the developed programm. In the
�rst experiment, CMOS circuits obtained by CAD system were used. In this case, the
technology cell library was known. One hundred percent coverage of the transistor-level
circuit by logic gates has been obtained. In the second experiment, transistor-level circuits
extracted from layouts have been examined. For some of these circuits the hierarchical
SPICE models were known, for others there was no additional information other than
the transistor-level circuit. In some circuits, in addition to MOS transistors, there were
other primitive elements (bipolar transistors, RC elements, etc.). Here, the coverage of the
transistor-level circuit with logic gates at the level of 60�70% was observed.

Ta b l e 1
Speed of transistor circuits decompilation

Number Decompilation Number Processing speed:
of transistors time: seconds of found gates transistors per second

1593 0.047 570 33893
11935 0.332 2727 35948
12566 0.398 3163 31572
38356 2.603 6179 14735
52408 6.085 9091 8612
62380 6.648 13664 9380
206896 90.182 34153 2294
345301 187.151 60033 1845

Some intermediate results of applying the proposed graph methods in the subcircuit
extraction program are given in Table 2. The table shows how many:

− n-MOS and p-MOS transistors are contained in each decompiled circuit (the second
column);

− the numbers of found pass gates (the third column);
− the numbers of all found CMOS gates in the circuit, the numbers of functionally and

topologically identical CMOS gates (the forth column);
− the numbers of all found pseudogates and the numbers of classes containing topologically

identical pseudogates (the �fth column).

Ta b l e 2
Intermediate experimental results

Circuit
Number Number Number Number

of MOS transistors of pass gates of CMOS gates of pseudogates
1 1682, 1269 0 528, 16, 16 154, 55
2 3016, 2381 89 1041, 15, 39 284, 88
3 5776, 5827 25 2392, 7, 8 615, 23
4 5962, 5947 661 2777, 17, 34 119, 71
5 9415, 9415 1374 6639, 16, 44 0, 0
6 22988, 16436 766 5915, 39, 64 1178, 252

12. Conclusion
In this paper, we present the graph-based methods for solving the task of extracting gate-

level circuits from transistor-level descriptions for the most general case when any prede�ned
cell library of logic gates is unknown. We have used well-known graph methods, modifying
them so that they process large data of special types in a short time. The proposed methods
have been implemented in C++ as a part of a decompilation program. The program has
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been tested using practical and automatically designed transistor-level circuits. The tested
circuits had up to 100000 transistors. Some results of experiments on the program execution
and veri�cation of the correctness of decompilation results can be found in [18].

Our future work is to extend the decompilation program with means of recognition
memory elements in gate-level network without using pattern matching techniques.
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Îïòèìàëüíûå öèðêóëÿíòíûå ñåòè âûçûâàþò ïðàêòè÷åñêèé èíòåðåñ êàê ìîäåëè íà-
ä¼æíûõ ñ íèçêîé çàäåðæêîé ñåòåé ñâÿçè ìóëüòèïðîöåññîðíûõ êëàñòåðíûõ ñèñòåì
è ñåòåé íà êðèñòàëëå. Àâòîðàìè âïåðâûå ïîñòðîåíà áîëüøàÿ áàçà äàííûõ (äàòà-
ñåò) îïòèìàëüíûõ ïî äèàìåòðó äâóõêîíòóðíûõ êîëüöåâûõ öèðêóëÿíòíûõ ñåòåé
äî 50 òûñÿ÷ óçëîâ, ñîäåðæàùàÿ ïîëíûé íàáîð îáðàçóþùèõ îïòèìàëüíûõ ãðàôîâ.
Ïðîâåä¼í àíàëèç äàòàñåòà ñ öåëüþ èññëåäîâàíèÿ ïðîáëåìû ïîèñêà àíàëèòè÷åñêè
çàäàâàåìûõ ñåìåéñòâ îïòèìàëüíûõ ãðàôîâ. Ðàçðàáîòàíû äâà íîâûõ àëãîðèòìà
àâòîìàòèçèðîâàííîãî ïîèñêà àíàëèòè÷åñêèõ, îïèñûâàåìûõ ïîëèíîìàìè îò äèà-
ìåòðà, îïèñàíèé ñåìåéñòâ îïòèìàëüíûõ ãðàôîâ. Ñ ïîìîùüþ ðåàëèçîâàííûõ àëãî-
ðèòìîâ íàéäåíî áîëüøîå êîëè÷åñòâî íîâûõ àíàëèòè÷åñêè îïèñûâàåìûõ ñåìåéñòâ
îïòèìàëüíûõ ñåòåé, ïðîâåðåííîå ñ ïîìîùüþ âàëèäàöèè íà âñ¼ì äèàïàçîíå èç-
ìåíåíèÿ äèàìåòðîâ ãðàôîâ äàòàñåòà. Íàéäåííûå ñåìåéñòâà îïòèìàëüíûõ ñåòåé
ìîãóò áûòü èñïîëüçîâàíû ïðè ìàñøòàáèðîâàíèè àëãîðèòìîâ ïåðåäà÷è èíôîðìà-
öèè â äâóõêîíòóðíûõ êîëüöåâûõ öèðêóëÿíòíûõ ñòðóêòóðàõ.

Êëþ÷åâûå ñëîâà: äàòàñåò îïòèìàëüíûõ ñåòåé, íåîðèåíòèðîâàííûå äâóõêîí-

òóðíûå êîëüöåâûå ñåòè, öèðêóëÿíòíûå ñåòè, ìèíèìàëüíûé äèàìåòð.

DATABASE ANALYSIS OF OPTIMAL DOUBLE-LOOP NETWORKS

E.A. Monakhova, O.G. Monakhov

Institute of Computational Mathematics and Mathematical Geophysics SB RAS, Novosibirsk,

Russia

Optimal circulant networks are of practical interest as models of reliable low-latency
communication networks for multiprocessor cluster systems and on-chip networks.
The authors are the first to construct a large dataset of optimal diameter double-
loop circulant networks with up to 50 thousand nodes, containing a complete set of
optimal graph generators. The analysis of the dataset has been carried out in order to
study the problem of finding analytically defined families of optimal graphs. Two new
algorithms for automatically finding analytical descriptions of optimal graphs families
described by polynomials in diameter have been developed. Using the implemented
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ïðîåêòà FWNM-2022-0005).
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algorithms, a large number of new analytically described families of optimal networks
have been found and tested using validation over the entire range of changes in the
diameters of the dataset graphs. The found families of optimal networks can be used
when scaling information transmission algorithms in double-loop circulant structures.

Keywords: dataset of optimal networks, undirected double-loop networks, circulant
networks, minimum diameter.

Ââåäåíèå
Íåîðèåíòèðîâàííûå äâóõêîíòóðíûå êîëüöåâûå ñåòè ÿâëÿþòñÿ îáúåêòîì èíòåíñèâ-

íûõ èññëåäîâàíèé [1�11]. Áëàãîäàðÿ âûñîêîé ìàñøòàáèðóåìîñòè, íàä¼æíîñòè è ñèì-
ìåòðèè, îíè íàõîäÿò ïðèìåíåíèå êàê ñåòè ñâÿçè â ìóëüòèïðîöåññîðíûõ êëàñòåðíûõ
ñèñòåìàõ, â êðèïòîãðàôèè ïðè ïîñòðîåíèè ñîâåðøåííûõ êîäîâ, èñïðàâëÿþùèõ îøèá-
êè, à òàêæå â ñåòÿõ íà êðèñòàëëå â êà÷åñòâå çàìåíû òðàäèöèîííî èñïîëüçóåìûõ â íèõ
äâóìåðíûõ ðåø¼òîê è òîðîâ, èìåþùèõ ñóùåñòâåííî áîëüøèå çàäåðæêè ïðè îäèíàêî-
âîì ÷èñëå óçëîâ.

Äâóõêîíòóðíàÿ êîëüöåâàÿ ñåòü (undirected double-loop network) ïðåäñòàâëÿåò ñîáîé
íåîðèåíòèðîâàííûé ãðàô C(N ; 1, s), 1 < s < N/2, ñ ìíîæåñòâîì âåðøèí V = {0, 1,
. . . , N − 1} è ð¼áåð E = {(i, j) : i− j ≡ ±1 (mod N), i− j ≡ ±s (mod N)}, ãäå {1, s}�
îáðàçóþùèå; N �ïîðÿäîê ãðàôà. Ïðèìåð äâóõêîíòóðíîé êîëüöåâîé ñåòè ñ ÷èñëîì
óçëîâ N = 18 ïðåäñòàâëåí íà ðèñ. 1. Äâóõêîíòóðíûå êîëüöåâûå ñåòè ñòåïåíè ÷åòûðå
ïðèíàäëåæàò ê êëàññó öèðêóëÿíòíûõ ñåòåé [1�3, 12�16].

Ðèñ. 1. Äâóõêîíòóðíàÿ êîëüöåâàÿ ñåòü C(18; 1, 7)

Çàäåðæêè ïðè ïåðåäà÷å èíôîðìàöèè â ñåòè, à òàêæå ïðè îðãàíèçàöèè êîëëåê-
òèâíûõ îáìåíîâ â ñèñòåìå îöåíèâàþòñÿ äèàìåòðîì ãðàôà (è/èëè ñðåäíèì ðàññòî-
ÿíèåì ìåæäó âåðøèíàìè) [3, 4, 16]. Äèàìåòð ãðàôà G = (V,E) åñòü ïàðàìåòð
d(G) = max

i,j∈V
d(i, j), ãäå d(i, j)�äëèíà êðàò÷àéøåãî ïóòè èç âåðøèíû i â âåðøèíó j.

Èçâåñòíî (ñì. ññûëêè â [1, 3]), ÷òî âåðõíÿÿ ãðàíèöà ìàêñèìàëüíî âîçìîæíîãî ÷èñëà
âåðøèí â öèðêóëÿíòíûõ ãðàôàõ ñòåïåíè ÷åòûðå ñ äèàìåòðîì d ðàâíà Nd = 2d2+2d+1.
Òî÷íàÿ íèæíÿÿ ãðàíèöà äèàìåòðà öèðêóëÿíòîâ ñòåïåíè ÷åòûðå ïîëó÷åíà â [17, 18]:
D(N) = ⌈(−1 +

√
2N − 1)/2⌉.
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Ïðîáëåìà ñèíòåçà îïòèìàëüíûõ öèðêóëÿíòíûõ ãðàôîâ ñîñòîèò â ïîèñêå ãðàôîâ
ñ ìèíèìàëüíî âîçìîæíûì äèàìåòðîì ñðåäè ãðàôîâ çàäàííûõ ñòåïåíè è ÷èñëà âåð-
øèí. Îïòèìàëüíûì íàçûâàåòñÿ ãðàô C(N ; 1, s) ñ äèàìåòðîì d(C(N ; 1, s)) = D(N),
ñóáîïòèìàëüíûì � ãðàô ñ äèàìåòðîì D(N) + 1. Â ðàáîòå [19] âûäâèíóòà ãèïîòåçà,
ïðîâåðåííàÿ äëÿ âñåõ çíà÷åíèé N ⩽ 8 · 106: ïî êðàéíåé ìåðå, ñóáîïòèìàëüíûå ãðàôû
âèäà C(N ; 1, s) ñóùåñòâóþò äëÿ ëþáûõ N > 4.

Îïòèìàëüíîå ñåìåéñòâî öèðêóëÿíòíûõ ñåòåé ëþáîãî ïîðÿäêà N > 4 è ñòåïåíè ÷å-
òûðå íàéäåíî â [17] è ïåðåîòêðûòî â [18, 20]: {C(N ; d, d+1) : d ⩾ 1}, ãäå d� áëèæàéøåå
öåëîå ê (−1 +

√
2N − 1)/2. Â [17] äîêàçàíî, ÷òî âñå ãðàôû ñåìåéñòâà îäíîâðåìåííî

èìåþò ìèíèìóìû äèàìåòðà è ñðåäíåãî ðàññòîÿíèÿ ìåæäó âåðøèíàìè. Äëÿ äàííîãî
ñåìåéñòâà ñåòåé èçâåñòíû àíàëèòè÷åñêèå àëãîðèòìû ïàðíîé ìàðøðóòèçàöèè ñ êîí-
ñòàíòíûìè îöåíêàìè ñëîæíîñòè [3, 20, 21].

Èç îïèñàíèÿ öèðêóëÿíòíîãî ãðàôà âèäà C(N ; d, d + 1) ìîæíî ïîëó÷èòü èçîìîðô-
íûå îïèñàíèÿ ïóò¼ì óìíîæåíèÿ åãî îáðàçóþùèõ d è d + 1 íà ýëåìåíòû t ⩽ ⌊N/2⌋
ïðèâåä¼ííîé ñèñòåìû âû÷åòîâ ïî ìîäóëþ N . Íî òàêîé ìåòîä íå ìîæåò áûòü èñïîëüçî-
âàí äëÿ ïîëó÷åíèÿ îïòèìàëüíûõ îïèñàíèé ãðàôîâ C(N ; 1, s) ïðè ëþáûõ N , ïîñêîëüêó
äëÿ íåêîòîðûõ N îíè ëèáî íå ñóùåñòâóþò, ëèáî ñóùåñòâóþò, íî íå èçîìîðôíû îïèñà-
íèþ âèäà (N ; d, d+ 1). Â íàñòîÿùåé ðàáîòå ïðåäëàãàåòñÿ ìåòîä àâòîìàòèçàöèè ïîèñêà
àíàëèòè÷åñêèõ îïèñàíèé ñåìåéñòâ îïòèìàëüíûõ ãðàôîâ âèäà C(N ; 1, s) íà îñíîâå ïîëó-
÷åííîé àâòîðàìè áîëüøîé áàçû äàííûõ (äàòàñåòà) ïàðàìåòðîâ îïèñàíèé îïòèìàëüíûõ
äâóõêîíòóðíûõ êîëüöåâûõ ñåòåé C(N ; 1, s).

1. Ïîäõîäû ê ïîñòðîåíèþ îïòèìàëüíûõ äâóõêîíòóðíûõ êîëüöåâûõ ñåòåé
Ñåìåéñòâà äâóõêîíòóðíûõ êîëüöåâûõ ñåòåé, îïèñàííûå â ëèòåðàòóðå, ïðèâëåêàþò

âíèìàíèå â êà÷åñòâå ñåòåé ñâÿçè ïðè èçó÷åíèè èõ ñòðóêòóðíûõ è êîììóíèêàòèâíûõ
ñâîéñòâ � àëãîðèòìîâ ìàðøðóòèçàöèè ðàçëè÷íûõ âèäîâ, âëîæèìîñòè â ÷èïû äëÿ ñåòè
íà êðèñòàëëå, ñòðóêòóðíîé íàä¼æíîñòè è äð. Íàïðèìåð, ïåðâîå èçâåñòíîå ñåìåéñòâî
îïòèìàëüíûõ ãðàôîâ ñ àíàëèòè÷åñêèì îïèñàíèåì [22] àêòèâíî èçó÷àëîñü â òåîðèè
êîäèðîâàíèÿ [11] è êàê ìîäåëü ñåòè ñâÿçè ìíîãîïðîöåññîðíûõ ñèñòåì:

{C(Nd; 1, 2d+ 1) : d ⩾ 1}.

Â ðàáîòå [23] ïîñòàâëåíà ñëåäóþùàÿ ïðîáëåìà: êëàññèôèöèðîâàòü âñå çíà÷åíèÿ N,
äëÿ êîòîðûõ îïòèìàëüíûå íåîðèåíòèðîâàííûå ãðàôû C(N ; 1, s) ñóùåñòâóþò. Â ëè-
òåðàòóðå ðàññìîòðåíû ðàçëè÷íûå ïîäõîäû ê ðåøåíèþ äàííîé ïðîáëåìû è ïîëó÷åíû
íåêîòîðûå áåñêîíå÷íûå ñåìåéñòâà ãðàôîâ C(N ; 1, s) ñ àíàëèòè÷åñêèì îïèñàíèåì.

Â [23] äîêàçàíî, ÷òî äëÿ ñåìåéñòâà ãðàôîâ ñ ÷èñëîì âåðøèí N = Nd− 1, ãäå d > 1,
ìèíèìàëüíî âîçìîæíûé äèàìåòð ðàâåí D(N)+1. Â áîëüøèíñòâå ðàáîò, ïîñâÿù¼ííûõ
ïîèñêó áåñêîíå÷íûõ ñåìåéñòâ îïòèìàëüíûõ ãðàôîâ C(N ; 1, s), èñïîëüçóþòñÿ òåîðåòè-
÷åñêèå âåðõíèå îöåíêè äèàìåòðà [19, 23�28]. Â ðàáîòàõ [8, 19, 23, 26, 28] íàéäåíû èëè
èññëåäóþòñÿ ñåìåéñòâà ãðàôîâ ñ ëèíåéíûìè îáðàçóþùèìè âèäà s = 2d ± α, ãäå d�
äèàìåòð; â [5, 29, 30] � ñåìåéñòâà ãðàôîâ c êâàäðàòè÷íûìè îáðàçóþùèìè îò äèàìåòðà.
Ýôôåêòèâíûå àëãîðèòìû ïàðíîé ìàðøðóòèçàöèè ðàçðàáîòàíû äëÿ ðÿäà íàéäåííûõ
ñåìåéñòâ [26, 29, 31]. Èçâåñòåí [9] àëãîðèòì ïàðíîé ìàðøðóòèçàöèè äëÿ ãðàôîâ
C(N ; 1, s) ñëîæíîñòè O(∆), ãäå ∆ ⩽ d. Â [31, 32] ïîëó÷åíû ¾ïëîòíûå¿ áåñêîíå÷íûå
ñåìåéñòâà îïòèìàëüíûõ ãðàôîâ, îïèñàíèÿ êîòîðûõ ñëåäóþò èç âçàèìíîé ïðîñòîòû
÷èñåë (N, d) èëè (N, d + 1). Â [19] íàéäåíî ìíîæåñòâî ìîùíîñòè O(

√
d) áåñêîíå÷-

íûõ ñåìåéñòâ îïòèìàëüíûõ ãðàôîâ C(N ; 1, s) äëÿ êàæäîãî èíòåðâàëà çíà÷åíèé N ,
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ãäå Nd−1 < N ⩽ Nd, d > 1, ñ îáðàçóþùèìè âèäà s = 2d ± α. Â [27] íàéäåíû òðè ñå-
ìåéñòâà îïòèìàëüíûõ ñåòåé, êîòîðûå ïðåäñòàâèìû êàê ïðîèçâåäåíèÿ Êðîíåêåðà äâóõ
öèêëîâ. Â [5] àâòîðû ïîëó÷èëè øåñòü îïòèìàëüíûõ è ïÿòü ñóáîïòèìàëüíûõ ñåìåéñòâ
ãðàôîâ C(N ; 1, s) äëÿ êàæäîãî èíòåðâàëà çíà÷åíèé N , ãäå 2d2+d < N < Nd−1, d > 1.
Â [33] ðåàëèçîâàíû ãåíåòè÷åñêèå àëãîðèòìû ïîèñêà ñåìåéñòâ è ïîñòðîåíû 70 íîâûõ ñå-
ìåéñòâ îïòèìàëüíûõ ãðàôîâ ñ ëèíåéíûìè îáðàçóþùèìè âèäîâ s = 4d±α è s = 6d±α.
Àâòîðû [34], èñïîëüçóÿ ïðåäëîæåííûé èìè àëãîðèòì âû÷èñëåíèÿ äèàìåòðà ãðàôîâ
C(N ; 1, s), ïðåäñòàâèëè íåêîòîðûå ôðàãìåíòû ðåçóëüòàòîâ âû÷èñëåíèÿ îïòèìàëüíûõ
è ñóáîïòèìàëüíûõ îáðàçóþùèõ äëÿ ðàçëè÷íûõ çíà÷åíèé N , âêëþ÷àÿ N = 32 000.
Â [35], â ñâÿçè ñ àêòóàëüíîñòüþ ïðèìåíåíèÿ öèðêóëÿíòîâ â ñåòÿõ íà êðèñòàëëå, ïîëó-
÷åí äàòàñåò îïòèìàëüíûõ öèðêóëÿíòîâ ðàçëè÷íûõ ñòåïåíåé îò 4 äî 10 ñ ÷èñëîì âåðøèí
äî 500, êîòîðûé âêëþ÷àåò â òîì ÷èñëå äâóõêîíòóðíûå êîëüöåâûå ñåòè.

Â [36] àâòîðû ïîñòðîèëè äàòàñåò îïòèìàëüíûõ (ñ ìèíèìàëüíî âîçìîæíûì äèàìåò-
ðîì ïðè çàäàííîì ïîðÿäêå) ãðàôîâ C(N ; 1, s) äî 50 òûñÿ÷ âåðøèí. Íîâûé äàòàñåò ñî-
äåðæèò äëÿ êàæäîãî ïîðÿäêà ãðàôîâ âñå îáðàçóþùèå, ñîîòâåòñòâóþùèå îïòèìàëüíûì
èëè ñóáîïòèìàëüíûì (â ñëó÷àå îòñóòñòâèÿ îïòèìàëüíûõ) îïèñàíèÿì ãðàôà. Ïåðå÷èñ-
ëåíèå îáðàçóþùèõ äëÿ îïòèìàëüíûõ ãðàôîâ â äàòàñåòå ïîçâîëèëî íàéòè àíàëèòè÷å-
ñêèå çàâèñèìîñòè ïàðàìåòðîâ, îïðåäåëÿþùèõ ñåìåéñòâà îïòèìàëüíûõ ãðàôîâ.

Íà ðèñ. 2 ïðèâåäåíî òð¼õìåðíîå ãðàôè÷åñêîå èçîáðàæåíèå ôðàãìåíòà äàòàñåòà òî-
÷åê (N, s, d) ñ ÷èñëîì âåðøèí 10 ⩽ N ⩽ 900. Äàòàñåò ïîëó÷åí ñ ïðèìåíåíèåì ïà-
ðàëëåëüíîãî àëãîðèòìà èñ÷åðïûâàþùåãî ïîèñêà, ðåàëèçîâàííûì íà C íà êëàñòåðå
Kunpeng [36]. Òî÷êè (N, s, d) ñîîòâåòñòâóþò ïàðàìåòðàì îïèñàíèé îïòèìàëüíûõ ãðà-
ôîâ C(N ; 1, s). Äëÿ êàæäîãî N ïîêàçàíû âñå îáðàçóþùèå s ⩽ N/2, êîòîðûå îïðåäå-
ëÿþò ãðàô ìèíèìàëüíî âîçìîæíîãî äèàìåòðà d ïðè äàííîì N . Ïðîâåä¼ííûé àíàëèç
ãðàôîâ èç äàòàñåòà ïîêàçàë ñóùåñòâîâàíèå çíà÷åíèé N , äëÿ êîòîðûõ åäèíñòâåííàÿ
îïòèìàëüíàÿ îáðàçóþùàÿ ìîæåò áûòü êàê ëèíåéíîãî, òàê è êâàäðàòè÷íîãî âèäîâ îò
äèàìåòðà. Âåñü äàòàñåò îïèñàíèé ïàðàìåòðîâ îïòèìàëüíûõ ãðàôîâ ñ N ⩽ 5 · 104 âåð-
øèí ñîäåðæèò îêîëî 451 000 òî÷åê è ïðåäñòàâëåí â îòêðûòîì äîñòóïå â Èíòåðíåòå:
https://github.com/mila0411/Double-loop-networks/tree/main/Dataset.

Ïåðâîíà÷àëüíûé àíàëèç äàòàñåòà íà îòêðûòèå àíàëèòè÷åñêè îïèñûâàåìûõ ñå-
ìåéñòâ îïòèìàëüíûõ ãðàôîâ ïðîâåä¼í â [36] ñ ïîìîùüþ ïîäõîäà, îñíîâàííîãî íà òåì-
ïëåéòàõ ñ íåäîîïðåäåë¼ííûìè êîýôôèöèåíòàìè è èñïîëüçóþùåãî äëÿ ïîèñêà ïåðñïåê-
òèâíûõ òåìïëåéòîâ àëãîðèòìû ìåòàýâðèñòè÷åñêîãî ïîèñêà � ìóðàâüèíîé êîëîíèè è
äèôôåðåíöèàëüíîé ýâîëþöèè [37, 38]. Ïîäðîáíîå îïèñàíèå àëãîðèòìîâ ïîèñêà ìîæíî
íàéòè â [36]. Ðåàëèçîâàííûå àëãîðèòìû ñ ïðèìåíåíèåì ïÿòè íàéäåííûõ òåìïëåéòîâ
ñãåíåðèðîâàëè 200 ñåìåéñòâ îïòèìàëüíûõ äâóõêîíòóðíûõ êîëüöåâûõ ãðàôîâ. Íà ðèñ. 3
÷ëåíû ïîëó÷åííûõ ñåìåéñòâ ãðàôîâ îòìå÷åíû ÷¼ðíûìè òî÷êàìè.

Äàëåå ðàññìîòðåí äðóãîé ïîäõîä ê àâòîìàòèçàöèè ïîèñêà ñåìåéñòâ îïòèìàëüíûõ
ãðàôîâ â äàòàñåòå, îñíîâàííûé íà ïîñëåäîâàòåëüíîì äåëåíèè ñ îñòàòêîì ïàðàìåò-
ðîâ îïòèìàëüíûõ ãðàôîâ è ïîñòðîåíèè êîýôôèöèåíòîâ ïîëèíîìîâ äëÿ èõ ïîðÿäêîâ
è îáðàçóþùèõ, êîòîðûé: 1) îáîáùàåò òåìïëåéò-îðèåíòèðîâàííûé ïîäõîä; 2) ñîäåðæèò
íåêîòîðûå îáùèå ïðèíöèïû ïîñòðîåíèÿ ñåìåéñòâ îïòèìàëüíûõ ãðàôîâ; 3) ïîçâîëÿåò
îòêðûòü èçâåñòíûå è ïîëó÷èòü íîâûå ñåìåéñòâà, ïîêðûâàþùèå, êàê ïîêàçàëè ýêñïåðè-
ìåíòû, ïðåäñòàâèòåëüíóþ ÷àñòü òî÷åê äàòàñåòà; 4) äà¼ò âîçìîæíîñòü ïðîâîäèòü òåî-
ðåòè÷åñêèé àíàëèç è ïðàêòè÷åñêóþ ðåàëèçàöèþ ñåòåé, îñíîâàííûõ íà àíàëèòè÷åñêèõ
îïèñàíèÿõ. Íà áàçå íîâîãî ïîäõîäà ðàçðàáîòàíû äâà àëãîðèòìà àâòîìàòèçèðîâàííîãî
ïîèñêà ñåìåéñòâ îïòèìàëüíûõ ãðàôîâ, îòëè÷àþùèõñÿ âèäîì îáðàçóþùèõ.
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Ðèñ. 2. Ôðàãìåíò äàòàñåòà òî÷åê (N, s, d) îïòèìàëüíûõ ãðàôîâ C(N ; 1, s)

Ðèñ. 3. Ñåìåéñòâà îïòèìàëüíûõ ãðàôîâ, ïîëó÷åííûå ñ ïîìîùüþ òåìïëåéò-îðèåíòèðîâàííîãî
ïîäõîäà
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2. Ïîèñê ñåìåéñòâ îïòèìàëüíûõ äâóõêîíòóðíûõ êîëüöåâûõ ñåòåé
ñ êâàäðàòè÷íûìè îáðàçóþùèìè

×òîáû àâòîìàòèçèðîâàòü ïðîöåññ ïîèñêà ñåìåéñòâ îïòèìàëüíûõ ãðàôîâ, ðàññìîò-
ðèì êîíêðåòíûé ïðèìåð ïîñòðîåíèÿ ãðàôîâ ïîòåíöèàëüíî âîçìîæíîãî ñåìåéñòâà, îñ-
íîâûâàÿñü íà äàííûõ, âçÿòûõ èç äàòàñåòà.

Ââåä¼ì ïàðàìåòð p ⩾ 1. Íàçîâ¼ì åãî ïåðèîäîì ïîâòîðÿåìîñòè ÷ëåíîâ ñåìåéñòâà.
Ïàðàìåòð p ðàâåí ðàçíèöå äèàìåòðîâ ìåæäó ñîñåäíèìè ÷ëåíàìè ñåìåéñòâà. Àíàëèç
èçâåñòíûõ ñåìåéñòâ îïòèìàëüíûõ ãðàôîâ ïîêàçàë, ÷òî p ìîæåò ïðèíèìàòü ðàçëè÷íûå
çíà÷åíèÿ� îò p = 1, êîãäà ñåìåéñòâî ñóùåñòâóåò ïðè ëþáîì äèàìåòðå [22], äî p = 15 [5,
òåîðåìà 3.8], êîãäà ÷ëåíû îïòèìàëüíîãî ñåìåéñòâà ñóùåñòâóþò â êëàññå äèàìåòðîâ ïî
ìîäóëþ 15. Â íàñòîÿùåé ðàáîòå ìû ðàññìàòðèâàåì ñëó÷àè, êîãäà ðàçíèöà äèàìåòðîâ
ìåæäó ñîñåäíèìè ÷ëåíàìè ñåìåéñòâà ÿâëÿåòñÿ ïîñòîÿííîé.

Ïîêàæåì, êàê, èñïîëüçóÿ äâå òî÷êè äàòàñåòà, ìîæíî ïîëó÷èòü àíàëèòè÷åñêèå ôîð-
ìóëû äëÿ ïîñòðîåíèÿ îáðàçóþùèõ è ïîðÿäêîâ ãðàôîâ ïîòåíöèàëüíîãî ñåìåéñòâà.

Âîçüì¼ì òî÷êó â äàòàñåòå, íàïðèìåð (N1, s1, d1) = (258, 48, 11). Ïóñòü p = 6. Íàéä¼ì
â äàòàñåòå òî÷êó (N2, s2, d2), äëÿ êîòîðîé, êðîìå óñëîâèÿ d2 = d1 + p, âûïîëíÿåòñÿ
ñëåäóþùåå: ⌊

N1

s1

⌋
=

⌊
N2

s2

⌋
. (1)

Íàïðèìåð, ïóñòü ýòî áóäåò òî÷êà (N2, s2, d2) = (606, 108, 17). Âûïîëíåíèå óñëîâèÿ (1)
îçíà÷àåò, ÷òî îáå òî÷êè äàòàñåòà íàõîäÿòñÿ íà îáùåé ëèíèè ñ óãëîì íàêëîíà, îïðå-
äåëÿåìûì îòíîøåíèåì ⌊N/s⌋ (ñì. ðèñ. 2). Íàéä¼ì öåëûå ÷àñòè è îñòàòêè îò äåëåíèÿ
îáðàçóþùèõ ãðàôîâ, ñîîòâåòñòâóþùèõ äàííûì òî÷êàì, íà èõ äèàìåòð: s1 = 4d1 + 4,
s2 = 6d2 + 6. Ââåä¼ì ïàðàìåòðû, êîòîðûå îïðåäåëÿþò ïîñëåäîâàòåëüíîñòè óâåëè÷å-
íèÿ êîýôôèöèåíòîâ ïðè îäèíàêîâûõ ñòåïåíÿõ d äëÿ îáðàçóþùèõ ãðàôîâ âîçìîæíîãî
ñåìåéñòâà:

∆1 =

⌊
s2
d2

⌋
−
⌊
s1
d1

⌋
,

∆2 = s2 mod d2 − s1 mod d1.

(2)

Äëÿ íàøåãî ïðèìåðà ∆1 = 2, ∆2 = 2. Åñëè ïðîäîëæèòü ýòè ïîñëåäîâàòåëüíîñòè,
óâåëè÷èâàÿ äèàìåòð ãðàôîâ íà p, òî îáùèé âèä îáðàçóþùèõ ãðàôîâ ñåìåéñòâà áóäåò
ñëåäóþùèì:

s =

(⌊
s1
d1

⌋
+

(d− d1)∆1

p

)
d+ s1 mod d1 +

(d− d1)∆2

p
.

Ñîáèðàÿ êîýôôèöèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ d, ïîëó÷èì êâàäðàòè÷íûé ïîëèíîì
îò äèàìåòðà, îïðåäåëÿþùèé îáðàçóþùèå ñåìåéñòâà îïòèìàëüíûõ ãðàôîâ:

s = ed2 + fd+ g,

e =
∆1

p
,

f =

⌊
s1
d1

⌋
− d1∆1

p
+

∆2

p
,

g = s1 mod d1 −
d1∆2

p
.

(3)

Äëÿ íàøåãî ïðèìåðà â ñèëó (3) ïîëó÷àåì s = (d2 + 2d+ 1)/3.
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Òåïåðü äëÿ äâóõ ðàññìîòðåííûõ òî÷åê äàòàñåòà íàéä¼ì ôîðìóëó, êîòîðàÿ îïðåäå-
ëèò ïîðÿäêè ãðàôîâ âîçìîæíîãî ñåìåéñòâà.

Èìååì N1 = 5s1 + N1 mod s1 = 5s1 + 18, N2 = 5s2 + N2 mod s2 = 5s2 + 66. Ïîñëå
äåëåíèÿ îñòàòêîâ íà äèàìåòðû ïîëó÷èì N1 = 5s1 + d1 + 7, N2 = 5s2 + 3d2 + 15.

Ââåä¼ì ïàðàìåòðû, êîòîðûå îïðåäåëÿò ïîñëåäîâàòåëüíîñòè óâåëè÷åíèÿ êîýôôèöè-
åíòîâ ïðè îäèíàêîâûõ ñòåïåíÿõ d â ðàçëîæåíèè îñòàòêîâ îò äåëåíèÿ íà d îñòàòêà îò
äåëåíèÿ N íà s:

∆3 = ⌊(N2 mod s2)/d2⌋ − ⌊(N1 mod s1)/d1⌋,
∆4 = (N2 mod s2) mod d2 − (N1 mod s1) mod d1.

(4)

Äëÿ ðàññìàòðèâàåìîãî ïðèìåðà ∆3 = 2, ∆4 = 8. Åñëè ïðîäîëæèòü ýòè ïîñëåäîâàòåëü-
íîñòè, óâåëè÷èâàÿ äèàìåòð ãðàôîâ íà âåëè÷èíó p, òî îáùèé âèä ïîðÿäêîâ âîçìîæíîãî
ñåìåéñòâà áóäåò ñëåäóþùèé:

N = ⌊N1/s1⌋s+
(
⌊(N1 mod s1)/d1⌋+

(d− d1)∆3

p

)
d+(N1 mod s1) mod d1+

(d− d1)∆4

p
.

Ïîäñòàâëÿÿ ôîðìóëó (3) äëÿ îáðàçóþùåé s è ñîáèðàÿ êîýôôèöèåíòû ïðè îäèíàêîâûõ
ñòåïåíÿõ d, ïîëó÷àåì

N = ad2 + bd+ c,

a = e⌊N1/s1⌋+∆3/p,

b = f⌊N1/s1⌋+ ⌊(N1 mod s1)/d1⌋ − d1∆3/p+∆4/p,

c = g⌊N1/s1⌋+ (N1 mod s1) mod d1 − d1∆4/p.

(5)

Òàêèì îáðàçîì, êâàäðàòè÷íûé ïîëèíîì îò äèàìåòðà, êîòîðûé îïðåäåëÿåò ïîðÿäêè
îïòèìàëüíûõ ãðàôîâ ïîòåíöèàëüíî âîçìîæíîãî ñåìåéñòâà, ñôîðìèðîâàí.

Äëÿ ðàññìîòðåííîãî ïðèìåðà â ñèëó (5) ïîëó÷àåì N = 2d2+2d−6 è ñîîòâåòñòâåííî
ñëåäóþùèé âèä ñåìåéñòâà ãðàôîâ: {C(2d2 + 2d− 6; 1, (d2 + 2d+ 1)/3) : d ≡ 5 (mod 6)}.
Ïðîâåðêà â äàòàñåòå ïîêàçàëà ñóùåñòâîâàíèå âñåõ ãðàôîâ ñåìåéñòâà, íà÷èíàÿ ñ d = 5
äî 149.

Íèæå îïèñàíà îáùàÿ ñõåìà àëãîðèòìà 1 � ýâðèñòè÷åñêîãî àëãîðèòìà àâòîìàòè-
÷åñêîãî ïîèñêà ñåìåéñòâ îïòèìàëüíûõ ãðàôîâ, îñíîâàííîãî íà ðàññìîòðåííûõ âûøå
ïðèíöèïàõ.

Ñëåäóåò îòìåòèòü èíòåðåñíóþ îñîáåííîñòü ðåçóëüòàòîâ ðàáîòû àëãîðèòìà 1: íåêî-
òîðûå èç íàéäåííûõ ñåìåéñòâ ãðàôîâ èìåþò îáðàçóþùèå ëèíåéíîãî âèäà îò d. Ýòî
ïðîèñõîäèò â òåõ ñëó÷àÿõ, êîãäà ïðè âûïîëíåíèè íåîáõîäèìîãî óñëîâèÿ (1) òàêæå âû-
ïîëíÿåòñÿ óñëîâèå ⌊s1/d1⌋ = ⌊s2/d2⌋, ÷òî äà¼ò e = 0. ×òîáû àâòîìàòèçèðîâàòü ïðîöåññ
ïîèñêà ñåìåéñòâ îïòèìàëüíûõ ãðàôîâ ñ ëèíåéíûìè îáðàçóþùèìè îò äèàìåòðà, ìû
ðàçðàáîòàëè îòäåëüíûé àëãîðèòì, îñíîâàííûé íà àíàëîãè÷íûõ ïðèíöèïàõ.
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Àëãîðèòì 1. Àëãîðèòì àâòîìàòè÷åñêîãî ïîèñêà ñåìåéñòâ îïòèìàëüíûõ ãðàôîâ
ñ êâàäðàòè÷íûìè îáðàçóþùèìè (îáùàÿ ñõåìà)

Âõîä: Òî÷êè äàòàñåòà (N, s, d); P �ìàêñèìàëüíîå çíà÷åíèå ïàðàìåòðà p.
1: Âûáèðàåì íà÷àëüíîå çíà÷åíèå ïåðèîäà p ∈ {1, 2, 3, . . . , P} è äèàìåòðà d = d1, ãäå
d1 ≡ 0 (mod p). Âûáèðàåì âñå òî÷êè (N1, s1, d1) â äàòàñåòå è ñðåäè òî÷åê âèäà
(N2, s2, d2), ãäå d2 = d1 + p, âûáèðàåì òî÷êè (N2, s2, d2), êîòîðûå óäîâëåòâîðÿþò
óñëîâèþ (1).
Äëÿ òî÷êè (N1, s1, d1) è î÷åðåäíîé òî÷êè (N2, s2, d2) ãåíåðèðóåì îáùèå ôîðìóëû
äëÿ s è N â âèäå êâàäðàòè÷íûõ ïîëèíîìîâ îò äèàìåòðà äëÿ ãðàôîâ âîçìîæíîãî
ñåìåéñòâà:

C(N = ad2 + bd+ c; 1, s = ed2 + fd+ g).

Äëÿ ýòîãî èñïîëüçóåòñÿ ñâîéñòâî ïîâòîðÿåìîñòè âèäà ÷ëåíîâ ñåìåéñòâà ÷åðåç k =
= (d−d1)/p øàãîâ, à èìåííî: äëÿ êîýôôèöèåíòîâ e, f, g èñïîëüçóþòñÿ ôîðìóëû (2)
è (3); äëÿ a, b, c�ôîðìóëû (3), (4) è (5). Òàêèì îáðàçîì, äëÿ òî÷åê (N1, s1, d1) è
(N2, s2, d2) àíàëèòè÷åñêèé âèä ãðàôîâ âîçìîæíîãî ñåìåéñòâà ñôîðìèðîâàí.

2: Ïðîâåðÿåì ïðèñóòñòâèå ÷ëåíîâ ñôîðìèðîâàííîãî ñåìåéñòâà â äàòàñåòå, óâåëè÷èâàÿ
äèàìåòð íà âåëè÷èíó p. Åñëè ñóùåñòâîâàíèå ñëåäóþùèõ ÷ëåíîâ ñåìåéñòâà ïîäòâåð-
æäåíî íà âûáðàííîé ÷àñòè äàòàñåòà, òî ñ÷èòàåòñÿ, ÷òî ñåìåéñòâî ïðîøëî òåñòèðî-
âàíèå è íîâîå ñåìåéñòâî ãðàôîâ íàéäåíî; îíî äîáàâëÿåòñÿ â ëèñò ïîòåíöèàëüíûõ
ñåìåéñòâ.

3: Ïðîöåññ ïîèñêà ñåìåéñòâ ïðîäîëæàåòñÿ äî òåõ ïîð, ïîêà íå ðàññìîòðåíû, âî-
ïåðâûõ, âñå èìåþùèåñÿ ïàðîñî÷åòàíèÿ ãðàôîâ ñ äèàìåòðàìè d1 è d2 è, âî-âòîðûõ,
äèàìåòðû äëÿ âñåõ âû÷åòîâ ïî ìîäóëþ p è çàòåì� ïîñëåäîâàòåëüíî âåñü âûäåëåí-
íûé äèàïàçîí çíà÷åíèé ïàðàìåòðà p.

4: Ïîñëå ýòîãî âñå íàéäåííûå ñåìåéñòâà ïðîâåðÿþòñÿ íà òîé ÷àñòè äàòàñåòà, êîòîðàÿ
íå áûëà âêëþ÷åíà â ïðåäâàðèòåëüíî ïðîâåä¼ííîå òåñòèðîâàíèå íà øàãå 2. Åñëè
ðåçóëüòàò ïîëîæèòåëüíûé, òî ñ÷èòàåòñÿ, ÷òî íîâîå ñåìåéñòâî íàéäåíî.

Âûõîä: Ìíîæåñòâî àíàëèòè÷åñêèõ îïèñàíèé (ôîðìóë N(d) è s(d)) ñåìåéñòâ îïòè-
ìàëüíûõ ãðàôîâ ñ êâàäðàòè÷íûìè îáðàçóþùèìè, îãðàíè÷åííîå ðàññìîòðåííûì
äèàïàçîíîì èçìåíåíèÿ ïàðàìåòðà p.

3. Ïîèñê ñåìåéñòâ îïòèìàëüíûõ ãðàôîâ ñ ëèíåéíûìè îáðàçóþùèìè
Ïðè àíàëèçå ïîëó÷åííîãî äàòàñåòà áûëî çàìå÷åíî, ÷òî ëèíåéíûå îáðàçóþùèå

ñ íå÷¼òíûì êîýôôèöèåíòîì ïðè d íå äàþò óñòîé÷èâûõ îïòèìàëüíûõ ñåìåéñòâ íà áîëü-
øèõ äèàïàçîíàõ èçìåíåíèÿ äèàìåòðà. Ïîýòîìó äëÿ ïîèñêà ñåìåéñòâ îïòèìàëüíûõ ãðà-
ôîâ ñ ëèíåéíûìè îáðàçóþùèìè áóäåì ðàññìàòðèâàòü îáðàçóþùèå âèäà s = γd + α,
ãäå γ ìîæåò ïðèíèìàòü òîëüêî ÷¼òíûå, à α�ëþáûå öåëûå çíà÷åíèÿ. Äëÿ ðàçðàáîò-
êè ïðîöåññà àâòîìàòèçàöèè ïîèñêà ñåìåéñòâ îïòèìàëüíûõ ãðàôîâ ðàññìîòðèì ïðèìåð
ïîñòðîåíèÿ ñåìåéñòâà îïòèìàëüíûõ ãðàôîâ íà îñíîâàíèè äàííûõ, âçÿòûõ èç äàòàñåòà.
Ïîêàæåì, êàê ïî äâóì òî÷êàì äàòàñåòà ìîæíî ïîëó÷èòü àíàëèòè÷åñêèå ôîðìóëû äëÿ
ïîðÿäêîâ ãðàôîâ ñåìåéñòâà è îáðàçóþùèõ ëèíåéíîãî âèäà.

Âîçüì¼ì â äàòàñåòå òî÷êó (N1, s1, d1) = (295, 69, 12). Ïóñòü p = 3�ðàçíîñòü äèà-
ìåòðîâ ñîñåäíèõ ÷ëåíîâ âîçìîæíîãî ñåìåéñòâà. Íàéä¼ì â äàòàñåòå òî÷êó (N2, s2, d2),
äëÿ êîòîðîé, êðîìå óñëîâèÿ d2 = d1 + p, âûïîëíÿåòñÿ åù¼ óñëîâèå⌊

s1
d1

⌋
=

⌊
s2
d2

⌋
. (6)
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Íàïðèìåð, ýòî òî÷êà (N2, s2, d2) = (459, 87, 15). Óñëîâèå (6) âûïîëíåíî, çíà÷èò, êîýô-
ôèöèåíò γ íå çàâèñèò îò äèàìåòðà. Íàéä¼ì öåëûå ÷àñòè è îñòàòêè îò äåëåíèÿ îáðàçó-
þùèõ ãðàôîâ íà èõ äèàìåòðû, ïðè ýòîì êîýôôèöèåíò ïðè d äîëæåí áûòü ÷¼òíûì, òî
åñòü:

s = fd+ g,

f =

{
⌊s1/d1⌋ , åñëè ⌊s1/d1⌋ ÷¼òíîå,
⌈s1/d1⌉ â ïðîòèâíîì ñëó÷àå,

g =

{
s1 mod d1, åñëè ⌊s1/d1⌋ ÷¼òíîå,
s1 − ⌈s1/d1⌉ d1 â ïðîòèâíîì ñëó÷àå.

(7)

Äëÿ íàøåãî ïðèìåðà s1 = 6d1 − 3, s2 = 6d2 − 3. Òàêèì îáðàçîì, f = 6, g = −3 è
s = 6d− 3.

Ââåä¼ì òðè ïàðàìåòðà, êîòîðûå îïðåäåëÿþò ïîñëåäîâàòåëüíîñòè ïðèðàùåíèÿ êî-
ýôôèöèåíòîâ ïðè îäèíàêîâûõ ñòåïåíÿõ d â ðàçëîæåíèè N íà s è â ðàçëîæåíèè îñòàòêà
îò äåëåíèÿ íà d îñòàòêà îò äåëåíèÿ N íà s:

∆1 = ⌊N2/s2⌋ − ⌊N1/s1⌋ ,
∆2 = ⌊(N2 mod s2)/d2⌋ − ⌊(N1 mod s1)/d1⌋ ,

∆3 = (N2 mod s2) mod d2 − (N1 mod s1) mod d1.

(8)

Äëÿ ðàññìîòðåííîãî ïðèìåðà èìååì N1 = 4s1 + 19 = 4s1 + d1 + 7, N2 = 5s2 + 24 =
= 5s2 + d2 + 9. Òàêèì îáðàçîì, ∆1 = 1, ∆2 = 0, ∆3 = 2. Åñëè ïðîäîëæèòü ýòè ïî-
ñëåäîâàòåëüíîñòè, íàðàùèâàÿ äèàìåòð ãðàôîâ íà âåëè÷èíó p, òî îáùèé âèä ïîðÿäêîâ
âîçìîæíîãî ñåìåéñòâà áóäåò ðàâåí

N = (⌊N1/s1⌋+ (d− d1)∆1/p)s+ (⌊(N1 mod s1)/d1⌋+ (d− d1)∆2/p) d+

+(N1 mod s1) mod d1 + (d− d1)∆3/p.

Ïîäñòàâèâ ôîðìóëó (7) äëÿ îáðàçóþùåé s è ñîáðàâ êîýôôèöèåíòû ïðè îäèíàêîâûõ
ñòåïåíÿõ d, ïîëó÷èì

N = ad2 + bd+ c,

a = f∆1/p+∆2/p,

b = f ⌊N1/s1⌋+ ⌊(N1 mod s1)/d1⌋ − fd1∆1/p+ g∆1/p− d1∆2/p+∆3/p,

c = g ⌊N1/s1⌋+ (N1 mod s1) mod d1 − gd1∆1/p− d1∆3/p.

(9)

Òàêèì îáðàçîì, ñôîðìèðîâàí êâàäðàòè÷íûé ïîëèíîì îò äèàìåòðà, çàäàþùèé ïîðÿäêè
îïòèìàëüíûõ ãðàôîâ ñåìåéñòâà.

Äëÿ íàøåãî ïðèìåðà ïîëó÷àåì ñëåäóþùèé âèä âîçìîæíîãî ñåìåéñòâà ãðàôîâ:
{C(2d2 + 2d/3 − 1; 1, 6d − 3) : d ≡ 0 (mod 3)}. Ïðîâåðêà â äàòàñåòå ïîêàçàëà ñóùå-
ñòâîâàíèå âñåõ ãðàôîâ ñåìåéñòâà ñ d = 3 äî 150.

Íèæå ïðåäñòàâëåíà îáùàÿ ñõåìà àëãîðèòìà 2� ýâðèñòè÷åñêîãî àëãîðèòìà àâòîìà-
òè÷åñêîãî ïîèñêà ñåìåéñòâ îïòèìàëüíûõ äâóõêîíòóðíûõ êîëüöåâûõ ãðàôîâ ñ ëèíåé-
íûìè îáðàçóþùèìè, îñíîâàííîãî íà îïèñàííûõ ïðèíöèïàõ.
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Àëãîðèòì 2. Àëãîðèòì àâòîìàòè÷åñêîãî ïîèñêà ñåìåéñòâ îïòèìàëüíûõ ãðàôîâ ñ ëè-
íåéíûìè îáðàçóþùèìè (îáùàÿ ñõåìà)

Âõîä: Òî÷êè äàòàñåòà (N, s, d); P �ìàêñèìàëüíîå çíà÷åíèå ïàðàìåòðà p.
1: Âûáèðàåì íà÷àëüíîå çíà÷åíèå ïåðèîäà p ∈ {2, 3, 4, . . . , P} è äèàìåòðà d = d1, ãäå
d1 ≡ 0 (mod p). Âûáèðàåì â äàòàñåòå âñå òî÷êè (N1, s1, d1) è ñðåäè òî÷åê âèäà
(N2, s2, d2), ãäå d2 = d1 + p, âûáèðàåì òî÷êè, óäîâëåòâîðÿþùèå óñëîâèþ (6).
Äëÿ òî÷êè (N1, s1, d1) è î÷åðåäíîé òî÷êè (N2, s2, d2) ñîçäà¼ì îáùèå ôîðìóëû äëÿ
s è N â âèäå ïîëèíîìîâ îò äèàìåòðà äëÿ âîçìîæíîãî ñåìåéñòâà ãðàôîâ:

C(N = ad2 + bd+ c; 1, s = fd+ g).

Äëÿ ýòîãî èñïîëüçóåòñÿ ñâîéñòâî ïîâòîðÿåìîñòè âèäà ÷ëåíîâ ñåìåéñòâà ÷åðåç k =
= (d− d1)/p øàãîâ, à èìåííî: äëÿ êîýôôèöèåíòîâ f, g èñïîëüçóþòñÿ ôîðìóëû (7),
äëÿ a, b, c�ôîðìóëû (8) è (9). Òàêèì îáðàçîì, äëÿ òî÷åê (N1, s1, d1) è (N2, s2, d2)
àíàëèòè÷åñêèé âèä ãðàôîâ âîçìîæíîãî ñåìåéñòâà ñôîðìèðîâàí.

2: Ïðîâåðÿåì íàëè÷èå ÷ëåíîâ ñôîðìèðîâàííîãî ñåìåéñòâà â äàòàñåòå ïðè óâåëè÷åíèè
äèàìåòðà íà p. Åñëè íà âûáðàííîì ôðàãìåíòå äàííûõ ñóùåñòâîâàíèå ñëåäóþùèõ
÷ëåíîâ ñåìåéñòâà ïîäòâåðæäåíî, òî ñ÷èòàåòñÿ, ÷òî ñåìåéñòâî ïðîøëî òåñòèðîâàíèå
è íîâîå ñåìåéñòâî íàéäåíî, îíî çàïèñûâàåòñÿ â ñïèñîê íîâûõ ñåìåéñòâ.

3: Ïðîöåññ ïîèñêà ñåìåéñòâ ïðîäîëæàåì äî òåõ ïîð, ïîêà íå ðàññìîòðåíû, âî-ïåðâûõ,
âñå èìåþùèåñÿ ïàðîñî÷åòàíèÿ ãðàôîâ ñ äèàìåòðàìè d1 è d2 è, âî-âòîðûõ, äèàìåòðû
äëÿ âñåõ âû÷åòîâ ïî ìîäóëþ p, çàòåì� ïîñëåäîâàòåëüíî âåñü âûäåëåííûé äèàïàçîí
çíà÷åíèé ïàðàìåòðà p.

4: Ïîñëå ýòîãî ïðîèñõîäèò âàëèäàöèÿ ïîëó÷åííûõ ñåìåéñòâ, äëÿ ÷åãî èñïîëüçóåòñÿ
÷àñòü ìàññèâà äàííûõ, íå ó÷àñòâîâàâøàÿ â òåñòèðîâàíèè íà øàãå 2. Ïðè ïîëîæè-
òåëüíîì ðåçóëüòàòå ñ÷èòàåòñÿ, ÷òî íîâîå ñåìåéñòâî íàéäåíî è åãî àíàëèòè÷åñêîå
îïèñàíèå ïîïîëíÿåò ñïèñîê íàéäåííûõ ñåìåéñòâ.

Âûõîä: Ìíîæåñòâî àíàëèòè÷åñêèõ îïèñàíèé (ôîðìóë N(d) è s(d)) ñåìåéñòâ îïòè-
ìàëüíûõ ãðàôîâ ñ ëèíåéíûìè îáðàçóþùèìè, îãðàíè÷åííîå ðàññìîòðåííûì äèàïà-
çîíîì èçìåíåíèÿ ïàðàìåòðà p.

4. Ýêñïåðèìåíòàëüíûå ðåçóëüòàòû ðåàëèçàöèè àëãîðèòìîâ
Àëãîðèòì 1 ðåàëèçîâàí â ñèñòåìå Wolfram Mathematica 10 äëÿ 15 ⩽ d ⩽ 150 è

1 ⩽ p ⩽ 7. Îáùåå ÷èñëî ïîëó÷åííûõ àíàëèòè÷åñêè îïèñûâàåìûõ ñåìåéñòâ îïòèìàëü-
íûõ ãðàôîâ ðàâíî 1944.

Àëãîðèòì 2 òàêæå ðåàëèçîâàí â ñèñòåìå Wolfram Mathematica 10. Äëÿ ÷¼òíûõ è
íå÷¼òíûõ äèàìåòðîâ è çíà÷åíèé 2 ⩽ p ⩽ 6 ïîëó÷åíî 293 àíàëèòè÷åñêè îïèñûâàåìûõ
ñåìåéñòâ îïòèìàëüíûõ ãðàôîâ ñ ëèíåéíûìè îáðàçóþùèìè. Â òàáëèöå ïðèâåä¼í ôðàã-
ìåíò îïèñàíèé îïòèìàëüíûõ ãðàôîâ ñåìåéñòâ âìåñòå ñ èõ ïåðèîäîì ïîâòîðÿåìîñòè è
òèïîì äèàìåòðîâ, ïîëó÷åííûõ ïðè ðåàëèçàöèè àëãîðèòìîâ 1 è 2.

Íà ðèñ. 4 ïîêàçàíû ôðàãìåíòû íàéäåííûõ ñåìåéñòâ îïòèìàëüíûõ äâóõêîíòóðíûõ
êîëüöåâûõ ñåòåé ñ êâàäðàòè÷íûìè è ëèíåéíûìè îáðàçóþùèìè. ×ëåíû íàéäåííûõ ñå-
ìåéñòâ îòìå÷åíû ÷¼ðíûìè òî÷êàìè. Îïèñàíèÿ âñåõ îïòèìàëüíûõ ñåìåéñòâ, ïîëó÷åí-
íûõ ïðè ðåàëèçàöèè àëãîðèòìîâ, ïðèâåäåíû â ðàçäåëå äàòàñåòà.

Ïðåäëîæåííûå àëãîðèòìû àâòîìàòè÷åñêîãî ïîèñêà ñåìåéñòâ îñíîâàíû íà òåìïëåé-
òàõ îïèñàíèé èçâåñòíûõ îïòèìàëüíûõ ñåìåéñòâ è ïðîâåä¼ííîì èíòåëëåêòóàëüíîì àíà-
ëèçå äàòàñåòà. Ýòîò ïîäõîä ïîçâîëèë ïåðåîòêðûòü èçâåñòíûå ñåìåéñòâà è íàéòè áîëü-
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Ïðèìåðû îïèñàíèé ñåìåéñòâ îïòèìàëüíûõ ãðàôîâ

N s p d mod p N s p d mod p
d+ 2d2 3 + 4d 5 2 −5 + 2d2 −3 + 2d 4 2

1 + d+ 2d2 2d 5 2 −5 + 2d2 3 + 2d 4 2
−7 + 2d+ 2d2 −3 + 2d 5 2 −4 + 2d2 −3 + 2d 4 2
−7 + 2d+ 2d2 5 + 2d 5 2 −4 + 2d2 3 + 2d 4 2
−1 + 2d+ 2d2 −1 + 2d 5 2 −3 + 2d2 −3 + 2d 4 2
−1 + 2d+ 2d2 3 + 2d 5 2 −3 + 2d2 3 + 2d 4 2
1 + 2d+ 2d2 1 + 2d 5 2 −3 + 2d2 −5 + 4d 4 2
−2 + 2d2 −2− d+ d2 5 2 −1 + 2d2 −1 + 2d 4 2
−2 + 2d2 −d+ d2 5 2 −1 + 2d2 1 + 2d 4 2

2d2 −1− d+ d2 5 2 −1 + 2d2 −3 + 4d 4 2

à á

Ðèñ. 4. Ñåìåéñòâà îïòèìàëüíûõ ãðàôîâ, ïîëó÷åííûå ñ ïîìîùüþ àëãîðèòìîâ 1 (à) è 2 (á )

øîå êîëè÷åñòâî íîâûõ, íî îí íå èñ÷åðïûâàåò âñå âîçìîæíûå âèäû àíàëèòè÷åñêèõ âû-
ðàæåíèé äëÿ îïèñàíèÿ ñåìåéñòâ. Ïðèìåíåíèå äðóãèõ ïîäõîäîâ ê àíàëèçó äàòàñåòà,
â òîì ÷èñëå ñ èñïîëüçîâàíèåì ìîäåëåé ãëóáîêîãî îáó÷åíèÿ, ïîçâîëèò âûÿâèòü äðó-
ãèå âîçìîæíûå òåìïëåéòû äëÿ îïèñàíèé îïòèìàëüíûõ ñåìåéñòâ è àëãîðèòìîâ èõ ïî-
ñòðîåíèÿ è, åñëè ýòî âîçìîæíî, ïîêðûòü ñåòüþ àíàëèòèêè âåñü ïîñòðîåííûé äàòàñåò
â ðåàëèçîâàííûõ ãðàíèöàõ èçìåíåíèÿ äèàìåòðà ñåòåé. Äëÿ ãåíåðàöèè íîâûõ îïòèìàëü-
íûõ ñåìåéñòâ ñ èñïîëüçîâàíèåì ïîëó÷åííûõ àëãîðèòìîâ ìû ïðåäïîëàãàåì â äàëüíåé-
øåì òàêæå óâåëè÷èâàòü îáëàñòü èçìåíåíèÿ ïàðàìåòðà p. Äëÿ áóäóùèõ èññëåäîâàíèé
îñòàþòñÿ îòêðûòûìè ñëåäóþùèå âîïðîñû: êàêèå åù¼ ïðèíöèïû ïîñòðîåíèÿ ñåìåéñòâ
îïòèìàëüíûõ (ñóáîïòèìàëüíûõ) äâóõêîíòóðíûõ êîëüöåâûõ ãðàôîâ ìîãóò áûòü ðåàëè-
çîâàíû ïðè àíàëèçå ïîëó÷åííîãî äàòàñåòà; êàê ðàñïðåäåëÿþòñÿ íà÷àëüíûå çíà÷åíèÿ
äèàìåòðîâ, ïðè êîòîðûõ ïîðîæäàþòñÿ íîâûå ñåìåéñòâà; âîçìîæíûé âèä ôóíêöèé äëÿ
ïàðàìåòðà p. Â ÷àñòíîñòè, äëÿ àâòîìàòèçàöèè ïîèñêà îïòèìàëüíûõ ñåìåéñòâ ïëàíèðó-
åòñÿ ðàññìîòðåòü ñëó÷àè, êîãäà ïåðèîä ïîâòîðÿåìîñòè ÷ëåíîâ ñåìåéñòâà ìîæåò áûòü
íå êîíñòàíòîé, à ôóíêöèåé ëèíåéíîãî âèäà îò äðóãîãî ïàðàìåòðà, êàê ýòî, íàïðèìåð,
èìååò ìåñòî äëÿ ñåìåéñòâà, íàéäåííîãî â [5, ñëåäñòâèå 3.6].
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Çàêëþ÷åíèå
Ïðåäëîæåí íîâûé ìåòîä îòêðûòèÿ àíàëèòè÷åñêèõ çàâèñèìîñòåé ïàðàìåòðîâ îïè-

ñàíèé ñåìåéñòâ îïòèìàëüíûõ äâóõêîíòóðíûõ êîëüöåâûõ öèðêóëÿíòíûõ ãðàôîâ, ïðåä-
ñòàâëÿþùèõ ïðàêòè÷åñêèé èíòåðåñ ïðè ìîäåëèðîâàíèè ñèñòåì ñâÿçè äëÿ ñåòåé íà êðè-
ñòàëëå è êëàñòåðîâ ìóëüòèïðîöåññîðíûõ ñèñòåì. Ïðè àíàëèçå áîëüøîãî äàòàñåòà ïà-
ðàìåòðîâ îïòèìàëüíûõ ïî äèàìåòðó äâóõêîíòóðíûõ êîëüöåâûõ ãðàôîâ áûëè çàìå-
÷åíû íåêîòîðûå çàêîíîìåðíîñòè â èõ ïîÿâëåíèè. ×òîáû íàéòè íîâûå ñåìåéñòâà îï-
òèìàëüíûõ ãðàôîâ, ðàçðàáîòàíû è ðåàëèçîâàíû â ñèñòåìå Wolfram Mathematica àë-
ãîðèòìû èõ àâòîìàòèçèðîâàííîãî ïîèñêà â äàòàñåòå. Íàéäåííûå ñ èõ ïîìîùüþ àíà-
ëèòè÷åñêè îïèñûâàåìûå ñåìåéñòâà ìîãóò ñîñòàâëÿòü áàçó äëÿ êîíñòðóèðîâàíèÿ ìàñ-
øòàáèðóåìûõ ïî ÷èñëó ýëåìåíòîâ áîëüøèõ ìíîãîóðîâíåâûõ âû÷èñëèòåëüíûõ ñèñòåì
ñ óíèôèêàöèåé ïî äèàìåòðó àëãîðèòìîâ ìàðøðóòèçàöèè. Âñå íàéäåííûå ñåìåéñòâà
ãðàôîâ áóäóò ïðåäñòàâëåíû â îòäåëüíîì ðàçäåëå äîñòóïíîãî â Èíòåðíåòå äàòàñå-
òà https://github.com/mila0411/Double-loop-networks/tree/main/Dataset. Ïîëó-
÷åííûé äàòàñåò ìîæíî òàêæå èñïîëüçîâàòü ïðè àíàëèçå ñîîòíîøåíèé ìåæäó ñåìåé-
ñòâàìè îïòèìàëüíûõ ãðàôîâ è èõ õàðàêòåðèñòèêàìè, òàêèìè, êàê ñòðóêòóðíûå çà-
äåðæêè, îïðåäåëÿåìûå ñðåäíèì ðàññòîÿíèåì ìåæäó óçëàìè, íàä¼æíîñòü ïðè îòêàçàõ
ýëåìåíòîâ ñåòè, ïðîïóñêíàÿ ñïîñîáíîñòü, àëãîðèòìû ìàðøðóòèçàöèè.
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Èçó÷àåòñÿ ãåíåðè÷åñêàÿ ñëîæíîñòü ïðîáëåìû ïðîâåðêè ñîâìåñòíîñòè ñèñòåì óðàâ-
íåíèé íàä íàòóðàëüíûìè ÷èñëàìè ñî ñëîæåíèåì. Äîêàçûâàåòñÿ NP-ïîëíîòà ýòîé
ïðîáëåìû, ïðåäëàãàåòñÿ ïîëèíîìèàëüíûé ãåíåðè÷åñêèé àëãîðèòì å¼ ðåøåíèÿ.
Äîêàçûâàåòñÿ, ÷òî ïðè P ̸= NP è P = BPP äëÿ ïðîáëåìû ïðîâåðêè ñîâìåñòíî-
ñòè ñèñòåì óðàâíåíèé íàä íàòóðàëüíûìè ÷èñëàìè ñ íóë¼ì íå ñóùåñòâóåò ñèëüíî
ãåíåðè÷åñêîãî ïîëèíîìèàëüíîãî àëãîðèòìà. Äëÿ ñèëüíî ãåíåðè÷åñêîãî ïîëèíî-
ìèàëüíîãî àëãîðèòìà íåò ýôôåêòèâíîãî ìåòîäà ñëó÷àéíîé ãåíåðàöèè âõîäîâ, íà
êîòîðûõ ýòîò àëãîðèòì íå ìîæåò ðåøèòü ïðîáëåìó.

Êëþ÷åâûå ñëîâà: ãåíåðè÷åñêàÿ ñëîæíîñòü, ëèíåéíûå óðàâíåíèÿ, íàòóðàëüíûå

÷èñëà.

ON THE GENERIC COMPLEXITY OF SOLVING EQUATIONS
OVER NATURAL NUMBERS WITH ADDITION

A.N. Rybalov

Sobolev Institute of Mathematics, Omsk, Russia

We study the general complexity of the problem of determining the solvability of
equations systems over natural numbers with the addition. The NP-completeness of
this problem is proved. A polynomial generic algorithm for solving this problem is
proposed. It is proved that if P ̸= NP and P = BPP, then for the problem of checking
the solvability of systems of equations over natural numbers with zero there is no
strongly generic polynomial algorithm. For a strongly generic polynomial algorithm,
there is no efficient method for random generation of inputs on which the algorithm
cannot solve the problem. To prove this theorem, we use the method of generic
amplification, which allows us to construct generically hard problems from problems
that are hard in the classical sense. The main feature of this method is the cloning
technique, which combines the input data of a problem into sufficiently large sets of
equivalent input data. Equivalence is understood in the sense that the problem is
solved similarly for them.

Keywords: generic complexity, linear equations, natural numbers.
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Ââåäåíèå
Ðåøåíèå óðàâíåíèé è ñèñòåì óðàâíåíèé íàä âåùåñòâåííûìè, êîìïëåêñíûìè, ðàöè-

îíàëüíûìè, öåëûìè ÷èñëàìè ÿâëÿåòñÿ êëàññè÷åñêîé òåìîé èññëåäîâàíèé â ðàçëè÷íûõ
îáëàñòÿõ ìàòåìàòèêè â òå÷åíèå óæå íåñêîëüêèõ òûñÿ÷ ëåò. Êëàññè÷åñêàÿ àëãåáðàè-
÷åñêàÿ ãåîìåòðèÿ èçó÷àåò ìíîæåñòâà ðåøåíèé àëãåáðàè÷åñêèõ óðàâíåíèé íàä ïîëÿìè
âåùåñòâåííûõ è êîìïëåêñíûõ ÷èñåë. Â ðàìêàõ äèîôàíòîâîé ãåîìåòðèè è äèîôàíòîâà
àíàëèçà èçó÷àþòñÿ ðåøåíèÿ àëãåáðàè÷åñêèõ óðàâíåíèé íàä öåëûìè è ðàöèîíàëüíû-
ìè ÷èñëàìè. Â XX âåêå áîëüøóþ ðîëü íà÷àëè èãðàòü âû÷èñëèòåëüíûå àñïåêòû ýòèõ
òåîðèé. Èçó÷åíèå àëãîðèòìè÷åñêèõ ïðîáëåì, ñâÿçàííûõ ñ îïðåäåëåíèåì íàëè÷èÿ ðå-
øåíèÿ ó ñèñòåì óðàâíåíèé, à òàêæå ñ íàõîæäåíèåì è îïèñàíèåì ìíîæåñòâà ðåøåíèé,
ÿâëÿåòñÿ òåìîé ìíîãî÷èñëåííûõ òåîðåòè÷åñêèõ è ïðàêòè÷åñêèõ èññëåäîâàíèé.

Êàê ïðàâèëî, ïðîáëåìà îïðåäåëåíèÿ ñîâìåñòíîñòè ñèñòåì óðàâíåíèé íàä ðàçëè÷-
íûìè àëãåáðàè÷åñêèìè ñèñòåìàìè ÿâëÿåòñÿ ëèáî íåðàçðåøèìîé, ëèáî èìååò áîëüøóþ
âû÷èñëèòåëüíóþ ñëîæíîñòü. Äàæå íàä íåòðèâèàëüíûìè êîíå÷íûìè àëãåáðàè÷åñêèìè
ñèñòåìàìè, íàïðèìåð íàä êîíå÷íûìè ïîëÿìè, ýòà ïðîáëåìà îêàçûâàåòñÿ NP-ïîëíîé.
Ýòî îçíà÷àåò, ÷òî ïðè óñëîâèè P ̸= NP äëÿ íå¼ íå ñóùåñòâóåò ïîëèíîìèàëüíûõ àëãî-
ðèòìîâ. Ïîýòîìó àêòóàëüíûì ÿâëÿåòñÿ èçó÷åíèå ãåíåðè÷åñêîé ñëîæíîñòè [1] äàííûõ
ïðîáëåì. Â ðàìêàõ ãåíåðè÷åñêîãî ïîäõîäà àëãîðèòìè÷åñêàÿ ïðîáëåìà ðàññìàòðèâàåò-
ñÿ íå íà âñ¼ì ìíîæåñòâå âõîäîâ, à íà íåêîòîðîì ïîäìíîæåñòâå ¾ïî÷òè âñåõ¿ âõîäîâ.
Òàêèå âõîäû îáðàçóþò òàê íàçûâàåìîå ãåíåðè÷åñêîå ìíîæåñòâî. Ïîíÿòèå ¾ïî÷òè âñå¿
ôîðìàëèçóåòñÿ ââåäåíèåì àñèìïòîòè÷åñêîé ïëîòíîñòè íà ìíîæåñòâå âõîäíûõ äàííûõ.
Ðåçóëüòàòû îá àñèìïòîòè÷åñêîé ïëîòíîñòè ñîâìåñòíûõ óðàâíåíèé â ñâîáîäíûõ ãðóï-
ïàõ [2] è â íèëüïîòåíòíûõ ãðóïïàõ [3] ïîëó÷åíû Ð. Ãèëìàíîì, À. Ã. Ìÿñíèêîâûì è
Â.À. Ðîìàíüêîâûì. Ãåíåðè÷åñêàÿ ñëîæíîñòü ïðîáëåìû ñîâìåñòíîñòè óðàâíåíèé íàä
êîëüöîì öåëûõ ÷èñåë èçó÷àëàñü À.Í. Ðûáàëîâûì [4], à íàä êîíå÷íûìè ãðóïïàìè, ïî-
ëÿìè è ïîëóãðóïïàìè�À.Í. Ðûáàëîâûì è À.Í. Øåâëÿêîâûì [5]. Óðàâíåíèÿ íàä ìî-
íîèäîì íàòóðàëüíûõ ÷èñåë ïî ñëîæåíèþ â ðàìêàõ óíèâåðñàëüíîé àëãåáðàè÷åñêîé ãåî-
ìåòðèè èññëåäîâàëèñü â ðàáîòàõ À.Í. Øåâëÿêîâà [6, 7]. Ñ.Ë. Êðèâûì [8] ðàññìîòðåíû
êðèòåðèè ñîâìåñòíîñòè ñèñòåìû ëèíåéíûõ äèîôàíòîâûõ óðàâíåíèé íàä ìíîæåñòâîì
íàòóðàëüíûõ ÷èñåë, à òàêæå äàíû âåðõíèå îöåíêè äëÿ êîìïîíåíò ìèíèìàëüíîãî ìíî-
æåñòâà ðåøåíèé è àëãîðèòìû ïîñòðîåíèÿ ìèíèìàëüíûõ ïîðîæäàþùèõ íàáîðîâ ðåøå-
íèé äëÿ âñåõ òàêèõ ñèñòåì.

Â äàííîé ðàáîòå èçó÷àåòñÿ ãåíåðè÷åñêàÿ ñëîæíîñòü ïðîáëåìû ïðîâåðêè ñîâìåñò-
íîñòè ñèñòåì óðàâíåíèé íàä íàòóðàëüíûìè ÷èñëàìè ñî ñëîæåíèåì.

1. Ïðåäâàðèòåëüíûå ñâåäåíèÿ
Ïóñòü N = {1, 2, 3, . . .}�ìíîæåñòâî íàòóðàëüíûõ ÷èñåë, íà÷èíàþùååñÿ ñ 1, à

ω = {0, 1, 2, . . .}�ìíîæåñòâî íàòóðàëüíûõ ÷èñåë ñ íóë¼ì. Áóäåì ðàññìàòðèâàòü äâå
àëãåáðàè÷åñêèå ñèñòåìû N0 = ⟨ω,+⟩ è N1 = ⟨N,+⟩. Íåòðóäíî ïîêàçàòü, ÷òî ëþáóþ
ñèñòåìó óðàâíåíèé íàä íàòóðàëüíûìè ÷èñëàìè ñî ñëîæåíèåì ìîæíî ïðèâåñòè ê ýêâè-
âàëåíòíîé ñèñòåìå, â êîòîðîé êàæäîå óðàâíåíèå ÿâëÿåòñÿ ðàâåíñòâîì îäíîãî èç ñëå-
äóþùèõ òèïîâ:

1) xi = xj + xk;
2) xi = 1.

Ïðè ýòîì â k-ì óðàâíåíèè ñèñòåìû ìîãóò âñòðå÷àòüñÿ òîëüêî ïåðåìåííûå xi, ãäå
i ⩽ 3k. Ïîä ñèñòåìîé óðàâíåíèé áóäåì ïîíèìàòü ñèñòåìó îïèñàííîãî âèäà. Ðàçìåð
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òàêîé ñèñòåìû� ýòî ÷èñëî óðàâíåíèé â íåé. Îáîçíà÷èì ÷åðåç S ìíîæåñòâî âñåõ ñèñòåì
óðàâíåíèé.

Ëåììà 1. ×èñëî ñèñòåì óðàâíåíèé ðàçìåðà n ðàâíî

|Sn| =
n∏

k=1

(27k3 + 3k).

Äîêàçàòåëüñòâî. Äëÿ t-ãî óðàâíåíèÿ â ñèñòåìå S ∈ Sn ñóùåñòâóåò (3t)3 âàðèàí-
òîâ âûáðàòü óðàâíåíèå âèäà xi = xj+xk è 3t âàðèàíòîâ âûáðàòü óðàâíåíèå âèäà xi = 1.
Èòîãî äëÿ t-ãî óðàâíåíèÿ åñòü 27t3 + 3t âàðèàíòîâ; äëÿ âñåé ñèñòåìû èç n óðàâíåíèé

èìååì |Sn| =
n∏

k=1

(27k3 + 3k) âàðèàíòîâ.

Îñíîâíûå îïðåäåëåíèÿ ãåíåðè÷åñêîãî ïîäõîäà ìîæíî íàéòè â [1] èëè â [4]. Îïðåäå-
ëåíèÿ âû÷èñëèòåëüíûõ êëàññîâ P, NP è BPP ñîäåðæàòñÿ â [9].

2. NP-ïîëíîòà
Òåîðåìà 1. Ïðîáëåìû ïðîâåðêè ñîâìåñòíîñòè ñèñòåì óðàâíåíèé íàä N1 è N0

ÿâëÿþòñÿ NP-ïîëíûìè.

Äîêàçàòåëüñòâî. Ïðèíàäëåæíîñòü ýòèõ ïðîáëåì ê êëàññó NP ñëåäóåò èç òî-
ãî, ÷òî â êà÷åñòâå ïîäñêàçêè (ðåøåíèÿ) ìîæíî âçÿòü çíà÷åíèÿ ïåðåìåííûõ, êîòîðûå
äåëàþò âñå óðàâíåíèÿ ñèñòåìû èñòèííûìè. Òî, ÷òî ðàçìåð ìèíèìàëüíîãî ðåøåíèÿ
â äâîè÷íîé çàïèñè îãðàíè÷åí ïîëèíîìèàëüíî îò ðàçìåðà ñèñòåìû, äîêàçûâàåòñÿ, íà-
ïðèìåð, â [10].

Äîêàæåì, ÷òî ê ïðîáëåìå ïðîâåðêè ñîâìåñòíîñòè ñèñòåì óðàâíåíèé íàä N1 ïîëè-
íîìèàëüíî ñâîäèòñÿ èçâåñòíàÿ NP-ïîëíàÿ ïðîáëåìà î âûïîëíèìîñòè 3-ÊÍÔ, êîòîðàÿ
çàêëþ÷àåòñÿ â ñëåäóþùåì.

3-ÊÍÔ Φ(x1, . . . , xn)� ýòî êîíúþíêöèÿ äèçúþíêöèé âèäà (α1 ∨ α2 ∨ α3), ãäå αi,
i = 1, 2, 3, åñòü ëèáî áóëåâà ïåðåìåííàÿ xk, ëèáî å¼ îòðèöàíèå xk. Íóæíî îïðåäåëèòü,
ÿâëÿåòñÿ ëè çàäàííàÿ 3-ÊÍÔ Φ(x1, . . . , xn) âûïîëíèìîé, òî åñòü ñóùåñòâóþò ëè çíà÷å-
íèÿ a1, . . . , an ∈ {0, 1}, òàêèå, ÷òî Φ(a1, . . . , an) = 1.

Ïîñòðîèì ïî 3-ÊÍÔ Φ(x1, . . . , xn) ñèñòåìó óðàâíåíèé íàä N1, êîòîðàÿ èìååò ðåøå-
íèå òîãäà è òîëüêî òîãäà, êîãäà Φ(x1, . . . , xn) âûïîëíèìà. Äëÿ ýòîãî êàæäîé áóëåâîé
ïåðåìåííîé èç Φ ñîïîñòàâèì äâå íàòóðàëüíîçíà÷íûå ïåðåìåííûå x è y, à òàêæå çàïè-
øåì ñèñòåìó óðàâíåíèé ñ íîâûìè âñïîìîãàòåëüíûìè ïåðåìåííûìè t1, t2, t3:

t1 = 1,

t2 = t1 + t1,

t3 = t1 + t2,

t3 = x+ y.

Ýòà ñèñòåìà ãàðàíòèðóåò, ÷òî x è y ìîãóò ïðèíèìàòü çíà÷åíèÿ òîëüêî 1 èëè 2. ×èñëî 2
âûïîëíÿåò ðîëü ëîãè÷åñêîé åäèíèöû (èñòèíà), à 1�ëîãè÷åñêîãî íóëÿ (ëîæü). Ó ïåðå-
ìåííûõ ðîëè òàêîâû: x ìîäåëèðóåò ñîîòâåòñòâóþùóþ ëîãè÷åñêóþ ïåðåìåííóþ, à y�
å¼ îòðèöàíèå.

Äàëåå ñìîäåëèðóåì äèçúþíêöèþ (α1 ∨ α2 ∨ α3). Äëÿ ýòîãî âîçüì¼ì ïåðåìåííûå
z1, z2, z3 íàä N, ñîîòâåòñòâóþùèå ëîãè÷åñêèì ïåðåìåííûì (èëè èõ îòðèöàíèÿì) èç
äèçúþíêöèè, è çàïèøåì ñèñòåìó
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u1 = 1,

u2 = u1 + u1,

u3 = u1 + u2,

s = u+ u3,

r = z1 + z2,

s = r + z3,

ãäå u, u1, u2, u3, s, r�íîâûå âñïîìîãàòåëüíûå ïåðåìåííûå. Çàìåòèì, ÷òî ýòà ñèñòåìà
ñîâìåñòíà íàä N òîãäà è òîëüêî òîãäà, êîãäà õîòÿ áû îäíà èç ïåðåìåííûõ z1, z2, z3
ðàâíà 2, ÷òî ñîîòâåòñòâóåò èñòèííîñòè ñîîòâåòñòâóþùåé äèçúþíêöèè.

Òåïåðü ïî êàæäîé äèçúþíêöèè 3-ÊÍÔ Φ(x1, . . . , xn) ñòðîèì ïîäîáíûå ñèñòåìû
óðàâíåíèé. Çàòåì íóìåðóåì âñå ïåðåìåííûå òàê, ÷òîáû â k-ì óðàâíåíèè ñèñòåìû âñòðå-
÷àëèñü òîëüêî ïåðåìåííûå xi, ãäå i ⩽ 3k. Â èòîãå ïîëó÷àåì ñèñòåìó SΦ, êîòîðàÿ ñîâ-
ìåñòíà íàä N òîãäà è òîëüêî òîãäà, êîãäà 3-ÊÍÔ Φ(x1, . . . , xn) âûïîëíèìà. Ïîëèíîìè-
àëüíîñòü äàííîé ñâîäèìîñòè ñëåäóåò èç ïðîöåññà ïîñòðîåíèÿ.

Àíàëîãè÷íî äîêàçûâàåòñÿ NP-ïîëíîòà äëÿ N0.

3. Ðåøåíèå óðàâíåíèé íàä N1

Òåîðåìà 2. Ïðîáëåìà ïðîâåðêè ñîâìåñòíîñòè ñèñòåì óðàâíåíèé íàä N1 ãåíåðè-
÷åñêè ðàçðåøèìà çà ïîëèíîìèàëüíîå âðåìÿ.

Äîêàçàòåëüñòâî. Ñîîòâåòñòâóþùèé ãåíåðè÷åñêèé ïîëèíîìèàëüíûé àëãîðèòì
ðàáîòàåò íà ñèñòåìå S ñëåäóþùèì îáðàçîì:

1) èùåò â ñèñòåìå S óðàâíåíèå âèäà xi = xi + xj;
2) åñëè òàêîå óðàâíåíèå íàéä¼òñÿ, òî ñèñòåìà íåñîâìåñòíà íàä N è àëãîðèòì âûäà¼ò

îòâåò 0;
3) èíà÷å âûäà¼ò îòâåò ¾?¿.

Ïîêàæåì, ÷òî ýòîò àëãîðèòì äà¼ò íåîïðåäåë¼ííûé îòâåò íà ïðåíåáðåæèìîì ìíîæå-
ñòâå ñèñòåì óðàâíåíèé. Îáîçíà÷èì ÷åðåç L ñåìåéñòâî ñèñòåì, â êîòîðûõ îòñóòñòâóþò
óðàâíåíèÿ âèäà xi = xi + xj. ×èñëî âàðèàíòîâ âûáðàòü k-å óðàâíåíèå â ñèñòåìå èç
ìíîæåñòâà L ðàâíî 27k3 + 3k − 9k2. Ïîýòîìó

|Ln| =
n∏

k=1

(27k3 + 3k − 9k2).

Ïî ëåììå 1

|Sn| =
n∏

k=1

(27k3 + 3k).

Îïðåäåëåíèå àñèìïòîòè÷åñêîé ïëîòíîñòè ρ è ρn ìîæíî íàéòè â [1, 4]. Ïîëó÷àåì

ρn(L) =
|Ln|
|Sn|

=

n∏
k=1

(27k3 + 3k − 9k2)

n∏
k=1

(27k3 + 3k)
=

n∏
k=1

9k3 + k − 3k2

9k3 + k
=

n∏
k=1

(
1− 3k2

9k3 + k

)
<

<
n∏

k=1

(
1− 3k2

9k3 + k3

)
=

n∏
k=1

(
1− 3

10k

)
<

n∏
k=1

(
1− 1

4k

)
.
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×òîáû îöåíèòü ñâåðõó ïîñëåäíåå ïðîèçâåäåíèå, âîçâåä¼ì åãî â ÷åòâ¼ðòóþ ñòåïåíü:

n∏
k=1

(
1− 1

4k

)4
<

n∏
k=1

((
1− 1

4k

)(
1− 1

4k+1

)(
1− 1

4k+2

)(
1− 1

4k+3

))
=

4n∏
k=4

(
1− 1

k

)
=

=
4n∏
k=4

(k − 1

k

)
=

3

4
· 4
5
· . . . · 4n− 2

4n− 1
· 4n− 1

4n
=

3

4n
.

Èòîãî ïîëó÷àåì

ρ(L) = lim
n→∞

|Ln|
|Sn|

⩽ lim
n→∞

4

√
3

4n
= 0.

Òåîðåìà 2 äîêàçàíà.

4. Ðåøåíèå óðàâíåíèé íàä N0

Äëÿ ïðîèçâîëüíîé ñèñòåìû óðàâíåíèé S = {S1, . . . , Sm} ðàññìîòðèì ìíîæåñòâî
ñèñòåì eq(S), êîòîðûå ïîëó÷àþòñÿ äîáàâëåíèåì ê ñèñòåìå S ïðîèçâîëüíûõ óðàâíåíèé
Sm+1, . . . , Sn, ãäå l-å óðàâíåíèå èìååò âèä xi = xj + xk, ïðè÷¼ì 3m < i, j, k < 3(l +m).
Î÷åâèäíî, ÷òî ëþáàÿ ñèñòåìà èç eq(S) ñîâìåñòíà íàä N0 òîãäà è òîëüêî òîãäà, êîãäà
ñîâìåñòíà íàä N0 ñèñòåìà S.

Ëåììà 2. Äëÿ ëþáîé ñèñòåìû S ðàçìåðà m è ëþáîãî n > m èìååò ìåñòî îöåíêà

|eq(S)n|
|Sn|

>
1

2(30n3)m
.

Äîêàçàòåëüñòâî. Ïóñòü n > m. Äëÿ t-ãî äîáàâëåííîãî ê S óðàâíåíèÿ âèäà
xi = xj + xk, ãäå 3m < i, j, k < 3(t+m), èìååòñÿ (3t)3 = 27t3 âàðèàíòîâ. Ïîýòîìó

|eq(S)n| =
n−m∏
t=1

(27t3).

Ïî ëåììå 1

ρn(eq(S)) =
|eq(S)n|
|Sn|

=

n−m∏
k=1

(27k3)

n∏
k=1

(27k3 + 3k)
=

n−m∏
k=1

( 27k2

27k2 + 3

) n∏
k=n−m+1

1

27k3 + 3k
.

Îöåíèì ñíèçó ñíà÷àëà ïåðâîå ïðîèçâåäåíèå:

n−m∏
k=1

( 27k2

27k2 + 3

)
=

n−m∏
k=1

(
1− 1

9k2 + 1

)
>

n−m+1∏
k=2

(
1− 1

k2

)
=

n−m+1∏
k=2

(k − 1)(k + 1)

k2
=

=
1 · 3
22
· 2 · 4

32
· (n−m− 1)(n−m+ 1)

(n−m)2
· (n−m)(n−m+ 2)

(n−m+ 1)2
=

n−m+ 2

2(n−m+ 1)
>

1

2
.

Òåïåðü îöåíèì âòîðîå ïðîèçâåäåíèå:

n∏
k=n−m+1

1

27k3 + 3k
>

1

(27n3 + 3n)m
.

Èòîãî ïîëó÷àåì

ρn(eq(S)) =
|eq(S)n|
|Sn|

>
1

2(27n3 + 3n)m
>

1

2(30n3)m
.

Ëåììà 2 äîêàçàíà.



Î ãåíåðè÷åñêîé ñëîæíîñòè ðåøåíèÿ óðàâíåíèé íàä íàòóðàëüíûìè ÷èñëàìè ñî ñëîæåíèåì 77

Òåîðåìà 3. Ïóñòü P ̸= NP è P = BPP. Òîãäà äëÿ ïðîáëåìû ïðîâåðêè ñîâìåñò-
íîñòè ñèñòåì óðàâíåíèé íàä N0 íå ñóùåñòâóåò ñèëüíî ãåíåðè÷åñêîãî ïîëèíîìèàëüíîãî
àëãîðèòìà.

Äîêàçàòåëüñòâî. Äîïóñòèì, ÷òî ñóùåñòâóåò ñèëüíî ãåíåðè÷åñêèé ïîëèíîìè-
àëüíûé àëãîðèòì A, îïðåäåëÿþùèé ñîâìåñòíîñòü ñèñòåì óðàâíåíèé íàä N0. Ïîñòðîèì
âåðîÿòíîñòíûé ïîëèíîìèàëüíûé àëãîðèòì B, ðåøàþùèé ýòó ïðîáëåìó íà âñ¼ì ìíî-
æåñòâå âõîäîâ. Íà ñèñòåìå S ðàçìåðà n àëãîðèòì B ðàáîòàåò ñëåäóþùèì îáðàçîì:

1) ãåíåðèðóåò ñëó÷àéíî ðàâíîâåðîÿòíî ñèñòåìó S ′ èç ìíîæåñòâà eq(S) ðàçìåðà n2;
2) çàïóñêàåò àëãîðèòì A íà ñèñòåìå S ′;
3) åñëè A(S ′) ̸=?, òî àëãîðèòì ïðàâèëüíî îïðåäåëÿåò, ñîâìåñòíà ëè ñèñòåìà S ′, à

âìåñòå ñ íåé è ñèñòåìà S;
4) åñëè A(S ′) = ?, òî âûäà¼ò îòâåò ¾ÍÅÒ¿.

Çàìåòèì, ÷òî ïîëèíîìèàëüíûé âåðîÿòíîñòíûé àëãîðèòì B âûäà¼ò ïðàâèëüíûé îòâåò
íà øàãå 3, à íà øàãå 4 ìîæåò âûäàòü íåïðàâèëüíûé îòâåò. Íàäî äîêàçàòü, ÷òî âåðîÿò-
íîñòü òîãî, ÷òî îòâåò âûäà¼òñÿ íà øàãå 4, ìåíüøå 1/3.

Îöåíèì âåðîÿòíîñòü âûäà÷è îòâåòà íà øàãå 4. Âåðîÿòíîñòü òîãî, ÷òî äëÿ S ′ èìååò
ìåñòî A(S ′) = ?, íå áîëüøå

|{S ′ ∈ S : A(S ′) = ?}n2|
|eq(S)n2|

=
|{S ′ ∈ S : A(S ′) = ?}n2|

|Sn2|
· |Sn

2|
|eq(S)n2|

.

Òàê êàê ìíîæåñòâî {S ′ ∈ S : A(S ′) =?} ñèëüíî ïðåíåáðåæèìîå, ñóùåñòâóåò êîíñòàíòà
α > 0, òàêàÿ, ÷òî

|{S ′ ∈ S : A(S ′) = ?}n2|
|Sn2|

<
1

2αn2

äëÿ ëþáîãî n. Ïî ëåììå 2
|Sn2|
|eq(S)n2|

< 2(30n6)n.

Ïîýòîìó èñêîìàÿ âåðîÿòíîñòü îòâåòà íà øàãå 4 íå áîëüøå

2(30n6)n

2αn2 · 2
1+log 30n+6n logn

2αn2 =
1

2αn2−6n logn−log 30n−1
<

1

3

ïðè áîëüøèõ n.
Òàêèì îáðàçîì, ïðîáëåìà ïðîâåðêè ñîâìåñòíîñòè ñèñòåì óðàâíåíèé íàä N0 ïðè-

íàäëåæèò êëàññó BPP. À òàê êàê BPP = P, òî îíà ïðèíàäëåæèò êëàññó P. À ýòî, ïî
òåîðåìå 1, ïðîòèâîðå÷èò óñëîâèþ P ̸= NP.

Àâòîð âûðàæàåò èñêðåííþþ áëàãîäàðíîñòü ðåöåíçåíòó çà ïîëåçíûå çàìå÷àíèÿ è
ïðåäëîæåíèÿ ïî óëó÷øåíèþ òåêñòà ñòàòüè.
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Ïîëó÷åí óïðîù¼ííûé âàðèàíò ôîðìóëû ñóììèðîâàíèÿ Ýéëåðà �Ìàêëîðåíà

m∑
k=0

f(a+ kh) =
1

h

∫ ym

y0

f(y) dy −
∑
k

h2k−1bk
(
f (2k−1)(ym)− f (2k−1)(y0)

)
,

ãäå y0 = a − h/2; ym = a + (m + 1/2)h. Ôîðìóëà âêëþ÷àåò â ñåáÿ èíòåãðàëüíóþ
îöåíêó ñóììû äèñêðåòíûõ îòñ÷¼òîâ ôóíêöèè è ïîïðàâêó ê íåé â âèäå ñóììû ðÿ-
äà âåñîâûõ ãðàíè÷íûõ çíà÷åíèé å¼ íå÷¼òíûõ ïðîèçâîäíûõ. Óïðîùåíèåì ÿâëÿåòñÿ
èñêëþ÷åíèå èç ðåçóëüòàòà ñóììèðîâàíèÿ ïîëóñóììû ãðàíè÷íûõ çíà÷åíèé ôóíê-
öèè è äîñòèãàåòñÿ ïóò¼ì ñìåùåíèÿ hr îòñ÷¼òîâ âíóòðü îòðåçêîâ èíòåãðèðîâàíèÿ.
Äîêàçûâàåòñÿ, ÷òî îïòèìàëüíûì ÿâëÿåòñÿ ñìåùåíèå êàæäîãî îòñ÷¼òà â ñåðåäèíó
îòðåçêà r = 1/2. Ýòî ñìåùåíèå çàäà¼ò ïðåäåëû èíòåãðàëüíîé îöåíêè y0, ym è
çíà÷åíèÿ âåñîâûõ êîýôôèöèåíòîâ ïðîèçâîäíûõ ïîïðàâî÷íîãî ðÿäà. Íàéäåíî àíà-
ëèòè÷åñêîå âûðàæåíèå ýòèõ êîýôôèöèåíòîâ è èõ ïðîèçâîäÿùàÿ ôóíêöèÿ

bk =
1− 21−2k

(2k)!
B2k, Ψb(t) = 1− t

2
cosech

t

2
=

∞∑
k=1

bkt
2k,

ãäå B2k �÷èñëà Áåðíóëëè. Íà ïðèìåðàõ ïîëó÷åíèÿ òî÷íûõ âûðàæåíèé ñóìì
m∑
k=1

kn,
m∑

k=k0

ahk, ãäå m,n�öåëûå ïîëîæèòåëüíûå ÷èñëà, ïîêàçàíà ñïðàâåäëèâîñòü

ïîëó÷åííîé ôîðìóëû è ïðîèçâîäÿùåé ôóíêöèè å¼ êîýôôèöèåíòîâ. Ôîðìóëà áû-
ëà èñïîëüçîâàíà äëÿ ïîëó÷åíèÿ ïðèáëèæ¼ííûõ âûðàæåíèé äëÿ äçåòà-ôóíêöèè
Ðèìàíà, ïñè-ôóíêöèè, ïîëèãàììà ôóíêöèé, à òàêæå ñóìì áåñêîíå÷íûõ îáðàòíî-
ñòåïåííûõ ðÿäîâ è ãàðìîíè÷åñêîãî ðÿäà. Íà îñíîâàíèè àíàëèçà ïîãðåøíîñòè ýòèõ
âûðàæåíèé ïîêàçàíû ïðåèìóùåñòâà óïðîù¼ííîé ôîðìóëû ïåðåä ôîðìóëîé Ýé-
ëåðà �Ìàêëîðåíà â òî÷íîñòè è êðàòêîñòè.

Êëþ÷åâûå ñëîâà: ñóììà, ðÿä, êîýôôèöèåíò, ïðîèçâîäÿùàÿ ôóíêöèÿ, ÷èñëî Áåð-
íóëëè, ïîïðàâêà, ïîãðåøíîñòü.
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SIMPLIFIED FORMULA FOR SUMMING DISCRETE VALUES
OF SOME FUNCTIONS

V.R. Osipov

Moscow, Russia

The simplified variant of Euler — Maclaurin summation formula is obtained:

m∑
k=0

f(a+ kh) =
1

h

ym∫
y0

f(y) dy −
∑
k

h2k−1bk
(
f (2k−1)(ym)− f (2k−1)(y0)

)
,

where y0 = a − h/2, ym = a + (m + 1/2)h. The formula includes an integrated esti-
mation of the sum of function discrete samples and the correction to it in the form of
the series sum of weight boundary values of its odd derivatives. Simplification is the
exception a half-sum of boundary function values from summing result and is reached
by shiftihg hr samples inside the integrated segments. The optimal value of this shift
for each sample to the middle of the segment r = 1/2 is proven. This shift specifies
integrated estimation limits y0, ym, and values of correction series weighting coeffi-
cients. The analytical expression of these coefficients and their generating function

have been found: bk =
1− 21−2k

(2k)!
B2k, Ψb(t) = 1 − t

2
cosech

t

2
=

∞∑
k=1

bkt
2k, where B2k

are Bernoulli numbers. Using examples of obtaining exact expressions for the sums
m∑
k=1

kn,
m∑

k=k0

ahk, where m,n ∈ N, the validity of the resulting formula and the genera-

ting function of its coefficients is shown. The formula was used to obtain approximate
expressions for the Riemann zeta function, psi function, polygamma function, as well
as sums of infinite inverse power series and harmonic series. Based on an analysis
of the error of these expressions, the advantages of the simplified formula over the
Euler — Maclaurin formula in terms of accuracy and brevity are shown.

Keywords: sum, row, coefficient, generating function, Bernoulli’s number, correc-
tion, error.

Ââåäåíèå
Ðåøåíèÿ çàäà÷ ïðèêëàäíîé ìàòåìàòèêè è àñèìïòîòè÷åñêèå îöåíêè íåêîòîðûõ ñïå-

öèàëüíûõ ôóíêöèé èíîãäà ñâîäÿòñÿ ê ðåçóëüòàòó â âèäå ñóììû ïàðàìåòðè÷åñêîãî
ôóíêöèîíàëüíîãî ðÿäà

Sm(a, h) =
m∑
k=0

f(a+ kh), (1)

ãäå f(y)�ôóíêöèÿ ÷ëåíà ðÿäà, ñóììèðóåìàÿ â óçëàõ ðàâíîìåðíîé ñåòêè.
Ñóììó (1) ìîæíî îöåíèòü îïðåäåë¼ííûì èíòåãðàëîì îò ôóíêöèîíàëüíîãî ÷ëåíà

â ïðåäåëàõ çíà÷åíèé k ïðè óñëîâèè åãî ñóùåñòâîâàíèÿ. Ôóíäàìåíòàëüíîé îñíîâîé òà-
êîãî ñïîñîáà ÿâëÿåòñÿ ôîðìóëà ñóììèðîâàíèÿ Ýéëåðà �Ìàêëîðåíà. Ïðèâåä¼ì âàðè-
àíò ýòîé ôîðìóëû èç àâòîðèòåòíîãî ñïðàâî÷íèêà [1, (23.1.30)]:

m∑
k=0

F (a+kh) =
1

h

∫ b

a

F (t)dt+
1

2
(F (a)+F (b))+

n−1∑
k=1

h2k−1

(2k)!
B2k

(
F (2k−1)(b)− F (2k−1)(a)

)
+

. . .+
h2n

(2n)!
B2n

m−1∑
k=k0

F (2n)(a+ kh+ θh), h =
b− a
m

,

(2)

ãäå B2k, B2n �÷èñëà Áåðíóëëè.
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Ôîðìóëà (2) ñâÿçûâàåò ðåçóëüòàò ñóììèðîâàíèÿ (m+1) çíà÷åíèé (îòñ÷¼òîâ) ôóíê-
öèè ñ èíòåãðàëîì îò ýòîé ôóíêöèè â çàäàííûõ ïðåäåëàõ è ñîäåðæèò, êðîìå íåãî,
ïîëóñóììó êðàéíèõ çíà÷åíèé è ïîïðàâî÷íûé ðÿä ñ îñòàòî÷íûì n-ì ÷ëåíîì.

Öåëüþ ðàáîòû ÿâëÿåòñÿ óòî÷íåíèå èíòåãðàëüíîé îöåíêè è óïðîùåíèå ôîðìóëû
ñóììèðîâàíèÿ çà ñ÷¼ò èçáàâëåíèÿ å¼ îò ïîòåíöèàëüíî ñðàâíèìîãî ñ êîíå÷íûì ðåçóëü-
òàòîì çíà÷åíèÿ ïîëóñóììû.

1. Âûâîä óïðîù¼ííîé ôîðìóëû ñóììèðîâàíèÿ
Äëÿ ìîíîòîííûõ íà èíòåðâàëå ôóíêöèé ïîñòàâëåííóþ öåëü ìîæíî äîñòèãíóòü,

èñïîëüçóÿ òåîðåìó î ñðåäíåì çíà÷åíèè íà îñíîâå å¼ óòâåðæäåíèÿ î ðàâåíñòâå îïðåäå-
ë¼ííîãî èíòåãðàëà íà ýòîì èíòåðâàëå çíà÷åíèþ ôóíêöèè â åãî ïðîìåæóòî÷íîé òî÷êå,
óìíîæåííîé íà äëèíó îòðåçêà. Ïðè ýòîì äëÿ ðàçíûõ èíòåðâàëîâ ñìåùåíèå ïðîìåæó-
òî÷íîé òî÷êè îòíîñèòåëüíî ãðàíèö áóäåò íåîäèíàêîâûì, çàâèñÿùèì îò ñàìîé ôóíê-
öèè. Äëÿ îäèíàêîâîãî çíà÷åíèÿ ýòîãî ïîëîæåíèÿ âíóòðè âñåõ èíòåðâàëîâ åãî ñëåäóåò
îïòèìèçèðîâàòü ñ öåëüþ ìèíèìèçàöèè ïîãðåøíîñòè èíòåãðàëüíîé îöåíêè.

1.1. Î ï ò è ì è ç à ö è ÿ ï î ë î æ å í è ÿ ô ó í ê ö è î í à ë ü í û õ î ò ñ ÷ å ò î â
â í ó ò ð è è í ò å ð â à ë î â

Ïðåäñòàâèì íåïðåðûâíóþ ôóíêöèþ ðÿäà (1) êàê ôóíêöèþ äèñêðåòíûõ çíà÷åíèé
(îòñ÷¼òîâ) öåëî÷èñëåííîãî àðãóìåíòà, ïîìåù¼ííûõ âíóòðü (m − k0 + 1) åäèíè÷íûõ
èíòåðâàëîâ. Ïðåäñòàâèì ðåçóëüòàò ñóììèðîâàíèÿ ýòèõ îòñ÷¼òîâ â âèäå ðàçíîñòè èí-
òåãðàëüíîé îöåíêè ïî âñåì èíòåðâàëàì è ñóììû äèñêðåòíûõ ïîïðàâîê äëÿ êàæäîãî
åäèíè÷íîãî èíòåðâàëà:

m∑
k=k0

f(k) =

m+1−r∫
k0−r

f(k) dk −
m∑

k=k0

(
φ(k + 1− r)− φ(k − r)

)
, (3)

ãäå φ(y)�ôóíêöèÿ ïîïðàâêè; r < 1� îäèíàêîâîå äëÿ âñåõ èíòåðâàëîâ ñìåùåíèå îò
èõ íèæíèõ ãðàíèö.

Íàéä¼ì çíà÷åíèå äèñêðåòíîé ïîïðàâêè ê èíòåãðàëüíîé îöåíêå íà åäèíè÷íîì èí-
òåðâàëå:

∆φ(k, r) = φ(k + 1− r)− φ(k − r) =
k+1−r∫
k−r

f(k) dk − f(k). (4)

Ïîòðåáóåì îò ïîäûíòåãðàëüíîé ôóíêöèè, ÷òîáû îíà áûëà àíàëèòè÷åñêîé â ïðåäåëàõ
êàæäîãî èç åäèíè÷íûõ èíòåðâàëîâ, è ïðåäñòàâèì å¼ â âèäå ðàçëîæåíèÿ â ñòåïåííîé
ðÿä Ìàêëîðåíà ñ ðàäèóñîì ñõîäèìîñòè r < 1:

f(k + t) = f(k) +
∞∑
n=1

f (n)(k)

n!
tn.

Ïîäñòàâèì ýòî ðàçëîæåíèå â (4) è ïîëó÷èì âûðàæåíèå äëÿ ïîïðàâêè â âèäå ðÿäà

∆φ(k, r) =

k+1−r∫
k−r

(
f(k) +

∞∑
n=1

f (n)(k)

n!
tn
)
dt−f(k) =

∞∑
n=1

f (n)(k)

(n+ 1)!

(
(1−r)n+1−(−r)n+1

)
. (5)

Ïðîàíàëèçèðóåì çíà÷åíèå îáùåãî ìíîæèòåëÿ ýòèõ ïîïðàâîê θn(r) = (1 − r)n+1 −
− (−r)n+1, äëÿ ÷åãî èññëåäóåì ïðîèçâîäíóþ êâàäðàòà ýòîé çàâèñèìîñòè:(

θn(r)
2
)′
= 2(n+ 1)

(
(1− r)n+1 − (−r)n+1

)
((1− r)n − (−r)n) .
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Ëåãêî âèäåòü, ÷òî ïðè r = 1/2 ýòà ïðîèçâîäíàÿ äëÿ ëþáîãî n ðàâíà 0, ÷òî ñîîòâåò-
ñòâóåò ìèíèìóìó çíà÷åíèÿ çàâèñèìîñòè. Ïðè ýòîì θn(1/2) = 0 äëÿ âñåõ íå÷¼òíûõ n,
θn(1/2) = (1/2)n äëÿ âñåõ ÷¼òíûõ n, à ïðè r = 0 èëè 1 äëÿ ëþáûõ n èìååò ìàêñèìàëü-
íîå çíà÷åíèå |θn(r)| = 1. Òàêèì îáðàçîì, çíà÷åíèå r = 1/2 îáåñïå÷èâàåò ìèíèìèçàöèþ
îáùåãî ìíîæèòåëÿ, à òàêæå ñïîñîáñòâóåò ñîêðàùåíèþ ÷èñëà ÷ëåíîâ ðàçëîæåíèÿ (5) çà
ñ÷¼ò èñêëþ÷åíèÿ èç íåãî ÷ëåíîâ ñ íå÷¼òíûìè èíäåêñàìè è îáåñïå÷èâàåò ñîêðàùåíèå
ðàäèóñà åãî ñõîäèìîñòè. Ñ ýòîé òî÷êè çðåíèÿ, ïîëàãàÿ îïòèìàëüíûì ïîëîæåíèå äèñ-
êðåòíîãî îòñ÷¼òà r = 1/2 â ñåðåäèíå åäèíè÷íîãî èíòåðâàëà, ïîäñòàâèì ýòî çíà÷åíèå
â (5) è ïðîèçâåäÿ çàìåíó n→ 2n, ïîëó÷èì

∆φ(k, 1/2) = φ(k + 1/2)− φ(k − 1/2) =
∞∑
n=1

f (2n)(k)

22n(2n+ 1)!
. (6)

1.2. Î ï ð å ä å ë å í è å à í à ë è ò è ÷ å ñ ê î ã î â û ð à æ å í è ÿ
ô ó í ê ö è è ï î ï ð à â ê è

Î÷åâèäíî, ÷òî ôóíêöèÿ ïîïðàâêè φ(y) äîëæíà áûòü ñâÿçàíà ñ ñóììèðóåìîé ôóíê-
öèåé f(y). Ïðåäñòàâèì ýòó ñâÿçü â âèäå ôóíêöèîíàëüíîãî ðÿäà

φ(y) =
∞∑
l=0

blf
(l)(y), (7)

ãäå bl � âåñîâûå êîýôôèöèåíòû ïðîèçâîäíûõ f (l)(y). Òîãäà ôóíêöèîíàëüíîå âûðàæå-
íèå äëÿ äèñêðåòíîé ïîïðàâêè ïðèìåò âèä

φ(k + 1/2)− φ(k − 1/2) =
∞∑
l=0

bl
(
f (l)(k + 1/2)− f (l)(k − 1/2)

)
. (8)

Ïðåäñòàâèì ãðàíè÷íûå çíà÷åíèÿ ïðîèçâîäíûõ â (8) â âèäå ñòåïåííîãî ðÿäà, èñïîëüçóÿ
ôîðìóëû ïðîèçâîäíûõ ôóíêöèè f(y):

f (l)(k ± 1/2) =
∞∑
q=0

f (l+q)(k)

q!
(±1/2)q.

Ïîäñòàâèì ýòè ðàçëîæåíèÿ â (8) è ïðèðàâíÿåì ðåçóëüòàò ïîäñòàíîâêè ê ïðàâîé ÷à-
ñòè (6):

∞∑
l=0

bl
∞∑
q=0

f (l+q)(k)

q!
((1/2)q − (−1/2)q) =

∞∑
n=1

f (2n)(k)

22n(2n+ 1)!
. (9)

Î÷åâèäíî, ÷òî óñëîâèåì íåçàâèñèìîñòè êîýôôèöèåíòîâ bl îò çíà÷åíèé ïðîèçâîäíûõ
ôóíêöèè ÿâëÿåòñÿ èíäåêñíîå ðàâåíñòâî l + q = 2n. Ïîñêîëüêó n ⩾ 1, òî l + q ⩾ 2.
Ïðè ýòîì âûðàæåíèå (1/2)q − (−1/2)q = 2/2q èìååò íåíóëåâîå çíà÷åíèå òîëüêî äëÿ
íå÷¼òíûõ q, ñëåäîâàòåëüíî, èíäåêñ l òàêæå äîëæåí áûòü íå÷¼òíûì, à ôóíêöèÿ ïî-
ïðàâêè (7) ìîæåò áûòü ïðåäñòàâëåíà, êàê è â ôîðìóëå Ýéëåðà �Ìàêëîðåíà, ôóíêöè-
îíàëüíûì ðÿäîì òîëüêî ñ íå÷¼òíûìè ïðîèçâîäíûìè:

φ(y) =
∞∑
l=1

blf
(2l−1)(y). (10)

Ñîñòàâèì äëÿ ïðåîáðàçîâàííûõ èíäåêñîâ íîâîå óðàâíåíèå 2q − 1 + 2l− 1 = 2n. Ðåøèâ
åãî îòíîñèòåëüíî q, ïîëó÷èì óñëîâèå q = n − l + 1, îãðàíè÷èâàþùåå ÷èñëî çíà÷åíèé
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èíäåêñà l ÷èñëîì n. Ïîäñòàâèì ïðåîáðàçîâàííûå çíà÷åíèÿ èíäåêñîâ â (9) è ïðèðàâíÿåì
÷ëåíû ðÿäîâ ïðàâîé è ëåâîé ÷àñòè ñ îäèíàêîâûì èíäåêñîì n:

n∑
l=1

bl
f (2n)(k)(1/2)2n−2l

(2n− 2l + 1)!
=

f (2n)(k)

22n(2n+ 1)!
.

Ñîêðàùàÿ â ïðàâîé è ëåâîé ÷àñòè îòíîøåíèå f (2n)(k)/22n, ïîëó÷àåì íåçàâèñèìóþ îò
ñóììèðóåìîé ôóíêöèè ñèñòåìó óðàâíåíèé

n∑
l=1

cl
(2n− 2l + 1)!

=
1

(2n+ 1)!
, (11)

ãäå cl = 22lbl. Ïîñëåäîâàòåëüíî çàäàâàÿ çíà÷åíèÿ l = 1, 2, 3 . . ., âû÷èñëÿåì bl =
1

24
,

− 7

5760
,

31

967680
, . . .

Äëÿ ïîëó÷åíèÿ îáùåãî âûðàæåíèÿ äëÿ êîýôôèöèåíòîâ bl íàéä¼ì ïðîèçâîäÿùèå
ôóíêöèè êîýôôèöèåíòîâ ñòåïåííûõ ðÿäîâ ïðàâîé è ëåâîé ÷àñòè (11). Äëÿ êîýôôè-

öèåíòîâ ïðàâîé ÷àñòè èñïîëüçóåì ðàçëîæåíèå sh t =
∞∑
n=1

t2n−1

(2n− 1)!
. Âû÷èòàåì èç íåãî

ïåðâûé ÷ëåí, â ðåçóëüòàòå èìååì

sh t− t =
∞∑
n=1

t2n+1

(2n+ 1)!
. (12)

Ïðîèçâîäÿùóþ ôóíêöèþ ëåâîé ÷àñòè, ââèäó ïðèñóòñòâèÿ â íåé äâóõ èíäåêñîâ, ïðåä-
ñòàâèì â âèäå ïðîèçâåäåíèÿ ôóíêöèé η(t)Ψc(t) ñ íóëåâûì çíà÷åíèåì ïðè t = 0 è
ïðèðàâíÿåì ðåçóëüòàò ïðîèçâåäåíèÿ èõ ðàçëîæåíèé â ñòåïåííûå ðÿäû ðÿäó (12):

∞∑
q=1

η(q)(0)

q!
tq

∞∑
l=1

Ψ(l)
c (0) tl =

∞∑
q=1

∞∑
l=1

Ψ(l)
c (0)

η(q)(0)

q!
tq+l =

∞∑
n=1

t2n+1

(2n+ 1)!
. (13)

Ñãðóïïèðóåì ÷ëåíû ðÿäà ëåâîé ÷àñòè (13) ñî ñòåïåíüþ t â ñîîòâåòñòâèè ñ óðàâíåíèåì
q + l = 2n+ 1. Ðåøèâ óðàâíåíèå îòíîñèòåëüíî q, ïîëó÷èì q = 2n− l + 1. Ïðèðàâíÿåì
÷ëåíû ðÿäîâ ïðàâîé è ëåâîé ÷àñòè (13) ñ îäèíàêîâîé ñòåïåíüþ t. Ñîêðàòèâ â íèõ t2n+1,
ïîëó÷èì

2n∑
l=1

Ψ(l)
c (0)

η(2n−l+1)(0)

(2n− l + 1)!
=

1

(2n+ 1)!
.

Î÷åâèäíî, ÷òî óñëîâèÿìè èäåíòè÷íîñòè ýòîãî âûðàæåíèÿ ñ (11) ÿâëÿþòñÿ ÷¼òíîå çíà-
÷åíèå èíäåêñà l, íåçàâèñèìîñòü îò èíäåêñà n çíà÷åíèÿ ïðîèçâîäíûõ η(2n−2l+1)(0) = C

è ðàâåíñòâî Ψ
(2l)
c (0) = cl/C, ãäå C� êîíñòàíòà. Òàêèì îáðàçîì, èíäåêñ q äîëæåí áûòü

íå÷¼òíûì ÷èñëîì è ðàçëîæåíèå ôóíêöèè η(t) ÿâëÿåòñÿ ðÿäîì Ìàêëîðåíà èç íå÷¼òíûõ
ñòåïåíåé t ñ ïîñòîÿííûì çíà÷åíèåì ïðè t = 0 è íóëåâûõ çíà÷åíèÿõ ÷¼òíûõ ïðîèç-
âîäíûõ. Ýòèì òðåáîâàíèÿì ñîîòâåòñòâóåò ðàçëîæåíèå sh t, â êîòîðîì C = 1. Îòñþäà
ñëåäóåò ðàâåíñòâî Ψ

(2l)
c (0) = cl, è èç (12) è (13) ïîëó÷àåì óðàâíåíèå sh tΨc(t) = sh t− t,

ðåøèâ êîòîðîå, ïîëó÷èì ïðîèçâîäÿùóþ ôóíêöèþ äëÿ êîýôôèöèåíòîâ cl èç (11):

Ψc(t) =
∞∑
l=1

clt
2l = 1− t cosech t. (14)
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Äàëåå, âîñïîëüçîâàâøèñü ðàçëîæåíèåì â ñòåïåííîé ðÿä [1, (4.5.65)]

cosech z =
1

z
− z

6
+

7

360
z3 − 31

15120
z5 + . . .− 2(22n−1 − 1)B2n

(2n)!
z2n−1 + . . . (|z| < π),

ãäå B2n �÷èñëà Áåðíóëëè, ïîëó÷èì èç (14)

Ψc(t) = 1− t
[
1

t
− t

6
+

7

360
t3 − . . .− 2(22l−1 − 1)B2l

(2l)!
t2l−1 + . . .

]
=

∞∑
l=1

2(22l−1 − 1)B2l

(2l)!
t2l.

Î÷åâèäíî, ÷òî îáùèé êîýôôèöèåíò ýòîãî ðÿäà ÿâëÿåòñÿ êîýôôèöèåíòîì cl ðàçëîæåíèÿ
â ñòåïåííîé ðÿä (14). Ïîäñòàâèâ åãî âûðàæåíèå â ñîîòíîøåíèå ìåæäó êîýôôèöèåíòàìè
èç (11), ïîëó÷èì

b l = 2−2lc l = 2−2l 2(2
2l−1 − 1)B2l

(2l)!
=

1− 21−2l

(2l)!
B2l, (15)

èëè, áîëåå êðàòêî, íà îñíîâàíèè ñîîòíîøåíèÿ Bn(1/2) = −(1− 21−n)Bn [1, (23.1.21)]

bl = −
B2l(1/2)

(2l)!
.

Äëÿ äîñòàòî÷íî áîëüøèõ l > 3 ôîðìóëó (15) ìîæíî óïðîñòèòü, èñïîëüçóÿ îãðàíè÷åíèÿ
äëÿ ÷èñåë Áåðíóëëè [1, (23.1.15)]:

2(2n)!

(2π)2n
1

1− 21−2n
> (−1)n+1B2n >

2(2n)!

(2π)2n
.

Ñîãëàñíî ñîîòíîøåíèþ ìåæäó bl è B2l â (15), èçìåíèâ îáîçíà÷åíèå l íà n, óìíîæèì

îáå ÷àñòè ýòîãî íåðàâåíñòâà íà
1− 21−2n

(2n)!
. Â ðåçóëüòàòå ïîëó÷èì

2

(2π)2n
> (−1)n+1bn >

2

(2π)2n
(1− 21−2n).

Îòñþäà äëÿ äîñòàòî÷íî áîëüøèõ n ïîëó÷èì ïðèáëèçèòåëüíîå ðàâåíñòâî

bn ≃
2(−1)n+1

(2π)2n
. (16)

Èç ñîîòíîøåíèÿ ìåæäó êîýôôèöèåíòàìè cl è bl íåòðóäíî ïîëó÷èòü ïðîèçâîäÿùóþ
ôóíêöèþ äëÿ êîýôôèöèåíòîâ bl. Äëÿ ýòîãî âîñïîëüçóåìñÿ ïðåîáðàçîâàíèåì

Ψb(t) =
∞∑
l=1

blt
2l =

∞∑
l=1

cl
22l
t2l =

∞∑
l=1

cl

(
t

2

)2l

= Ψc

(
t

2

)
.

Îòñþäà èç (14) îêîí÷àòåëüíî ïîëó÷àåì

Ψb(t) =
∞∑
l=1

blt
2l = 1− t

2
cosech

t

2
= 1− t et/2

et−1
. (17)

Ïîäñòàâèâ â (10) âûðàæåíèå äëÿ âåñîâûõ êîýôôèöåíòîâ bl (15), ïîëó÷èì àíàëèòè÷å-
ñêîå âûðàæåíèå äëÿ ôóíêöèè ïîïðàâêè:

φ(y) =
∞∑
l=1

1− 21−2l

(2l)!
B2lf

(2l−1)(y). (18)
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Ïðåäñòàâëåíèå ôóíêöèè ïîïðàâêè ðÿäîì èç íå÷¼òíûõ ïðîèçâîäíûõ íå ïðîòèâîðå-
÷èò ïðåäñòàâëåíèþ äèñêðåòíîé ïîïðàâêè (6) ðÿäîì âûñøèõ ÷¼òíûõ ïðîèçâîäíûõ, òàê
êàê ïîñëåäíÿÿ ÿâëÿåòñÿ ðàçíîñòüþ ìåæäó ãðàíè÷íûìè çíà÷åíèÿìè ôóíêöèè ïîïðàâêè
â åäèíè÷íîì èíòåðâàëå.

Ïðîñóììèðóåì äèñêðåòíûå ïîïðàâêè â (3), ó÷èòûâàÿ âçàèìíîå óíè÷òîæåíèå èõ
êðàéíèõ çíà÷åíèé íà ãðàíèöå ñîñåäíèõ èíòåðâàëîâ −φ((k+1)−1/2) + φ(k+1/2) = 0, è
ïîëó÷èì ïîïðàâêó ê èíòåãðàëüíîé îöåíêå â âèäå ðàçíîñòè ãðàíè÷íûõ çíà÷åíèé ôóíê-
öèè φ(y):

m∑
k=k0

(φ(k + 1/2)− φ(k − 1/2)) = φ(m+ 1/2)− φ(k0 − 1/2).

1.3. À í à ë è ò è ÷ å ñ ê î å â û ð à æ å í è å
ó ï ð î ù ¼ í í î é ô î ð ì ó ë û ñ ó ì ì è ð î â à í è ÿ

Ðåçóëüòàòîì îïòèìèçàöèè ïîëîæåíèÿ äèñêðåòíûõ îòñ÷¼òîâ ñóììèðóåìîé ôóíêöèè
â ñåðåäèíå åäèíè÷íûõ èíòåðâàëîâ r = 1/2 ÿâëÿåòñÿ îïðåäåëåíèå êàê êîýôôèöèåí-
òîâ (15), òàê è ãðàíèö èíòåãðàëüíîé îöåíêè. Èñïîëüçóÿ ýòî çíà÷åíèå è àíàëèòè÷åñêîå
âûðàæåíèå ôóíêöèè ïîïðàâêè (18), ïðèâåä¼ì ôîðìóëó ñóììèðîâàíèÿ äèñêðåòíûõ çíà-
÷åíèé ôóíêöèé îò öåëî÷èñëåííîãî àðãóìåíòà (3) ê âèäó

m∑
k=k0

f(k) =

m+1/2∫
k0−1/2

f(y)dy −
∑
k

1− 21−2k

(2k)!
B2k

(
f (2k−1)(m+ 1/2)− f (2k−1)(k0 − 1/2)

)
, (19)

ãäå k = 1, 2, 3, . . . ; B2k �÷èñëà Áåðíóëëè.
Îáùåå âûðàæåíèå äëÿ ôîðìóëû ñóììèðîâàíèÿ, ñõîäíîå ïî âèäó ñ ôîðìóëîé Ýé-

ëåðà �Ìàêëîðåíà (2), ìîæíî ïîëó÷èòü, ðàñêðûâàÿ ïàðàìåòðè÷åñêóþ çàâèñèìîñòü àð-
ãóìåíòà yk = a+ kh, ãäå a = a0 + k0h:

m∑
k=0

f(a+ kh) =
1

h

a+mh+h/2∫
a−h/2

f(y) dy − . . .

−
n−1∑
k

h2k−11− 21−2k

(2k)!
B2k

(
f (2k−1)(a+mh+ h/2)− y(2k−1)(a− h/2)

)
+Rn.

(20)

Äëÿ ìîíîòîííûõ ôóíêöèé, ïîñêîëüêó âñå ïðîèçâîäíûå íå÷¼òíîãî ïîðÿäêà f (2k−1)(y)
íå ìåíÿþò çíàê, ïîïðàâî÷íûé ðÿä â ôîðìóëàõ (2) è (20) ÿâëÿåòñÿ çíàêîïåðåìåí-
íûì, òàê êàê ÷èñëà Áåðíóëëè ïîî÷åð¼äíî ìåíÿþò çíàê â ñîîòâåòñòâèè ñ ðàâåí-
ñòâîì B2k = (−1)k−1|B2k| [2, (9.611)]. Åñëè ïðè ýòîì ïîñëåäíèé ÷ëåí ýòèõ ðÿ-
äîâ ïðè íåîãðàíè÷åííîì ðîñòå åãî èíäåêñà ñòðåìèòñÿ ê íóëþ, òî, ñîãëàñíî ïðè-
çíàêó ñõîäèìîñòè Ëåéáíèöà çíàêîïåðåìåííîãî ðÿäà ñ ìîíîòîííî óáûâàþùèìè ÷ëå-
íàìè, àáñîëþòíîå çíà÷åíèå îñòàòêà åãî ñóììèðîâàíèÿ íå ïðåâûøàåò àáñîëþòíîãî
çíà÷åíèÿ ïåðâîãî îòáðàñûâàåìîãî â (20) ÷ëåíà |Rn| ⩽ |An| [2, (0.227)], ãäå An =
= h2n−1bn

(
f (2n−1)(a+mh+ h/2)− y(2n−1)(a− h/2)

)
. Â îñòàëüíûõ ñëó÷àÿõ áåç èññëå-

äîâàíèÿ îñòàòêà ñóììèðîâàíèÿ ïîïðàâî÷íîãî ðÿäà Rn çíàê ðàâåíñòâà â ôîðìóëàõ (19)
è (20) ÿâëÿåòñÿ óñëîâíûì. Îäíàêî åñëè ïðîèçâîäíûå à) f (2n+2)(y) è á) f (2n+4)(y) íå
ìåíÿþò çíàê íà âñ¼ì èíòåðâàëå èíòåãðèðîâàíèÿ, òî, ñîãëàñíî ñâîéñòâàì ïîïðàâî÷íîãî
ðÿäà ôîðìóëû Ýéëåðà �Ìàêëîðåíà, |Rn| = θ|An|, ãäå θ < 2 â ñëó÷àå (à) è θ < 1 â ñëó-
÷àå (à+á) [1, ïðèìå÷àíèå ê ôîðìóëå (25.4.7); 3, ôîðìóëà (21*), ñ. 542�543]. Ýòî ñâîéñòâî
ìîæíî ïðèìåíèòü â óïðîù¼ííûõ ôîðìóëàõ (19) è (20), èñïîëüçóÿ ñõîäñòâî ïîñëåäíåé
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ñ (2), à òàêæå ìàæîðèðóþùåå çíà÷åíèå êîýôôèöèåíòîâ â (2) ê êîýôôèöèåíòàì bk
â (20). Èõ îòíîøåíèå 1/(1− 21−2k) áîëüøå 1 è ñòðåìèòñÿ ê 1 ïðè k → ∞. Ïðè ýòîì
ïåðâûé êîýôôèöèåíò ïîïðàâî÷íîãî ðÿäà â (20) âäâîå ìåíüøå ïåðâîãî êîýôôèöèåíòà
ôîðìóëû (2), ÷òî ìîæåò áûòü ñóùåñòâåííûì äëÿ ïðèáëèæ¼ííûõ îöåíîê.

Òàêèì îáðàçîì, ïðè ñôîðìóëèðîâàííûõ îãðàíè÷åíèÿõ äëÿ ôóíêöèè îñòàòîê ñóì-
ìèðîâàíèÿ ïîïðàâî÷íîãî ðÿäà â (20) ìîæíî îöåíèòü âûðàæåíèåì

|Rn| = θ
∣∣bnh2n−1

(
f (2n−1)(ym)− f (2n−1)(y0)

)∣∣ , (21)

ãäå bn �êîýôôèöèåíò ïîïðàâî÷íîãî ðÿäà (15); θ < 2 ïðè îäíîçíà÷íîñòè ïðîèçâîä-
íîé f (2n+2)(y) íà âñ¼ì èíòåðâàëå [y0, ym] è θ < 1 ïðè äîïîëíèòåëüíîé îäíîçíà÷íîñòè
ïðîèçâîäíîé f (2n+4)(y).

Çàìå÷àíèå 1. Â ñëó÷àå ðàâåíñòâ f(k0) = 0 â (19) èëè f(a) = 0 â (20), íå âëèÿ-
þùèõ íà çíà÷åíèÿ èòîãîâûõ ñóìì, èñïîëüçîâàíèå ïðèâåä¼ííûõ â ôîðìóëàõ íèæíèõ
ãðàíèö ïðèâåä¼ò ê îøèáêå. Äëÿ îïðåäåëåíèÿ ãðàíèö óïðîù¼ííîé ôîðìóëû ñëåäóåò
èñïîëüçîâàòü òîëüêî êðàéíèå çíà÷àùèå îòñ÷¼òû ñóììèðóåìîé ôóíêöèè.

2. Ïðèìåíåíèå óïðîù¼ííîé ôîðìóëû äëÿ ðåøåíèÿ ïðèêëàäíûõ çàäà÷
Ïîäòâåðäèì ñïðàâåäëèâîñòü ïîëó÷åííîé ôîðìóëû è ïîëó÷èì íà å¼ îñíîâå íîâûå

ïðèáëèæ¼ííûå ôîðìóëû.

2.1. Ï î ë ó ÷ å í è å ò î ÷ í û õ à í à ë è ò è ÷ å ñ ê è õ â û ð à æ å í è é

Íàéäåííóþ óïðîù¼ííóþ ôîðìóëó ìîæíî ïðîâåðèòü, íå ïðèáåãàÿ ê âû÷èñëåíèÿì,
íà ïðèìåðàõ ïîëó÷åíèÿ ñ å¼ ïîìîùüþ òî÷íûõ àíàëèòè÷åñêèõ âûðàæåíèé. Î÷åâèäíî,
÷òî òî÷íîå àíàëèòè÷åñêîå âûðàæåíèå ìîæíî ïîëó÷èòü äëÿ ôóíêöèé ñ êîíå÷íûì ÷èñ-
ëîì ÷ëåíîâ ïîïðàâî÷íîãî ðÿäà, òî åñòü ôóíêöèé ñ îãðàíè÷åííûì ÷èñëîì ïðîèçâîäíûõ.
Òàêîé ÿâëÿåòñÿ, íàïðèìåð, ñòåïåííàÿ ôóíêöèÿ f(k) = (a + kh)n ñ öåëî÷èñëåííûì ïî-
êàçàòåëåì ñòåïåíè n > 0. Ñîãëàñíî ôîðìóëàì (19) è (20), ìîæíî ïîëó÷èòü òî÷íîå
âûðàæåíèå äëÿ ñóììû òàêîãî ðÿäà ñ ëþáûì ïîêàçàòåëåì n. Ïðè ýòîì êîëè÷åñòâî ÷ëå-
íîâ ïîïðàâî÷íîãî ðÿäà, âõîäÿùèõ â âûðàæåíèå, ðàâíî n/2 äëÿ ÷¼òíîãî n è (n+1)/2−1
äëÿ íå÷¼òíîãî.

Â êà÷åñòâå ïðèìåðà ñ ïîìîùüþ ôîðìóëû (19) ïðè k0 = 1 íàéä¼ì ñóììû öåëî÷èñëåí-
íûõ ñòåïåííûõ ðÿäîâ è ñðàâíèì ðåçóëüòàòû ñóììèðîâàíèÿ ñ èçâåñòíûìè [2, (0.121)]:

n∑
k=1

k =

∫ n+1/2

1/2

k dk =
1

2

[(
n+

1

2

)2

−
(
1

2

)2
]
=
n(n+ 1)

2
,

n∑
k=1

k2 =
1

3

[(
n+

1

2

)3

−
(
1

2

)3
]
− 1

24

[
2

(
n+

1

2

)
− 2

2

]
=
n(n+ 1)(2n+ 1)

6
,

n∑
k=1

k3 =
1

4

[(
n+

1

2

)4

−
(
1

2

)4
]
− 1

24

[
3

(
n+

1

2

)2

− 3

22

]
=

[
n(n+ 1)

2

]2
,

. . .

Äàëüíåéøèå ðåçóëüòàòû ñóììèðîâàíèÿ ïðè ïîâûøåíèè ñòåïåíè n ïîäòâåðæäàþò ñïðà-
âåäëèâîñòü êàê ãðàíèö èíòåãðàëüíîé îöåíêè, òàê è çíà÷åíèé âåñîâûõ êîýôôèöèåíòîâ bl
ïðè ïðîèçâîäíûõ ïîïðàâî÷íîãî ðÿäà.

Â ñïðàâåäëèâîñòè ïðîèçâîäÿùåé ôóíêöèè êîýôôèöèåíòîâ bl ìîæíî óáåäèòüñÿ íà
ïðèìåðå ñóììèðîâàíèÿ ÷ëåíîâ ãåîìåòðè÷åñêîé ïðîãðåññèè [2, (0.112)]:

m∑
k=0

dck =
dc(m+1) − 1

dc − 1
.
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Ïðèìåíèì äëÿ ñóììû çíà÷åíèé ôóíêöèè dck ôîðìóëó (20), ïðåîáðàçîâàâ å¼ ê âèäó
dck = ehk, ãäå h = c ln d. Èíòåãðèðóÿ â (20) ïðåîáðàçîâàííóþ ôóíêöèþ ïðè a = 0,
ïîëó÷àåì

m∑
k=0

ehk = (1/h)(eh(m+1/2)− e−h/2)− φ(h(m+ 1/2)) + φ(−h/2),

ãäå φ(hy)�ôóíêöèÿ ïîïðàâêè. Èñïîëüçîâàâ ðàâåíñòâî ôóíêöèè ïîïðàâêè ðÿäó (10)
è âûðàæåíèå äëÿ ïðîèçâîäÿùåé ôóíêöèè (17) ïðè t = h, ïðèâåä¼ì å¼ ê âèäó

φ(hy) = ehy
∞∑
l=1

blh
2l−1 = ehy

1

h

∞∑
l=1

blh
2l = ehy

1

h
Ψb(h).

Òàêèì îáðàçîì, ôîðìóëó èñêîìîé ñóììû ìîæíî îïðåäåëèòü, ïðèìåíÿÿ âûðàæåíèå äëÿ
ïðîèçâîäÿùåé ôóíêöèè êîýôôèöèåíòîâ bl:

m∑
k=0

ehk =
eh(m+1/2)− e−h/2

h
− eh(m+1/2)− e−h/2

h
Ψb(h) =

eh(m+1/2)− e−h/2

h
(1−Ψb(h)).

Ñ ïîìîùüþ ôîðìóëû (17) ïðèâåä¼ì âûðàæåíèå â ñêîáêàõ ê âèäó 1−Ψb(h) =
h eh/2

eh−1
è

ïîäñòàâèì ýòîò ðåçóëüòàò â ïðåäûäóùåå âûðàæåíèå. Ïîñëå íåñëîæíûõ ïðåîáðàçîâà-
íèé, èñïîëüçóÿ ïîäñòàíîâêó h = c ln d, îêîí÷àòåëüíî ïîëó÷àåì

m∑
k=0

ehk =
eh(m+1/2)− e−h/2

h

h eh/2

eh−1
=

eh(m+1)−1
eh−1

=
dc(m+1) − 1

dc − 1
.

Ýòîò ðåçóëüòàò ñîâïàäàåò ñ âûðàæåíèåì äëÿ ñóììû ãåîìåòðè÷åñêîé ïðîãðåññèè, ÷òî
äîêàçûâàåò ñïðàâåäëèâîñòü íàéäåííîãî âûðàæåíèÿ äëÿ ïðîèçâîäÿùåé ôóíêöèè âåñî-
âûõ êîýôôèöèåíòîâ ïîïðàâî÷íîãî ðÿäà.

Ñ ïîìîùüþ ïðîèçâîäÿùåé ôóíêöèè ìîæíî ïîëó÷èòü òî÷íûå ñóììû ëèíåéíûõ êîì-
áèíàöèé ïîêàçàòåëüíîé ôóíêöèè, íàïðèìåð ãèïåðáîëè÷åñêèõ ôóíêöèé sh (hk), ch (hk).

2.2. Î á ù å å â û ð à æ å í è å ï ð è á ë è æ ¼ í í û õ ô î ð ì ó ë ñ ó ì ì è ð î â à í è ÿ
è è õ ï î ã ð å ø í î ñ ò ü

Âû÷èñëåíèå ñ ïîìîùüþ ïîëó÷åííûõ ôîðìóë ïðèáëèçèòåëüíûõ ÷èñëîâûõ çíà÷å-
íèé ñóìì îãðàíè÷åííûõ ôóíêöèîíàëüíûõ ðÿäîâ ñ çàäàííûìè ïàðàìåòðàìè íå èìååò
ñìûñëà, ïîñêîëüêó ìîæíî ïîëó÷èòü ïðàêòè÷åñêè òî÷íûé ðåçóëüòàò, èñïîëüçóÿ êîì-
ïüþòåð. Ïðèáëèæ¼ííûå àíàëèòè÷åñêèå âûðàæåíèÿ ìîãóò ïîòðåáîâàòüñÿ äëÿ óñòàíîâ-
ëåíèÿ óïðîù¼ííîé ôóíêöèîíàëüíîé ñâÿçè ðåçóëüòàòà ñóììèðîâàíèÿ ñ åãî ïàðàìåòðà-
ìè, à òàêæå äëÿ ïîëó÷åíèÿ åãî ÷èñëîâîé îöåíêè ñ òðåáóåìîé òî÷íîñòüþ ïðè íåîãðà-
íè÷åííîì ÷èñëå ÷ëåíîâ ñóììèðóåìîãî ðÿäà. Ýòè ïðèáëèæåíèÿ íåèçáåæíû â ñëó÷àå
áåñêîíå÷íîãî ÷èñëà ÷ëåíîâ ïîïðàâî÷íîãî ðÿäà â ôîðìóëàõ (19) è (20) è îãðàíè÷å-
íèå èõ ÷èñëà ïðèâåä¼ò ê ïîãðåøíîñòè èòîãîâîãî ðåçóëüòàòà ôîðìóë, ðàâíîé îñòàòêó
åãî ñóììèðîâàíèÿ. Èç-çà âîçìîæíîãî áîëüøîãî ðàçëè÷èÿ ãðàíè÷íûõ çíà÷åíèé ïðî-
èçâîäíûõ â ôîðìóëàõ (19) è (20) öåëåñîîáðàçíî ðàçäåëèòü ïîïðàâî÷íûé ðÿä íà äâà,
ñ âåðõíèì è íèæíèì çíà÷åíèÿìè ïðîèçâîäíûõ è ðàçíûì êîëè÷åñòâîì ó÷èòûâàåìûõ
÷ëåíîâ ñ ñîîòâåòñòâóþùèì îñòàòêîì.

Ðàçäåëÿÿ ðÿä, ïðåäñòàâèì ôîðìóëó (20) â âèäå

m∑
k=0

f(yk) = Ŝm
q

(
f(y)

)
− φJ(ym) + φI(yq) + ∆J(ym)−∆I(yq).
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Çäåñü ïðèáëèæ¼ííàÿ èíòåãðàëüíàÿ îöåíêà

Ŝm
q

(
f(y)

)
=

q∑
k=0

f(yk) +
1

h

ym∫
yq

f(y) dy; (22)

φJ(ym), φI(yq)�ïîïðàâêà ê îöåíêå, ïðåäñòàâëåííàÿ îãðàíè÷åííûìè ðÿäàìè ïîïðàâî÷-
íîé ôóíêöèè (18):

φI(yq) =
I−1∑
i=1

bif
(2i−1)(yq), φJ(ym) =

J−1∑
j=1

bjf
(2j−1)(ym); (23)

∆I(yq),∆J(ym)�ïîãðåøíîñòè èíòåãðàëüíîé îöåíêè, ðàâíûå îñòàòêàì ñóììèðîâàíèÿ
ðÿäîâ (23), âçÿòûì ñ ïðîòèâîïîëîæíûì çíàêîì, yq = a + (q + 1/2)h, ãäå q îïðåäåëÿåò
âêëàä çíà÷åíèÿ ∆I(yq) â ïîãðåøíîñòü èíòåãðàëüíîé îöåíêè. Çàäàâàÿ ãðàíè÷íûå èí-
äåêñû I, J = 1, 2, 3, . . . è ðàñêðûâàÿ ÷èñëîâûå çíà÷åíèÿ êîýôôèöèåíòîâ bI,J+1 èç (15),
ýòè ïîãðåøíîñòè ìîæíî ïðåäñòàâèòü âèäå

−∆I(yq) =

{
hf ′(yq)

24
, −7h3f ′′′(yq)

5760
,
31h5fV (yq)

967680
, · · ·

}
; (24)

∆J(ym) =

{
hf ′(ym)

24
, −7h3f ′′′(ym)

5760
,
31h5fV (ym)

967680
, · · ·

}
. (25)

Çíà÷åíèé ïîãðåøíîñòåé (24) è (25) èíòåãðàëüíîé îöåíêè íåäîñòàòî÷íî äëÿ îïðåäåëå-
íèÿ å¼ òî÷íîñòè. Î íåé ìîæíî ñóäèòü, ëèøü âû÷èñëèâ îòíîñèòåëüíóþ ïîãðåøíîñòü.
Ïðè ÷èñëåííî íåîïðåäåë¼ííûõ ïàðàìåòðàõ ñóììèðîâàíèÿ ýòó ïîãðåøíîñòü ìîæíî
îïðåäåëèòü ïðèáëèçèòåëüíî:

δ̂mq (I, J) ≃
∆J(ym)−∆I(yq)

Ŝm
q

(
f(y)

) . (26)

Â ñëó÷àÿõ èçâåñòíîãî ðåçóëüòàòà ñóììèðîâàíèÿ îòíîñèòåëüíóþ ïîãðåøíîñòü ïðèáëè-
æ¼ííîé èíòåãðàëüíîé îöåíêè ìîæíî îïðåäåëèòü ñ ëþáîé òî÷íîñòüþ:

δmq (I, J) =
Ŝm
q

(
f(y)

)
m∑
k=0

f(yk)
− 1. (27)

2.3. Ñ ó ì ì è ð î â à í è å ä è ñ ê ð å ò í û õ ç í à ÷ å í è é ô ó í ê ö è è f(y) = y−p

Î÷åâèäíî, ÷òî ïðè áåñêîíå÷íîì ÷èñëå îòñ÷¼òîâ ôóíêöèè y−p ñóììà ñóùåñòâóåò
òîëüêî äëÿ p > 1. Â îñòàëüíûõ ñëó÷àÿõ ïðè ïðîâåäåíèè îöåíêè ñëåäóåò îãðàíè÷èâàòü
÷èñëî îòñ÷¼òîâ.

Èññëåäóåì ñõîäèìîñòü ïîïðàâî÷íîãî ðÿäà, äëÿ ÷åãî íàéä¼ì ïðåäåë îòíîøåíèÿ çíà-

÷åíèé ñîñåäíèõ åãî ÷ëåíîâ dk =
bk+1f

(2k+1)(y)

bkf (2k−1)(y)
. Îáùåå âûðàæåíèå äëÿ íå÷¼òíûõ ïðî-

èçâîäíûõ ýòîé ôóíêöèè ìîæíî ïðèâåñòè ê âèäó

f (2k−1)(y) = −
(
1

y

)p+2k−1 2k−1∏
l=1

(p+ l − 1). (28)
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Îòñþäà, çàäàâàÿ k = 1, 2, 3, . . . è èñïîëüçóÿ âûðàæåíèÿ äëÿ êîýôôèöèåíòîâ bk (15)
è (16), ïîëó÷àåì

|dk| =
{
(1 + p)(2 + p)

34,2857y2
,
(3 + p)(4 + p)

37,9355y2
,
(5 + p)(6 + p)

39,0551y2
, . . . ,

(p+ 2k − 1)(p+ 2k)

39,4784y2

}
.

Èç âûðàæåíèÿ k-ãî ÷ëåíà ýòîé ïîñëåäîâàòåëüíîñòè ñëåäóåò lim
k→∞
|dk| = ∞, ÷òî ïðî-

òèâîðå÷èò ïðèçíàêó ñõîäèìîñòè Äàëàìáåðà lim
k→∞
|dk| < 1 [2, (0.222)]. Ýòî îçíà÷àåò,

÷òî ïîïðàâî÷íûé ðÿä ðàñõîäèòñÿ äëÿ ëþáûõ y < ∞. Ïîñêîëüêó âñå íå÷¼òíûå ïðî-
èçâîäíûå (28) îòðèöàòåëüíû, ïîïðàâî÷íûé ðÿä íà èõ îñíîâå ÿâëÿåòñÿ çíàêîïåðåìåí-
íûì èç-çà ïðîòèâîïîëîæíîñòè çíàêîâ bn åãî ñîñåäíèõ ÷ëåíîâ. Ïðè ýòîì âñå ÷¼òíûå
ïðîèçâîäíûå èìåþò ïîëîæèòåëüíûé çíàê âî âñ¼ì èíòåðâàëå [y0, ym]. Îòñþäà, ñîãëàñ-
íî (21), ïîãðåøíîñòü ìîæíî îöåíèòü ïåðâûì îòáðàñûâàåìûì ÷ëåíîì ôóíêöèè ïîïðàâ-
êè ïðè θ < 1.

Èç âûðàæåíèÿ äëÿ ïðîèçâîäíîé (28) âèäíî, ÷òî ïîãðåøíîñòü îöåíêè ∆I(yq) òåì
ìåíüøå, ÷åì áîëüøå åäèíèöû íèæíÿÿ ãðàíèöà èíòåãðàëüíîé îöåíêè y0. Ïîýòîìó åñëè
y0 < 1, öåëåñîîáðàçíî ïðîñóììèðîâàòü â ñîîòâåòñòâèè ñ (22) íà÷àëüíûå ÷ëåíû ñ yk < 1
ñ öåëüþ óñòàíîâëåíèÿ íèæíåé ãðàíèöû yq > 1. Åñëè ÷èñëî ñóììèðóåìûõ îòñ÷¼òîâ
îãðàíè÷åíî, à ïàðàìåòðû a, h â (20) ñòîëü ìàëû, ÷òî ïðèâîäÿò ê çíà÷èòåëüíîìó êîëè-
÷åñòâó ÷ëåíîâ íà÷àëüíîé ñóììû c yk < 1, ôîðìóëó (20) ìîæíî ñâåñòè ê îöåíêå ñóììû
îòñ÷¼òîâ ôóíêöèè îò öåëî÷èñëåííîãî àðãóìåíòà ïóò¼ì óìíîæåíèÿ êàæäîãî îòñ÷¼òà
íà hp è äåëåíèÿ ðåçóëüòàòà ñóììèðîâàíèÿ íà hp+m+1 ïðè a > 0 è íà hp+m ïðè a = 0.

Ïðè p ̸= 1 óïðîù¼ííàÿ èíòåãðàëüíàÿ îöåíêà (23) ïðèìåò âèä

Ŝm
q (y−p) =

q∑
k=0

y−p
k +

1

(p− 1) yp−1
q

− 1

(p− 1) yp−1
m

, (29)

ãäå yq = a+ (q + 1/2)h; ym = a+ (m+ 1/2)h; îöåíêà ïî ôîðìóëå Ýéëåðà �Ìàêëîðåíà
ðàâíà

SEMq

(
y−p
)
=

q∑
k=0

y−p
k +

1

2ypq
+

1

(p− 1)yp−1
q

− 1

(p− 1)yp−1
m

, (30)

ãäå yq = a+ (q + 1)h; ym = a+mh.
Äëÿ ÷èñëåííûõ ðàñ÷¼òîâ ñ çàäàííûìè ïàðàìåòðàìè p, a, h,m çíà÷åíèå q îïðåäåëÿ-

åòñÿ çàäàííîé ïîãðåøíîñòüþ, à íà÷àëüíóþ ñóììó ìîæíî ðàññ÷èòàòü íà êîìïüþòåðå
ïðè ïðàêòè÷åñêè íåîãðàíè÷åííîì ÷èñëå å¼ ÷ëåíîâ. Òîãäà áåç ó÷¼òà ïîïðàâêè îæèäàå-
ìàÿ ïîãðåøíîñòü â ñîîòâåòñòâèè ñ (21) áóäåò îïðåäåëÿòüñÿ ïåðâûì ÷ëåíîì ïîïðàâî÷-
íûõ ðÿäîâ (23):
äëÿ óïðîù¼ííîé îöåíêè

∆1(yq,m) =
p

24yp+1
q,m

; (31)

äëÿ ôîðìóëû Ýéëåðà �Ìàêëîðåíà

∆EM

1 (yq,m) =
p

12yp+1
q,m

.

Ïîñêîëüêó ∆1(ym)→ 0 ïðè m→∞, óâåëè÷èâàÿ ÷èñëî ÷ëåíîâ íà÷àëüíîé ñóììû q,
ìîæíî îáåñïå÷èòü ëþáóþ òî÷íîñòü ÷èñëåííîé èíòåãðàëüíîé îöåíêè.
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Ñóììèðîâàíèå ãàðìîíè÷åñêîãî ðÿäà Sm
1 (k−1) =

m∑
k=1

k−1

Ýòîò ðÿä ÿâëÿåòñÿ ðàñõîäÿùèìñÿ, ïîýòîìó ÷èñëî îòñ÷¼òîâ m äîëæíî áûòü îãðà-
íè÷åííûì. Èçâåñòíûé åù¼ â íà÷àëå ïðîøëîãî âåêà ðåçóëüòàò ñóììèðîâàíèÿ èìååò
âèä [2, (0.131)]

n∑
k=1

1

k
= C + ln(n) +

1

2n
−

∞∑
k=2

Ak

n(n+ 1) . . . (n+ k − 1)
, (32)

ãäå C = γ �ïîñòîÿííàÿ Ýéëåðà; A2 = A3 = 1/12; A4 = 19/80; A5 = 9/20, . . .
Ïðåäñòàâèì â ñîîòâåòñòâèè ñ (22) ïðèáëèæ¼ííóþ èíòåãðàëüíóþ îöåíêó ýòîãî ðÿäà

â âèäå

Ŝm
q

(
k−1
)
= Cq + ln(m+ 1/2), ãäå Cq =

q∑
k=1

1

k
− ln(q + 1/2).

Çàäàâàÿ çíà÷åíèÿ q = 1, 2, 3, 4, . . . , ïîëó÷èì Cq ≃ 0,594535, 0,583709, 0,58057, 0,579256,
0,577593, . . . Ïðè äàëüíåéøåì óâåëè÷åíèè q ïîëó÷èì, ñîãëàñíî [1, (6.1.3)], lim

q→∞
Cq = γ,

ãäå γ = 0,577 215 664 901 532 5 . . .�ïîñòîÿííàÿ Ýéëåðà.
Î÷åâèäíî, ÷òî äëÿ òàêîé îöåíêè ïîïðàâêà φI(yq) = 0 è ïîãðåøíîñòü ∆I(yq) = 0. Îò-

ñþäà, ñîãëàñíî (19), èñïîëüçóÿ ïðè p = 1 âûðàæåíèå äëÿ ïðîèçâîäíîé (28) f (2k−1)(y) =
= −y−2k(2k − 1)!, ïðåäñòàâèì óïðîù¼ííóþ ôîðìóëó ñóììèðîâàíèÿ ãàðìîíè÷åñêîãî
ðÿäà â âèäå

Sm
1

(
k−1
)
= γ + ln(m+ 1/2) +

∞∑
k=1

(1− 21−2k)B2k

2k(m+ 1/2)2k
. (33)

Àíàëîãè÷íûì ñïîñîáîì ìîæíî ïîëó÷èòü èç (2) ôîðìóëó

Sm
EM

(k−1) = γ + lnm+
1

2m
−

∞∑
k=1

B2k

2km2k
. (34)

Îòìåòèì, ÷òî èíòåãðàëüíûå îöåíêè ôîðìóë (32) è (34) ñîâïàäàþò, ïðè÷¼ì è ïåðâûå
÷ëåíû ïîïðàâî÷íîãî ðÿäà ïðè áîëüøèõ m,n ïðàêòè÷åñêè ðàâíû. Ïîëó÷èì èç (33)
è (34) ïðèáëèæ¼ííûå âûðàæåíèÿ, óäåðæèâàÿ â íèõ íå áîëåå äâóõ ÷ëåíîâ, çàâèñÿùèõ
îò âåðõíåãî èíäåêñà m:

Ŝm
10

(
k−1
)
= γ + ln(m+ 1/2); (35)

Ŝm
11

(
k−1
)
= γ + ln(m+ 1/2) +

1

24(m+ 1/2)2
; (36)

Ŝm
EM

(
k−1
)
= γ + ln(m) +

1

2m
. (37)

Âçÿòûé ñ îáðàòíûì çíàêîì òðåòèé ÷ëåí ôîðìóëû (36), â ñîîòâåòñòâèè ñ (21), îïðåäå-

ëÿåò ïðèáëèæ¼ííóþ ïîãðåøíîñòü ôîðìóëû (35) ∆1(m) = − 1

24(m+ 1/2)2
.

Íàéä¼ì, ñîãëàñíî (26) è (27), îòíîñèòåëüíûå ïîãðåøíîñòè ïðèáëèæ¼ííûõ ôîð-
ìóë (35)�(37) è ñðàâíèì èõ ìåæäó ñîáîé:

δ̂01(m)=
∆1(m)

Ŝm
10 (k

−1)
, δ10(m)=

Ŝm
10 (k

−1)
m∑
k=1

k−1

− 1, δ11(m)=
Ŝm
11 (k

−1)
m∑
k=1

k−1

− 1, δEM(m)=
Sm
EM (k−1)
m∑
k=1

k−1

− 1.

Ðåçóëüòàòû âû÷èñëåíèé ýòèõ ïîãðåøíîñòåé ïðèâåäåíû â òàáë. 1.
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Òà á ë è ö à 1
Îòíîñèòåëüíûå ïîãðåøíîñòè èíòåãðàëüíûõ îöåíîê

ñóìì ãàðìîíè÷åñêîãî ðÿäà

m 3 10 100 1000
δEM(m) 5 · 10−3 2,84 · 10−4 1,61 · 10−6 1,11 · 10−8

δ̂10(m) −1,86 · 10−3 −1,29 · 10−4 −7,95 · 10−7 −5,56 · 10−9

δ10(m) −1,83 · 10−3 −1,29 · 10−4 −7,95 · 10−7 −5,56 · 10−9

δ11(m) 2,55 · 10−5 2,04 · 10−7 1,38 · 10−11 8,88 · 10−16

Ñðàâíèâ òàáëè÷íûå ðåçóëüòàòû, ìîæíî ñäåëàòü ñëåäóþùèå âûâîäû:

� âñå ïðèáëèæ¼ííûå ôîðìóëû (35)�(37) îáåñïå÷èâàþò õîðîøóþ òî÷íîñòü ñóììèðî-
âàíèÿ äàæå äëÿ ìàëûõ çíà÷åíèé m;

� ïðèáëèæ¼ííàÿ δ̂10(m) è ðåàëüíàÿ δ10(m) ïîãðåøíîñòè ôîðìóëû (35) ïðàêòè÷åñêè
ñîâïàäàþò;

� ïðèáëèæ¼ííàÿ ôîðìóëà (35), ïðåäñòàâëåííàÿ îäíèì çàâèñÿùèì îò èíäåêñà m ÷ëå-
íîì, áîëåå ÷åì â 2 ðàçà òî÷íåå ôîðìóëû (37), ïîëó÷åííîé èç ôîðìóëû Ýéëåðà �
Ìàêëîðåíà è ïðåäñòàâëåííîé äâóìÿ òàêèìè ÷ëåíàìè;

� ïðèáëèæ¼ííàÿ ôîðìóëà (36), ïðåäñòàâëåííàÿ äâóìÿ çàâèñÿùèìè îò m ÷ëåíàìè, íà
íåñêîëüêî ïîðÿäêîâ òî÷íåå ôîðìóë (35) è (37).

×èñëåííûå ðàñ÷¼òû ñóìì áåñêîíå÷íûõ ðÿäîâ k−p ñ ïîêàçàòåëåì ñòåïåíè p > 1

Ôîðìóëû äëÿ ýòèõ ðàñ÷¼òîâ ìîæíî ïîëó÷èòü èç âûðàæåíèé (29)�(31), çàäàâàÿ ïà-
ðàìåòðû a = 0, h = 0 è m =∞:

Ŝq(k
−p) =

q∑
k=1

k−p +
1

(p− 1)(q + 1/2)p−1
; (38)

SEMq (k−p) =
q∑

k=1

k−p +
1

2(q + 1)p
+

1

(p− 1)(q + 1)p−1
; (39)

∆1q(k
−p) = − p

24(q + 1/2)p+1
. (40)

Ôîðìóëà (40) çàäà¼ò ïðèáëèæ¼ííóþ ïîãðåøíîñòü ôîðìóëû (38), çàâèñÿùóþ îò êîëè-
÷åñòâà ÷ëåíîâ íà÷àëüíîãî ðÿäà q. Çàäàâàÿ q, ìîæíî ñêîëüêî óãîäíî óìåíüøàòü ýòó
ïîãðåøíîñòü, îäíàêî å¼ èñïîëüçîâàíèå â êà÷åñòâå ðåàëüíîé ñëåäóåò ïðîâåðèòü. Ðå-
àëüíóþ ïîãðåøíîñòü ìîæíî âû÷èñëèòü, ïðèìåíÿÿ èçâåñòíûå òî÷íûå çíà÷åíèÿ ñóìì
ðÿäîâ, íàïðèìåð ðÿäîâ ñ ÷¼òíûì öåëî÷èñëåííûì ïîêàçàòåëåì p [2, (0.233.3)]:

S∞
1 (k−p) =

∞∑
k=1

k−2n =
22n−1π2n

(2n)!
|B2n| .

Èñïîëüçóÿ çíà÷åíèÿ ýòèõ ñóìì, ìîæíî âû÷èñëèòü ðåàëüíóþ ïîãðåøíîñòü (27) ôîðìó-
ëû (38) è ñðàâíèòü å¼ ñ îòíîñèòåëüíîé ïîãðåøíîñòüþ (26) è ñ ðåàëüíîé ïîãðåøíîñòüþ
ôîðìóëû (39), ïîëó÷åííîé èç ôîðìóëû Ýéëåðà �Ìàêëîðåíà (2):

δpq =
Ŝq(k

−p)

S∞
1 (k−p)

− 1, δ̂pq =
∆1q(k

−p)

Ŝq(k−p)
, δEMq =

SEM
q (k−p)

S∞
1 (k−p)

− 1.

Íà ðèñ. 1 ïðåäñòàâëåíû ãðàôèêè äåñÿòè÷íîãî ëîãàðèôìà ïðèáëèæ¼ííîé îòíîñè-

òåëüíîé ïîãðåøíîñòè δ̂pq âû÷èñëåíèÿ ñóìì áåñêîíå÷íûõ ðÿäîâ k−p ïî ôîðìóëå (38)
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ïðè p ∈ [1,5, 14] è êîëè÷åñòâå ÷ëåíîâ íà÷àëüíîé ñóììû q = 10, 100, 1000. Ìàðêåðàìè
îòìå÷åíû ðåàëüíûå îòíîñèòåëüíûå ïîãðåøíîñòè δpq äëÿ ÷¼òíûõ çíà÷åíèé p = 2, . . . , 12.
Äëÿ òåõ æå ÷¼òíûõ p â òàáë. 2 ïðèâåäåíû ÷èñëîâûå çíà÷åíèÿ ðåàëüíîé ïîãðåøíîñòè δpq

ôîðìóëû (38), îòíîøåíèÿ å¼ ïðèáëèæ¼ííîé ïîãðåøíîñòè ê ðåàëüíîé k̂pq = δ̂pq/δpq è îò-
íîøåíèÿ ðåàëüíûõ ïîãðåøíîñòåé kEMq = δEMq /δpq .

 




























q=10

q=100

q=1000

2 4 6 8 10 12 14p

- 40

- 30

- 20

- 10

Log10| δq̂(p)|

Ðèñ. 1. Îòíîñèòåëüíûå ïîãðåøíîñòè ôîðìóë ñóììèðîâàíèÿ áåñêîíå÷íûõ ðÿäîâ k−p

Òà á ë è ö à 2
Îòíîñèòåëüíûå ïîãðåøíîñòè âû÷èñëåíèÿ ñóìì áåñêîíå÷íûõ ðÿäîâ k−p

ñ ÷¼òíûì ïîêàçàòåëåì p

q Ôîðìóëà

Çíà÷åíèå ñóììû
π2/6 π4/90 π6/945 π8/9450 π10/93555 691π12/638512875

p
2 4 6 8 10 12

δpq 4,36 · 10−5 1,20 · 10−6 1,72 · 10−8 2,09 · 10−10 2,35 · 10−12 2,53 · 10−14

10 k̂pq 1,00 1,01 1,01 1,02 1,03 1,05
kEMq −0,574 −0,629 −0,688 −0,752 −0,821 −0,895
δpq 4,99 · 10−8 1,50 · 10−11 2,37 · 10−15 3,17 · 10−19 3,94 · 10−23 4,68 · 10−27

100 k̂pq 1,00 1,00 1,00 1,00 1,00 1,00
kEMq −0,507 −0,513 −0,518 −0,523 −0,528 −0,533
δpq 5,06 · 10−11 1,54 · 10−16 2,45 · 10−22 3,30 · 10−28 4,14 · 10−34 4,97 · 10−40

1000 k̂pq 1,00 1,00 1,00 1,00 1,00 1,00
kEMq −0,501 −0,501 −0,502 −0,502 −0,503 −0,503

Äàííûå ãðàôèêîâ è ðåçóëüòàòû ðàñ÷¼òîâ ïîçâîëÿþò ñäåëàòü ñëåäóþùèå âûâîäû:

� åñëè çíà÷åíèå ñóììû íåèçâåñòíî, òî ïîãðåøíîñòü å¼ ðàñ÷¼òà ìîæíî çàäàâàòü ïðè
äîñòàòî÷íî áîëüøîì êîëè÷åñòâå ÷ëåíîâ íà÷àëüíîé ñóììû, áëàãîäàðÿ ïðàêòè÷åñêè
ðàâíûì ïðè ýòîì ïðèáëèæ¼ííîé è ðåàëüíîé ïîãðåøíîñòåé;

� óâåëè÷èâàÿ êîëè÷åñòâî ÷ëåíîâ íà÷àëüíîé ñóììû, ìîæíî çàäàâàòü ïðàêòè÷åñêè ëþ-
áóþ òî÷íîñòü ðåçóëüòàòà ñóììèðîâàíèÿ;

� ôîðìóëà (38), íåñìîòðÿ íà áîëåå êîðîòêóþ ôîðìó, ïî÷òè âäâîå òî÷íåå ôîðìó-
ëû (39), ïîëó÷åííîé èç ôîðìóëû Ýéëåðà �Ìàêëîðåíà.
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Ïðèáëèæ¼ííûå ôîðìóëû ñóììèðîâàíèÿ áåñêîíå÷íûõ ðÿäîâ k−p ïðè p > 1

Çàäà÷åé ïðèáëèæ¼ííûõ ôîðìóë ÿâëÿåòñÿ óïðîùåíèå ñâÿçè ðåçóëüòàòà ñóììèðî-
âàíèÿ ñ ïàðàìåòðàìè ñóììèðóåìîé ôóíêöèè. Äëÿ ñîçäàíèÿ ïðèáëèæ¼ííûõ ôîðìóë
ñóìì áåñêîíå÷íûõ ðÿäîâ k−p ìîæíî èñïîëüçîâàòü ôîðìóëû (38) è (39) ñ íåáîëüøèì
êîëè÷åñòâîì ÷ëåíîâ íà÷àëüíîé ñóììû. Óäåðæèâàÿ íå áîëåå äâóõ òàêèõ ÷ëåíîâ, èç íèõ
ïîëó÷èì:

� (38) ïðè q = 1, áåç ïîïðàâêè, ñ ïðèáëèæ¼ííîé ïîãðåøíîñòüþ ∆10 =
p

24(3/2)p+1
:

Ŝ10(k
−p) = 1 +

1

(p− 1)(3/2)p−1
; (41)

� (38) ïðè q = 2, áåç ïîïðàâêè, ñ ïðèáëèæ¼ííîé ïîãðåøíîñòüþ ∆20 =
p

24(5/2)p+1
:

Ŝ20(k
−p) = 1 +

1

2p
+

1

(p− 1)(5/2)p−1
; (42)

� (38) ïðè q = 1, ñ ïåðâûì ÷ëåíîì ïîïðàâêè, ñ ïðèáëèæ¼ííîé ïîãðåøíîñòüþ ∆11 =

=
7p(p+ 1)(p+ 2)

5760(3/2)p+3
:

Ŝ11(k
−p) = 1 +

1

(p− 1)(3/2)p−1
− p

24(3/2)p+1
; (43)

� (39) ïðè q = 1, áåç ïîïðàâêè, ñ ïðèáëèæ¼ííîé ïîãðåøíîñòüþ ∆em =
p

12 · 2p+1
:

SEM10 (k−p) = 1 +
1

2p+1
+

1

(p− 1)2p−1
. (44)

Ïî ýòèì ôîðìóëàì, ñîãëàñíî (26), ðàññ÷èòàíû ïðèáëèæ¼ííûå îòíîñèòåëüíûå ïîãðåø-
íîñòè. Äëÿ èõ ñðàâíåíèÿ ñ ðåàëüíîé ïîãðåøíîñòüþ ñ ïîìîùüþ (38) è (39)) ïðè q = 1000
ðàññ÷èòàíû óòî÷í¼ííûå ñóììû è, â ñîîòâåòñòâèè ñ (27), óòî÷í¼ííûå îòíîñèòåëüíûå
ïîãðåøíîñòè. Ðåçóëüòàòû ðàñ÷¼òîâ ïðèâåäåíû íà ðèñ. 2, ãäå ïóíêòèðîì ïîêàçàíû ïðè-
áëèæ¼ííûå ïîãðåøíîñòè, ñïëîøíîé ëèíèåé � óòî÷í¼ííûå.

Ïî ðåçóëüòàòàì ïðîâåä¼ííûõ ðàñ÷¼òîâ ìîæíî ñäåëàòü ñëåäóþùèå âûâîäû:

� êðèâûå ïðèáëèæ¼ííîé ïîãðåøíîñòè èìåþò ñõîäíóþ ñ ñîîòâåòñòâóþùåé óòî÷í¼ííîé
ïîãðåøíîñòüþ òðàåêòîðèþ è íàõîäÿòñÿ â å¼ ïðåäåëàõ, ÷òî äîêàçûâàåò ñïðàâåäëè-
âîñòü ôîðìóëû (21) äëÿ îöåíêè îñòàòêà ñóììèðîâàíèÿ ïîïðàâî÷íîãî ðÿäà;

� íàèëó÷øåå ïðèáëèæåíèå δ20(p) < 0,3% äà¼ò ôîðìóëà (42), íàèõóäøåå δ10(p) <
< 1,7%� ñàìàÿ ïðîñòàÿ (41);

� ôîðìóëà (43), ñîäåðæàùàÿ ïîïðàâêó, íå èìååò ïðåèìóùåñòâ â òî÷íîñòè ïðè p > 2,5;
� ïðèáëèæ¼ííûå ïîãðåøíîñòè è èõ áëèçîñòü ê óòî÷í¼ííûì ñèëüíî çàâèñÿò îò êîëè-

÷åñòâà ÷ëåíîâ íà÷àëüíîé ñóììû q;
� ñðàâíåíèå ïîãðåøíîñòåé δ20(p) ôîðìóëû (42) è δem(p) ôîðìóëû Ýéëåðà �Ìàêëî-

ðåíà (44), ñîäåðæàùèõ ïî äâà çàâèñÿùèõ îò p ÷ëåíà, âíîâü óêàçûâàåò íà ïðåèìó-
ùåñòâî óïðîù¼ííîé ôîðìóëû ñóììèðîâàíèÿ.
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δ10(p)
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Ðèñ. 2. Îòíîñèòåëüíûå ïîãðåøíîñòè ïðèáëèæ¼ííûõ ôîðìóë ñóììèðîâàíèÿ
áåñêîíå÷íûõ ðÿäîâ k−p

2.4. Ó ï ð î ù ¼ í í û å ô î ð ì ó ë û í å ê î ò î ð û õ ñ ï å ö è à ë ü í û õ ô ó í ê ö è é

Íà êîíå÷íûõ è áåñêîíå÷íûõ ñóììàõ îáðàòíîñòåïåííûõ ÷èñëîâûõ ðÿäîâ îñíîâàíû
âûðàæåíèÿ è îöåíêè äëÿ íåêîòîðûõ ñïåöèàëüíûõ ôóíêöèé.

Ïðèáëèæ¼ííîå âûðàæåíèå äëÿ äçåòà-ôóíêöèè Ðèìàíà

Êëàññè÷åñêîå ïðåäñòàâëåíèå ýòîé ôóíêöèè â âèäå ðÿäà Äèðèõëå èìååò âèä [4, ñ. 58]

ζ(s) =
∞∑
n=1

n−s,

ãäå s = σ + it è ðÿä ñõîäèòñÿ ê àíàëèòè÷åñêîé ôóíêöèè ïðè σ > 1.
Â ï. 2.3 ïðîâåä¼í ñðàâíèòåëüíûé àíàëèç ïðèáëèæ¼ííûõ ôîðìóë äëÿ òàêîãî ðÿäà

â îòñóòñòâèå ìíèìîãî àðãóìåíòà (t = 0). Ïðîâåðèì èõ ñïðàâåäëèâîñòü ïðè t ̸= 0.
Äëÿ ýòîãî èñïîëüçóåì ôîðìóëó (42), ñîäåðæàùóþ äâà ÷ëåíà íà÷àëüíîé ñóììû:

ζ̂20(s) = 1 +
1

2s
+

1

(s− 1)(5/2)s−1
, (45)

è áîëåå òî÷íóþ, ñîäåðæàùóþ ïîïðàâêó ê íåé:

ζ̂21(s) = 1 +
1

2s
+

1

(s− 1)(5/2)s−1
− s

24(5/2)s+1
. (46)

Ðèñ. 3 è 4, ãäå ïðèâåäåíû ãðàôèêè çàâèñèìîñòè ïîãðåøíîñòåé àáñîëþòíûõ çíà÷åíèé
|ζ̂20(s)| è |ζ̂21(s)| îò êîìïëåêñíîãî àðãóìåíòà îòíîñèòåëüíî èñòèííîãî àáñîëþòíîãî çíà-
÷åíèÿ äçåòà-ôóíêöèè |ζ(s)|, óêàçûâàþò íà âïîëíå óäîâëåòâîðèòåëüíóþ (|ζ̂20(s)| < 10%

äëÿ (45) è |ζ̂21(s)| < 5% äëÿ (46)) òî÷íîñòü îöåíêè çíà÷åíèé äçåòà-ôóíêöèè â ïðåäåëàõ
èçìåíåíèÿ àðãóìåíòîâ |s| ∈ [1, 10], φs ∈ [−π/2, π/2]. Ïðèáëèæåíèå s ê ìíèìîìó çíà÷å-
íèþ φs → ±π/2 çíà÷èòåëüíî óâåëè÷èâàåò ïîãðåøíîñòü ôîðìóë ïðè óâåëè÷åíèè |s|.
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Ðèñ. 3. Îòíîñèòåëüíàÿ ïîãðåøíîñòü ïðè-
áëèæ¼ííîãî àáñîëþòíîãî çíà÷åíèÿ
äçåòà-ôóíêöèè (45) íà êîìïëåêñíîé
ïëîñêîñòè

Ðèñ. 4. Îòíîñèòåëüíàÿ ïîãðåøíîñòü ïðè-
áëèæ¼ííîãî àáñîëþòíîãî çíà÷åíèÿ
äçåòà-ôóíêöèè (46) íà êîìïëåêñíîé
ïëîñêîñòè

Ïðèáëèæ¼ííûå ôîðìóëû äëÿ ïñè-ôóíêöèè

Äëÿ âûâîäà ïðèáëèæ¼ííîãî âûðàæåíèÿ ïñè-ôóíêöèè (èëè äèãàììà-ôóíêöèè) èç
âñåãî ìíîãîîáðàçèÿ å¼ ïðåäñòàâëåíèé âîñïîëüçóåìñÿ ôîðìóëîé äëÿ öåëî÷èñëåííîãî
àðãóìåíòà [1, (6.3.2)]

ψ(n) =

−γ, åñëè n = 1,

−γ +
n−1∑
k=1

k−1, åñëè n ⩾ 2,
(47)

ãäå γ �ïîñòîÿííàÿ Ýéëåðà.
Â ýòîé ôîðìóëå ïðèñóòñòâóåò ñóììà ãàðìîíè÷åñêîãî ðÿäà, äëÿ êîòîðîãî íàéäå-

íû ïðèáëèæ¼ííûå âûðàæåíèÿ� ïðîñòåéøåå (35) è áîëåå òî÷íîå (36). Ñ èõ ïîìîùüþ
ïîëó÷èì ñëåäóþùèå ïðèáëèæ¼ííûå ôîðìóëû:

ψ̂0(n) = ln(n− 1/2); (48)

ψ̂1(n) = ln(n− 1/2) +
1

24(n− 1/2)2
. (49)

Ïðîâåðèì ñïðàâåäëèâîñòü ýòèõ ôîðìóë äëÿ ëþáûõ äåéñòâèòåëüíûõ n = z > 1/2.
Íà ðèñ. 5 ïðåäñòàâëåíû ãðàôèêè ýòèõ çàâèñèìîñòåé â ñðàâíåíèè ñ ðåàëüíûì çíà÷åíèåì
ïñè-ôóíêöèè ψ(z). Êàê âèäíî èç ãðàôèêîâ, çàâèñèìîñòè çíà÷èòåëüíî îòêëîíÿþòñÿ
îò ðåàëüíîé ïðè z → 1/2, ïîñêîëüêó ïðè ýòîì çíà÷åíèè àðãóìåíòà â ôîðìóëàõ (48)
è (49) âîçíèêàåò íåîïðåäåë¼ííîñòü. Îò ýòîãî íåäîñòàòêà ìîæíî èçáàâèòüñÿ, ïðèáàâëÿÿ
ê ñóììå â (47) ÷ëåí 1/n è âû÷èòàÿ åãî èç èòîãîâîé îöåíêè. Ìîäèôèöèðîâàííûå òàêèì
îáðàçîì ôîðìóëû (48), (49) ïðè n = z ïðèìóò âèä

ψ̂01(z) = ln(z + 1/2)− 1

z
; (50)

ψ̂11(z) = ln(z + 1/2)− 1

z
+

1

24(z + 1/2)2
. (51)

Íà ðèñ. 6 ïðèâåäåíû ãðàôèêè îòíîñèòåëüíîé ïîãðåøíîñòè ôîðìóë (50), (51) ïðè
çíà÷åíèÿõ àðãóìåíòà 0,01 ⩽ z ⩽ 0,5.
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ψ̂1(z)

ψ(z)

ψ̂0(z)

1,0 1,5 2,0 2,5 3,0z

- 2,0

- 1,5

- 1,0

- 0,5

0,0

0,5

1,0
ψ(z)

Ðèñ. 5. Ïðèáëèæ¼ííûå ôîðìóëû ïñè-
ôóíêöèè (48), (49) â ñðàâíåíèè
ñ ðåàëüíûì å¼ çíà÷åíèåì

δ̂11(z)

δ̂ 01(z)

0,2 0,3 0,4 0,5z

- 0,005

0,000

0,005

0,010

0,015

0,020
δ(z)

Ðèñ. 6. Îòíîñèòåëüíàÿ ïîãðåøíîñòü ïðèáëè-
æ¼ííûõ ôîðìóë (50), (51) ïðè çíà÷å-
íèÿõ àðãóìåíòà z ⩽ 1/2

Âñå ðàññìîòðåííûå ïðèáëèæ¼ííûå çàâèñèìîñòè ñ ðîñòîì z àñèìïòîòè÷åñêè ñòðå-
ìÿòñÿ ê çíà÷åíèþ ln z, ÷òî ñîîòâåòñòâóåò ñâîéñòâàì ïñè-ôóíêöèè [1, (6.3.18)].

Ïðèáëèæ¼ííûå ôîðìóëû äëÿ ïîëèãàììà-ôóíêöèé

Ïîëèãàììà-ôóíêöèåé ïîðÿäêà n ÿâëÿåòñÿ n-ÿ ïðîèçâîäíàÿ ïñè-ôóíêöèè [1, (6.4.1)]

ψ(n)(z) =
dn

dzn
ψ(z). (52)

Äëÿ öåëîãî àðãóìåíòà ýòèõ ôóíêöèé ñóùåñòâóåò âûðàæåíèå [1, (6.4.2)]

ψ(m)(n+ 1) = (−1)mm!

[
−ζ(m+ 1) + 1 +

1

2m+1
+ . . .+

1

nm+1

]
, (53)

ãäå ζ(m+ 1)�äçåòà-ôóíêöèÿ Ðèìàíà.
Âûðàæåíèå â êâàäðàòíûõ ñêîáêàõ ìîæíî ïðåîáðàçîâàòü, èñïîëüçóÿ îïðåäåëåíèå

äçåòà-ôóíêöèè

−ζ(m+ 1) + 1 +
1

2m+1
+ . . .+

1

nm+1
= −

∞∑
k=1

1

km+1
+

n∑
k=1

1

km+1
= −

∞∑
k=n+1

1

km+1
.

Âûíîñÿ èç ñóììû ïåðâûé ÷ëåí 1/(n+ 1)m+1 è ïðåîáðàçóÿ àðãóìåíò n+ 1→ n, èç (53)
ïîëó÷àåì

ψ(m)(n) = (−1)m−1m!

[
1

nm+1
+

∞∑
k=n+1

1

km+1

]
.

Ïîäñòàâëÿÿ â ýòî âûðàæåíèå âìåñòî ñóììû å¼ óïðîù¼ííóþ èíòåãðàëüíóþ îöåíêó∫ ∞

m+1/2

1

km+1
=

1

m(n+ 1/2)m
, èìååì

ψ̂(m)(n) = (−1)m−1m!

[
1

nm+1
+

1

m(n+ 1/2)m

]
. (54)

Ïðîèíòåãðèðîâàâ (54) ïðè m = 1, n = z ïî z, ïîëó÷èì ðåçóëüòàò ln(z+1/2)−1/z, ïîë-
íîñòüþ ñîâïàäàþùèé ñ óïðîù¼ííîé èíòåãðàëüíîé îöåíêîé ïñè-ôóíêöèè (50). Âûíîñ
÷ëåíà ñóììû 1/(n+ 1)m+1 ïîíàäîáèëñÿ, êàê â (50), äëÿ óñòðàíåíèÿ íåîïðåäåë¼ííîñòè
â ïðèáëèæ¼ííûõ âûðàæåíèÿõ ïîëèãàììà-ôóíêöèé ïðè z = 1/2.
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Ïðîâåðèì âîçìîæíîñòü èñïîëüçîâàíèÿ ïðèáëèæ¼ííûõ âûðàæåíèé ïñè-ôóíêöèè (50),
(51) äëÿ ïîëó÷åíèÿ âûðàæåíèé ïîëèãàììà-ôóíêöèé, âçÿâ â ñîîòâåòñòâèå ñ (52) èõ ïðî-
èçâîäíûå

ψ̂
(n)
x1 (z) =

dn

dzn
ψ̂x1. (55)

Íà ðèñ. 7 è 8 ïðèâåäåíû ãðàôèêè ïîãðåøíîñòè ïðîèçâîäíûõ (55) ïðèáëèæ¼ííûõ âû-
ðàæåíèé ïñè-ôóíêöèè (50), (51) îòíîñèòåëüíî ðåàëüíûõ çíà÷åíèé ñîîòâåòñòâóþùèõ
ïîëèãàììà-ôóíêöèé. Ìàêñèìàëüíàÿ îòíîñèòåëüíàÿ ïîãðåøíîñòü ôîðìóëû (55) îòíî-
ñèòåëüíî çíà÷åíèé ïîëèãàììà-ôóíêöèé äëÿ ïðèáëèæ¼ííîãî âûðàæåíèÿ ïñè-ôóíêöèè
ψ̂

(n)
01 (z) (50) äî äåñÿòîãî ïîðÿäêà íå ïðåâûøàåò 2,5%, äëÿ ïñè-ôóíêöèè ψ̂

(n)
11 (z) (51) �

0,7%.

n=1

n=2

n=3
n=5

n=10

0 2 4 6 8 10z
0,000

0,005

0,010

0,015

0,020

0,025

01
(n)

(z)δ̂

Ðèñ. 7. Îòíîñèòåëüíàÿ ïîãðåøíîñòü ôîðìó-

ëû (55) äëÿ ôóíêöèè ψ̂
(n)
01 (z) (50)

n=1

n=2

n=3

n=5

n=10

1 2 3 4 5 6z

0,001

0,002

0,003

0,004

0,005

0,006

0,007

-δ̂11
(n)

(z)

0,000

Ðèñ. 8. Îòíîñèòåëüíàÿ ïîãðåøíîñòü ôîðìó-

ëû (55) äëÿ ôóíêöèè ψ̂
(n)
11 (z) (51)

Çàêëþ÷åíèå
Ïîëó÷åííûå ïðèáëèæ¼ííûå àíàëèòè÷åñêèå âûðàæåíèÿ äëÿ äçåòà-ôóíêöèè Ðèìàíà,

ïñè-ôóíêöèè, ïîëèãàììà-ôóíêöèé, à òàêæå ñóìì îáðàòíî ñòåïåííûõ ðÿäîâ è ãàðìî-
íè÷åñêîãî ðÿäà äåìîíñòðèðóþò íåïðÿìîé ïîðÿäîê ïðèìåíåíèÿ óïðîù¼ííîé ôîðìó-
ëû ñóììèðîâàíèÿ. Ïðè èõ âûâîäå áûëè èñïîëüçîâàíû íà÷àëüíîå ñóììèðîâàíèå äëÿ
óìåíüøåíèÿ ïîãðåøíîñòè îöåíêè è ïðèáàâëåíèå äîïîëíèòåëüíîãî ÷ëåíà ê îöåíèâàå-
ìîé ñóììå ñ âû÷èòàíèåì åãî èç èòîãîâîé îöåíêè äëÿ óñòðàíåíèÿ â íåé íåîïðåäåë¼ííî-
ñòè. Ïîëó÷åííûå ôîðìóëû âûÿâèëè íåêîòîðîå ïðåèìóùåñòâî ïðèìåíåíèÿ óïðîù¼ííîé
ôîðìóëû ïåðåä ôîðìóëîé Ýéëåðà �Ìàêëîðåíà (2) â êðàòêîñòè è ïîãðåøíîñòè. Ýòèì
îíà îïðàâäûâàåò ñâî¼ ïðèêëàäíîå çíà÷åíèå è ñóùåñòâîâàíèå â êà÷åñòâå åù¼ îäíîãî
âàðèàíòà ôîðìóëû ñóììèðîâàíèÿ Ýéëåðà �Ìàêëîðåíà. Îäíàêî, â îòëè÷èå îò ïîñëåä-
íåé, îíà íåïðèìåíèìà äëÿ îöåíêè èíòåãðàëîâ â ïðåäåëàõ, ñîâïàäàþùèõ ñ ïîçèöèåé
ãðàíè÷íûõ îòñ÷¼òîâ ôóíêöèé.
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Ðàññìàòðèâàåòñÿ çàäà÷à ìèíèìèçàöèè îáùåãî âðåìåíè îáðàáîòêè èäåíòè÷íûõ äå-
òàëåé ñî ñëîæíûì òåõíîëîãè÷åñêèì ìàðøðóòîì, êîãäà âîçìîæíî íåîäíîêðàò-
íîå ïîñòóïëåíèå äåòàëåé íà íåêîòîðûå ìàøèíû. Èññëåäóþòñÿ âîïðîñû âû÷èñ-
ëèòåëüíîé ñëîæíîñòè äàííîé çàäà÷è, äîêàçàíà å¼ NP-òðóäíîñòü â îáû÷íîì ñìûñ-
ëå. Ïðè ôèêñèðîâàííîì ÷èñëå äåòàëåé äîêàçàíà ïñåâäîïîëèíîìèàëüíàÿ ðàçðåøè-
ìîñòü çàäà÷è. Èññëåäóåòñÿ âîïðîñ èñïîëüçîâàíèÿ öèêëè÷åñêèõ ðàñïèñàíèé ïðè
ïîñòðîåíèè ïðèáëèæ¼ííûõ ðåøåíèé.

Êëþ÷åâûå ñëîâà: ðàñïèñàíèå, èäåíòè÷íûå äåòàëè, NP-òðóäíîñòü, ïñåâäîïî-
ëèíîìèàëüíûé àëãîðèòì, òåîðèÿ ñëîæíîñòè.

MAKESPAN MINIMIZATION IN REENTRANT FLOW SHOP PROBLEM
WITH IDENTICAL JOBS

A.A. Romanova∗, V.V. Servakh∗,∗∗, V.Yu. Tavchenko∗

∗Dostoevsky Omsk State University, Omsk, Russia
∗∗Sobolev Institute of Mathematics, Omsk, Russia

We consider the reentrant flow shop problem F |reentrant, pij = pi|Cmax with iden-
tical jobs and makespan criterion. We prove its NP-hardness in the ordinary sense.
The proof is performed by polynomial reduction of the problem J3|n = 3|Cmax to the
problem F |reentrant, pij = pi|Cmax with three identical jobs. Using the input data of
the problem J3|n = 3|Cmax, we have constructed a special type of job for the problem
F |reentrant, pij = pi|Cmax. In the proof, we analyze all possible variants of critical
paths in the constructed instance. We also propose a dynamic programming algorithm
to find the optimal solution of the problem F |reentrant, pij = pi|Cmax. Analysis of
the time complexity of the algorithm showed that the problem with fixed number of
jobs is pseudopolynomially solvable. Next, we study the use of cyclic schedules to
construct approximate solutions. A cyclic schedule with a minimum cycle time can be
found in polynomial time. We propose a polynomial algorithm for finding an approx-
imate solution. This algorithm is based on the construction of a cyclic schedule with
a minimum cycle time and its subsequent compaction at the beginning and at the
end. We construct an upper bound of the makespan of cyclic schedules. This bound
depends on the number of jobs processed in one cycle. The paper provides numerous
examples characterizing cyclic schedules from both the positive and negative sides to
solve the problem F |reentrant, pij = pi|Cmax.

1Ðàáîòà âûïîëíåíà â ðàìêàõ ãîñçàäàíèÿ ÈÌ ÑÎ ÐÀÍ, ïðîåêò FWNF-2022-0020.
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Ââåäåíèå
Ðàññìàòðèâàåòñÿ çàäà÷à îáðàáîòêè èäåíòè÷íûõ äåòàëåé ñî ñëîæíûì òåõíîëîãè÷å-

ñêèì ìàðøðóòîì íà ñîâðåìåííîé ðîáîòèçèðîâàííîé ïðîèçâîäñòâåííîé ëèíèè. Â îáùå-
ïðèíÿòîé íîìèíàöèè [1] ýòà çàäà÷à îáîçíà÷àåòñÿ êàê F |reentrant, pij = pi|Cmax, ïîäðà-
çóìåâàÿ, ÷òî âñå äåòàëè ïðîõîäÿò îäèíàêîâûé òåõíîëîãè÷åñêèé ìàðøðóò è äëèòåëü-
íîñòè ñîîòâåòñòâóþùèõ îïåðàöèé ðàâíû. Òåì ñàìûì âñå äåòàëè èäåíòè÷íû, à òåðìèí
¾reentrant¿ îçíà÷àåò, ÷òî ïðè îáðàáîòêå äåòàëü ìîæåò ïîñòóïàòü íà íåêîòîðûå ìàøèíû
íåîäíîêðàòíî. Çàäà÷à F |reentrant, pij = pi|Cmax ÿâëÿåòñÿ îáîáùåíèåì êëàññè÷åñêîé îä-
íîìàðøðóòíîé çàäà÷è Flow-Shop è âïåðâûå áûëà ñôîðìóëèðîâàíà â [2]. Áîëüøèíñòâî
èçâåñòíûõ ðåçóëüòàòîâ ìîæíî íàéòè â [3]. Äàííàÿ çàäà÷à ÿâëÿåòñÿ NP-òðóäíîé äàæå
äëÿ ñëó÷àÿ äâóõ ìàøèí. Ôàêòè÷åñêè áîëüøèíñòâî òåîðåòè÷åñêèõ âîïðîñîâ, ñâÿçàííûõ
ñ îáùåé ïîñòàíîâêîé, òàê èëè èíà÷å çàêðûòû. Åñëè æå äåòàëè èäåíòè÷íû, òî âîçíè-
êàåò ìíîæåñòâî ìàòåìàòè÷åñêè èíòåðåñíûõ ïîñòàíîâîê. Êëþ÷åâûì ÿâëÿåòñÿ âîïðîñ î
âû÷èñëèòåëüíîé ñëîæíîñòè çàäà÷è F |reentrant, pij = pi|Cmax. Â ëèòåðàòóðå ðàññìàòðè-
âàþòñÿ ðàçëè÷íûå ÷àñòíûå, â òîì ÷èñëå ïîëèíîìèàëüíî ðàçðåøèìûå ñëó÷àè. Îäíàêî,
êàê îòìå÷åíî â îáçîðå [4], âîïðîñ î ïîëèíîìèàëüíîé ðàçðåøèìîñòè çàäà÷è ñ èäåíòè÷-
íûìè äåòàëÿìè äàæå äëÿ åäèíè÷íûõ äëèòåëüíîñòåé ðàáîò îñòà¼òñÿ îòêðûòûì.

Áóäåì ïðèäåðæèâàòüñÿ ñëåäóþùåé ïîñòàíîâêè. Èìååòñÿ çàêàç íà âûïóñê N èäåí-
òè÷íûõ äåòàëåé. Äëÿ èõ îáðàáîòêè èìååòñÿ m ðàçëè÷íûõ ìàøèí M1,M2, . . . ,Mm.
Âñå äåòàëè â ïðîöåññå îáðàáîòêè ïðîõîäÿò îäèíàêîâûé òåõíîëîãè÷åñêèé ìàðøðóò,
êîòîðûé ñîñòîèò èç n ïîñëåäîâàòåëüíî âûïîëíÿåìûõ îïåðàöèé O1, O2, . . . , On. Îïå-
ðàöèÿ Oi âûïîëíÿåòñÿ íà ìàøèíå Mmi

â òå÷åíèå pi ∈ Z+ åäèíèö âðåìåíè, i = 1, . . . , n.
Ïðåðûâàíèÿ îïåðàöèé çàïðåùåíû. Ìàøèíà íå ìîæåò âûïîëíÿòü áîëåå îäíîé îïåðàöèè
îäíîâðåìåííî. Â òåõíîëîãè÷åñêîì ìàðøðóòå ìàøèíû ìîãóò ïîâòîðÿòüñÿ. Òðåáóåòñÿ
ìèíèìèçèðîâàòü îáùåå âðåìÿ âûïîëíåíèÿ çàêàçà.

Â êëàññè÷åñêîé îäíîìàðøðóòíîé çàäà÷å ÷èñëî îïåðàöèé n ñîâïàäàåò ñ ÷èñëîì ìà-
øèí m, à òåõíîëîãè÷åñêèé ìàðøðóò çàäà¼òñÿ ïîñëåäîâàòåëüíîñòüþ (M1,M2, . . . ,Mm).
Äëÿ èäåíòè÷íûõ äåòàëåé ñ òàêèì ìàðøðóòîì ïîëó÷àåì îáû÷íûé êîíâåéåð, è çà-
äà÷à ðåøàåòñÿ òðèâèàëüíî. Íåîäíîêðàòíîå èñïîëüçîâàíèå ìàøèí â òåõíîëîãè÷å-
ñêîì ìàðøðóòå ïðèâîäèò ê ðàçëè÷íûì ïîñòàíîâêàì çàäà÷. Â ëèòåðàòóðå ðàññìàò-
ðèâàëèñü ñëó÷àè V -ìàðøðóòà (M1,M2, . . . ,Mm,Mm−1. . . . ,M2,M1) [5], öèêëè÷åñêîãî
(M1,M2, . . . ,Mm,M1,M2, . . . ,Mm, . . . ,M1,M2, . . . ,Mm) [6, 7], çàìêíóòîãî (M1,M2, . . . ,
Mm,M1) [8], ñ ïîñòîÿííûì âîçâðàòîì íà ïåðâóþ ìàøèíó (M1,M2,M1,M3,M1, . . . ,M1,
Mm,M1) [9, 10] è ò. ä. [11�13]. Îñîáåííî èíòåðåñåí ïîñëåäíèé ñëó÷àé, â êîòîðîì ìà-
øèíà M1 ðàññìàòðèâàåòñÿ êàê òðàíñïîðòíîå ñðåäñòâî, ïåðåìåùàþùåå äåòàëü ìåæäó
îïåðàöèÿìè [14, 15].

Âàæíûì àñïåêòîì ÿâëÿåòñÿ âçàèìîñâÿçü ðàññìàòðèâàåìîé çàäà÷è ñ çàäà÷åé ïîñòðî-
åíèÿ öèêëè÷åñêèõ ðàñïèñàíèé. Öèêëè÷åñêèå ðàñïèñàíèÿ ñòðîÿòñÿ çà ïîëèíîìèàëüíîå
âðåìÿ è îáåñïå÷èâàþò ðèòìè÷íîñòü ïðîèçâîäñòâà, ðàâíîìåðíûé âûõîä ïðîäóêöèè, áî-
ëåå óäîáíóþ ëîãèñòèêó. Íàèáîëåå çíà÷èìûì ÿâëÿåòñÿ ðåçóëüòàò èç [16], ãäå ïîêàçàíî,
÷òî ñ ðîñòîì êîëè÷åñòâà äåòàëåé öèêëè÷åñêîå ðàñïèñàíèå ñ ìèíèìàëüíûì âðåìåíåì
öèêëà îáåñïå÷èâàåò àñèìòîòè÷åñêè òî÷íîå ðåøåíèå äëÿ êðèòåðèÿ Cmax. Îäíàêî òàêîé
ïîäõîä íå ðåøàåò ïðîáëåì çàãðóçêè îáîðóäîâàíèÿ íà ñòàäèè çàïóñêà è ñòàäèè çàâåð-
øåíèÿ îáðàáîòêè ïàðòèè äåòàëåé â ïðîèçâîäñòâî. Ïîýòîìó, åñëè ïðîèçâîäñòâåííàÿ íî-
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ìåíêëàòóðà ïðåäïðèÿòèÿ ðàçíîîáðàçíà è ïàðòèè èäåíòè÷íûõ äåòàëåé îòíîñèòåëüíî
íåâåëèêè, âîïðîñ î âçàèìîñâÿçè ýòèõ çàäà÷ îñòàåòñÿ àêòóàëüíûì.

Ñòðóêòóðà ðàáîòû ñëåäóþùàÿ. Â ï. 1 èçëîæåí îñíîâíîé ðåçóëüòàò: äîêàçàíî, ÷òî
çàäà÷à ÿâëÿåòñÿ NP-òðóäíîé â îáû÷íîì ñìûñëå. Â ï. 2 ïðèâåä¼í àëãîðèòì ïîñòðîå-
íèÿ òî÷íîãî ðåøåíèÿ, êîòîðûé ÿâëÿåòñÿ ïñåâäîïîëèíîìèàëüíûì ïðè ôèêñèðîâàííîì
÷èñëå äåòàëåé. Â ï. 3 îáñóæäàåòñÿ âîïðîñ îá èñïîëüçîâàíèè öèêëè÷åñêèõ ðàñïèñàíèé
ïðè ìèíèìèçàöèè Cmax, â òîì ÷èñëå ïðè íàëè÷èè äîïîëíèòåëüíûõ îãðàíè÷åíèé íà
ðàñïèñàíèå.

1. Âû÷èñëèòåëüíàÿ ñëîæíîñòü çàäà÷è
Íåêîòîðûå ïîäõîäû ê àíàëèçó ñëîæíîñòè çàäà÷è ïðåäëîæåíû â [17]. Âõîäíûå

ïàðàìåòðû çàäà÷è� ýòî ÷èñëî äåòàëåé N , ÷èñëî îïåðàöèé n è èõ äëèòåëüíîñòè pi,
i = 1, 2, . . . , n. Äëèíà âõîäà ðàâíà O(log2N+n log2 pmax), ãäå pmax �ìàêñèìàëüíàÿ äëè-
òåëüíîñòü îïåðàöèé. Äàëåå äîêàçàíà NP-òðóäíîñòü çàäà÷è è ñäåëàí àíàëèç å¼ ñëîæíî-
ñòè â çàâèñèìîñòè îò âõîäíûõ ïàðàìåòðîâ.

Òåîðåìà 1. Çàäà÷à F |reentrant, pij = pi|Cmax ìèíèìèçàöèè îáùåãî âðåìåíè îáðà-
áîòêè îäíîòèïíûõ äåòàëåé ÿâëÿåòñÿ NP-òðóäíîé.

Äîêàçàòåëüñòâî. Ðàññìîòðèì NP-òðóäíóþ ðàçíîìàðøðóòíóþ çàäà÷ó J3|n =
= 3|Cmax ñ òðåìÿ ìàøèíàìè M1,M2,M3 è òðåìÿ äåòàëÿìè J1, J2, J3 [18]. Ñôîðìóëè-
ðóåì å¼ êàê çàäà÷ó ðàñïîçíàâàíèÿ. Çàäàíî ÷èñëî d. Ñóùåñòâóåò ëè äîïóñòèìîå ðàñ-
ïèñàíèå âûïîëíåíèÿ ðàáîò äëèíû íå áîëåå d? Ïîëèíîìèàëüíî ñâåä¼ì å¼ ê çàäà÷å
F |reentrant, pij = pi|Cmax ñ òðåìÿ èäåíòè÷íûìè äåòàëÿìè.

Ïóñòü M1 è M2 �ìàøèíû, íà êîòîðûõ âûïîëíÿþòñÿ ñîîòâåòñòâåííî ïåðâàÿ è ïî-
ñëåäíÿÿ îïåðàöèÿ äåòàëè J2. Åñëè ýòè îïåðàöèè âûïîëíÿþòñÿ íà îäíîé ìàøèíå, òî
îáîçíà÷èì å¼ M1. Äîáàâèì ìàøèíó M0 è òðè ôèêòèâíûå ìàøèíû M3, M4 è M5, êîòî-
ðûå â äàëüíåéøåì áóäóò çàìåíåíû íà òåõíîëîãè÷åñêèå ìàðøðóòû äåòàëåé J1, J2 è J3.
Ðàññìîòðèì äåòàëü ñî ñëåäóþùèì òåõíîëîãè÷åñêèì ìàðøðóòîì è ñîîòâåòñòâóþùèìè
äëèòåëüíîñòÿìè:

O1 O2 O3 O4 O5 O6 O7 O8 O9 O10 O11 O12 O13 O14 O15

M1 M0 M1 M2 M3 M2 M0 M4 M0 M1 M5 M1 M2 M0 M2

4d d 4d 4d d 4d 4d d 4d 4d d 4d 4d d 4d

Ïóñòü íåîáõîäèìî îáðàáîòàòü òðè òàêèõ äåòàëè. Îïòèìàëüíîå ðàñïèñàíèå ïðèâåäåíî
íà ðèñ. 1. Åãî äëèíà ðàâíà 63d. Íîìåðà ìàøèí ïîäïèñàíû. Íàèáîëåå çàãðóæåííûìè
ÿâëÿþòñÿ ìàøèíû M1 è M2, è â ðàñïèñàíèè îíè ïðåäñòàâëåíû ñèììåòðè÷íî îòíîñè-
òåëüíî îïåðàöèè îáðàùåíèÿ âðåìåíè. Îïåðàöèè êàæäîé äåòàëè îáðàáàòûâàþòñÿ áåç
ïðîñòîåâ, è îïåðàöèÿ O1 âòîðîé äåòàëè âûïîëíÿåòñÿ òîëüêî ïîñëå çàâåðøåíèÿ îïåðà-
öèè O3 ïåðâîé äåòàëè. Ïðè ëþáîé äðóãîé ïîñëåäîâàòåëüíîñòè îïåðàöèé âðåìÿ îáðà-
áîòêè áóäåò íå ìåíåå 66d. Òàêàÿ êîíñòðóêöèÿ ïîçâîëÿåò ëîêàëèçîâàòü îïåðàöèè O5, O8

è O11 â îïòèìàëüíîì ðàñïèñàíèè.

Ðèñ. 1. Îïòèìàëüíîå ðàñïèñàíèå äëÿ òð¼õ äåòàëåé
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Îïåðàöèè O5, O8 è O11 çàìåíèì ñîîòâåòñòâåííî íà ïîñëåäîâàòåëüíîñòè îïåðàöèé
äåòàëåé J1, J2, J3. Ïîëó÷èì äåòàëü ñî ñëåäóþùåé ïîñëåäîâàòåëüíîñòüþ îïåðàöèé:

O1, O2, O3, O4, J1, O6, O7, J2, O9, O10, J3, O12, O13, O14, O15.

Çàìåòèì, ÷òî ïðè çàìåíå ñóììàðíàÿ äëèòåëüíîñòü îïåðàöèé íå óâåëè÷èëàñü, òàê êàê
ñóììàðíàÿ äëèòåëüíîñòü îïåðàöèé êàæäîé èç äåòàëåé J1, J2, J3 íå ïðåâîñõîäèò d. Ðàñ-
ñìîòðèì çàäà÷ó ñîñòàâëåíèÿ ðàñïèñàíèÿ äëÿ òð¼õ òàêèõ äåòàëåé. Ïîðÿäîê âûïîëíåíèÿ
îïåðàöèé â ðàñïèñàíèè ìèíèìàëüíîé äëèíû ïîêàçàí íà ñõåìå ðèñ. 2.

Ðèñ. 2. Ñõåìà ðàñïîëîæåíèÿ îïåðàöèé äåòàëåé J1, J2 è J3 â îïòèìàëüíîì ðàñïèñàíèè

Ïîêàæåì, ÷òî äëÿ ýòîé çàäà÷è ðàñïèñàíèå äëèíû íå áîëåå 63d ñóùåñòâóåò òîãäà
è òîëüêî òîãäà, êîãäà äëÿ ðàçíîìàðøðóòíîé çàäà÷è ñ äåòàëÿìè J1, J2, J3 ñóùåñòâóåò
ðàñïèñàíèå äëèíû íå áîëåå ÷åì d.

Äîêàçàòåëüñòâî äîñòàòî÷íîñòè î÷åâèäíî. Åñëè äëÿ äåòàëåé J1, J2 è J3 ñóùåñòâóåò
ðàñïèñàíèå äëèíû íå áîëåå d, òî äëÿ ïàð J1, J2 è J2, J3 òåì áîëåå ñóùåñòâóåò ðàñïèñà-
íèå äëèíû íå áîëåå d. Ñëåäîâàòåëüíî, ðàñïèñàíèå íà ðèñ. 2 èìååò äëèíó íå áîëåå 63d.

Äëÿ äîêàçàòåëüñòâà íåîáõîäèìîñòè ïðîâåä¼ì áîëåå äåòàëüíûé àíàëèç. Äëèíó îï-
òèìàëüíîãî ðàñïèñàíèÿ îïðåäåëÿåò êðèòè÷åñêèé ïóòü � ïîñëåäîâàòåëüíîñòü îïåðàöèé,
çàäåðæêà ïðè âûïîëíåíèè êîòîðûõ ïðèâîäèò ê óâåëè÷åíèþ äëèíû ðàñïèñàíèÿ. Îïåðà-
öèè, âõîäÿùèå â êðèòè÷åñêèé ïóòü, îáû÷íî íàçûâàþò êðèòè÷åñêèìè. Íà ðèñ. 3 ò¼ìíûì
öâåòîì âûäåëåíû îïåðàöèè, êîòîðûå â òîé èëè èíîé ñèòóàöèè ìîãóò âõîäèòü â êðèòè-
÷åñêèé ïóòü; ïðèìåðû êðèòè÷åñêèõ ïóòåé ïðèâåäåíû íà ðèñ. 4 è 5.

Ðèñ. 3. Ìíîæåñòâî âîçìîæíûõ êðèòè÷åñêèõ îïåðàöèé

Ðèñ. 4. Êðèòè÷åñêèå ïóòè äëÿ âàðèàíòîâ J1− J1 è J3− J3

Ïóñòü äëÿ äåòàëåé J1, J2 è J3 äëèíà îïòèìàëüíîãî ðàñïèñàíèÿ ïðåâîñõîäèò d. Ïî-
êàæåì, ÷òî òîãäà è äëèíà ðàñïèñàíèÿ â çàäà÷å ñ èäåíòè÷íûìè äåòàëÿìè áóäåò áîëüøå
÷åì 63d. Ðàññìîòðèì âîçìîæíûå âàðèàíòû íà÷àëà è çàâåðøåíèÿ êðèòè÷åñêîãî ïóòè
â ðàçíîìàðøðóòíîé çàäà÷å. Íàïîìíèì, ÷òî ïåðâàÿ îïåðàöèÿ äåòàëè J2 âûïîëíÿåò-
ñÿ íà ìàøèíå M1, à ïîñëåäíÿÿ ëèáî íà M2, ëèáî íà M1. Â ïåðâîì ñëó÷àå èìååòñÿ
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Ðèñ. 5. Êðèòè÷åñêèé ïóòü äëÿ äâóõ âàðèàíòîâ J2− J2

9 êîìáèíàöèé ïåðâîé è ïîñëåäíåé îïåðàöèé êðèòè÷åñêîãî ïóòè. Ê íèì äîáàâÿòñÿ åù¼
3 âàðèàíòà âî âòîðîì ñëó÷àå. C ó÷¼òîì ýòîãî îáùåå êîëè÷åñòâî ðàçëè÷íûõ âàðèàíòîâ
êîíöîâ êðèòè÷åñêîãî ïóòè ðàâíî 12. Ðàññìîòðèì íåêîòîðûå èç íèõ ïîäðîáíåå.

Ïóñòü êðèòè÷åñêèé ïóòü äëÿ çàäà÷è ñ äåòàëÿìè J1, J2, J3 ñîäåðæèò ïåðâóþ è ïî-
ñëåäíþþ îïåðàöèè äåòàëè J1. Íàçîâ¼ì åãî J1−J1. Òîãäà âûäåëåííàÿ íà ïåðâîé ÷àñòè
ðèñ. 4 ïîñëåäîâàòåëüíîñòü îïåðàöèé èìååò äëèíó áîëüøå ÷åì 63d. Âàðèàíò J3 − J3
àíàëîãè÷åí è ïðèâåä¼í íà âòîðîé ÷àñòè ðèñóíêà.

Âàðèàíò J2−J2. Ïåðâàÿ îïåðàöèÿ êðèòè÷åñêîãî ïóòè âûïîëíÿåòñÿ íà ìàøèíåM1,
ïîñëåäíÿÿ� íà ìàøèíåM2. Âûäåëåííàÿ íà ðèñ. 5 ïîñëåäîâàòåëüíîñòü îïåðàöèé èìååò
äëèíó áîëüøå ÷åì 63d. Êðèòè÷åñêèé ïóòü â ñëó÷àå, åñëè ïîñëåäíÿÿ îïåðàöèÿ äåòàëè J2
âûïîëíÿåòñÿ íà ìàøèíå M1, ïðèâåä¼í íà âòîðîé ÷àñòè ðèñóíêà.

Âñå îñòàëüíûå êîìáèíàöèè òàêæå äàþò êðèòè÷åñêèé ïóòü, äëèíà êîòîðîãî áîëüøå
÷åì 63d. Äåéñòâèòåëüíî, â ëþáîì ñëó÷àå ñëåâà êðèòè÷åñêèé ïóòü óïèðàåòñÿ â ïðåä-
øåñòâóþùóþ îïåðàöèþ, âûïîëíÿåìóþ íà ìàøèíå 1 èëè 2, ýòè îïåðàöèè íåâîçìîæíî
ñäâèíóòü íà áîëåå ðàííèé ñðîê. Ñïðàâà òàêæå âñ¼ îãðàíè÷èâàþò îïåðàöèè, ñäâèã êî-
òîðûõ óâåëè÷èâàåò äëèíó êðèòè÷åñêîãî ïóòè.

Îòìåòèì, ÷òî äîêàçàíà òîëüêî îáû÷íàÿ NP-òðóäíîñòü ðàññìàòðèâàåìîé çàäà÷è.
Íèæå ïðåäëîæåí àëãîðèòì ïîñòðîåíèÿ òî÷íîãî ðåøåíèÿ çàäà÷è, êîòîðûé ïðè ôèê-
ñèðîâàííîì ÷èñëå äåòàëåé ÿâëÿåòñÿ ïñåâäîïîëèíîìèàëüíûì. Áîëåå òîãî, íà îñíîâå
ýòîãî àëãîðèòìà ìîæåò áûòü ïîñòðîåíà âïîëíå ïîëèíîìèàëüíàÿ àïïðîêñèìàöèîííàÿ
ñõåìà [19]. Òàêèì îáðàçîì, ïîëó÷åííûé ðåçóëüòàò ÿâëÿåòñÿ íåóëó÷øàåìûì äëÿ ñëó-
÷àÿ ôèêñèðîâàííîãî ÷èñëà ðàáîò. Îäíàêî âîïðîñ î âû÷èñëèòåëüíîé ñëîæíîñòè çàäà÷è
â çàâèñèìîñòè îò ÷èñëà ðàáîò îñòà¼òñÿ îòêðûòûì.

2. Òî÷íûé àëãîðèòì ðåøåíèÿ çàäà÷è
Îïèøåì àëãîðèòì ïîñòðîåíèÿ òî÷íîãî ðåøåíèÿ ðàññìàòðèâàåìîé çàäà÷è, èäåÿ êî-

òîðîãî ïðåäëîæåíà â [20] äëÿ çàäà÷è êàëåíäàðíîãî ïëàíèðîâàíèÿ ñ îãðàíè÷åííûìè
ðåñóðñàìè. Äàëåå ýòîò àëãîðèòì àäàïòèðîâàí äëÿ çàäà÷è ñ èäåíòè÷íûìè äåòàëÿìè
F |reentrant, pij = pi|Cmax.

Â îñíîâå àëãîðèòìà ëåæèò ãåîìåòðè÷åñêàÿ èíòåðïðåòàöèÿ çàäà÷è, â êîòîðîé êàæ-
äîé äåòàëè ñîïîñòàâëÿåòñÿ îñü â N -ìåðíîì ïðîñòðàíñòâå è êàæäàÿ òî÷êà ïàðàëëå-
ëåïèïåäà [0, P ]N ñîîòâåòñòâóåò ïðîìåæóòî÷íîìó ñîñòîÿíèþ îáðàáîòêè äåòàëåé, ãäå

P =
n∑

i=1

pi � ñóììàðíàÿ äëèòåëüíîñòü îïåðàöèé îäíîé äåòàëè. Òåêóùåå ñîñòîÿíèå ïðî-

öåññà îáðàáîòêè äåòàëè j áóäåì çàäàâàòü âåëè÷èíîé xj. Çíà÷åíèå xj îïðåäåëÿåò, ñêîëü-
êî âðåìåíè, áåç ó÷¼òà ïðîñòîåâ, äåòàëü j óæå îáðàáàòûâàëàñü, è òðåáóåòñÿ åù¼ P − xj
åäèíèö âðåìåíè äëÿ çàâåðøåíèÿ îáðàáîòêè. Êàæäîå ðàñïèñàíèå îáðàáîòêè äåòàëåé
îòîáðàæàåòñÿ ëîìàíîé ëèíèåé ìåæäó òî÷êàìè 0 = (0, 0, . . . , 0), êîãäà íè îäíà äåòàëü
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íå íà÷àëà îáðàáîòêó, è S = (P, P, . . . , P ), êîãäà âñå äåòàëè îáðàáîòàíû. Ëþáîå çâå-
íî ëîìàíîé ïðîõîäèò ìåæäó òî÷êàìè (x1, x2, . . . , xN) è (x1 + τ1, x2 + τ2, . . . , xN + τN),
ãäå τi = 0 èëè τi = τ . Òàêîå çâåíî ñîîòâåòñòâóåò îäíîâðåìåííîé îáðàáîòêå â òå÷åíèå
âðåìåíè τ òåõ äåòàëåé, äëÿ êîòîðûõ τj = τ . Îñòàëüíûå äåòàëè â ýòîò ïåðèîä íå îáðà-
áàòûâàþòñÿ. Äëèíà ýòîãî ó÷àñòêà ëîìàíîé ïîëàãàåòñÿ ðàâíîé τ , à äëèíà ðàñïèñàíèÿ
ðàâíà ñóììå äëèí âñåõ çâåíüåâ ëîìàíîé.

Òàê êàê pi �öåëûå, ñóùåñòâóåò îïòèìàëüíîå ðàñïèñàíèå, â êîòîðîì âñå îïåðà-
öèè íà÷èíàþòñÿ è çàêàí÷èâàþòñÿ â öåëî÷èñëåííûå ìîìåíòû âðåìåíè è äëÿ êàæäî-
ãî öåëîãî t íà ïîëóèíòåðâàëå (t − 1, t] ìíîæåñòâî îáðàáàòûâàåìûõ äåòàëåé íå èçìå-
íÿåòñÿ. Ïîýòîìó äîñòàòî÷íî ðàññìîòðåòü òîëüêî òàêèå ðàñïèñàíèÿ, äëÿ êîòîðûõ ëî-
ìàíàÿ ìåíÿåò íàïðàâëåíèå òîëüêî â öåëî÷èñëåííûõ òî÷êàõ. Öåëî÷èñëåííûé âåêòîð
x = (x1, x2, . . . , xN) áóäåì íàçûâàòü ñîñòîÿíèåì îáðàáîòêè äåòàëåé. Ìíîæåñòâî âñåõ
ñîñòîÿíèé îáîçíà÷èì ÷åðåç X = {x = (x1, x2, . . . , xN) : xj ∈ {0, 1, . . . , P}}. Â òàêîé
ñèòóàöèè ëîìàíóþ ìîæíî ðàçáèòü íà ó÷àñòêè åäèíè÷íîé äëèíû. Êàæäûé èç íèõ ñî-
åäèíÿåò öåëî÷èñëåííûå òî÷êè è ñîîòâåòñòâóåò ïåðåõîäó èç ñîñòîÿíèÿ x â ñîñòîÿíèå
x + δ, ãäå δ = (δ1, δ2, . . . , δN), δj ∈ {0, 1}, j = 1, 2, . . . , N . Ïðîöåññ ïåðåõîäà ñîîòâåò-
ñòâóåò îäíîâðåìåííîìó âûïîëíåíèþ â åäèíè÷íîì âðåìåííîì èíòåðâàëå îïåðàöèé òåõ
äåòàëåé, äëÿ êîòîðûõ δj = 1.

Èäåÿ àëãîðèòìà îñíîâàíà íà ñõåìå äèíàìè÷åñêîãî ïðîãðàììèðîâàíèÿ è çàêëþ÷à-
åòñÿ â ïåðåáîðå âñåâîçìîæíûõ ñîñòîÿíèé, à äëÿ êàæäîãî ñîñòîÿíèÿ ïî ðåêóððåíòíîé
ôîðìóëå âû÷èñëÿåòñÿ ëó÷øåå äîïóñòèìîå ÷àñòè÷íîå ðàñïèñàíèå.

Èìååòñÿ äâà òèïà îãðàíè÷åíèé, êîòîðûå íåîáõîäèìî ó÷åñòü. Ïåðâîå � ýòî íåïðå-
ðûâíîñòü âûïîëíåíèÿ îïåðàöèé. Äëÿ ñîñòîÿíèÿ x âûïîëíåíèå óñëîâèÿ

i−1∑
k=1

pk < xj <
i−1∑
k=1

pk + pi

îçíà÷àåò, ÷òî îïåðàöèÿ i äåòàëè j áûëà íà÷àòà è åù¼ íå çàâåðøèëàñü. Òîãäà, â ñèëó
íåïðåðûâíîñòè âûïîëíåíèÿ îïåðàöèé, δj äîëæíî áûòü ðàâíî 1. Ïîýòîìó äëÿ òàêîãî x
ïåðåõîä x→ x+ δ, ó êîòîðîãî δj = 0, íåäîïóñòèì.

Âòîðîå � ýòî çàïðåò íà îäíîâðåìåííîå âûïîëíåíèå äâóõ îïåðàöèé íà îäíîé ìàøèíå.
Ñîñòîÿíèå x è åäèíè÷íûå êîìïîíåíòû ïåðåõîäà δ îäíîçíà÷íî îïðåäåëÿþò íàáîð îïå-
ðàöèé, êîòîðûå íàõîäÿòñÿ â ñîñòîÿíèè âûïîëíåíèÿ. Åñëè õîòÿ áû îäíà ïàðà èç ýòîãî
íàáîðà âûïîëíÿåòñÿ íà îäíîé è òîé æå ìàøèíå, òî ïåðåõîä δ íåäîïóñòèì.

Ìíîæåñòâî äîïóñòèìûõ ïåðåõîäîâ, ïðèâîäÿùèõ â ñîñòîÿíèå x ∈ X, îáîçíà÷èì ÷å-
ðåç ∆x. Êàæäûé ïåðåõîä ñîîòâåòñòâóåò âûïîëíåíèþ íåêîòîðîãî íàáîðà îïåðàöèé â òå-
÷åíèå åäèíè÷íîãî èíòåðâàëà âðåìåíè. Íåîáõîäèìî íàéòè êðàò÷àéøóþ ïîñëåäîâàòåëü-
íîñòü äîïóñòèìûõ ïåðåõîäîâ èç ñîñòîÿíèÿ 0 â ñîñòîÿíèå S.

Ïóñòü L(x)�íàèìåíüøåå ÷èñëî ïåðåõîäîâ èç ñîñòîÿíèÿ 0 â ñîñòîÿíèå x. Âûïèøåì
ðåêóððåíòíîå ñîîòíîøåíèå äëÿ ïîèñêà êðàò÷àéøåãî ïóòè:

L(x) = min
δ∈∆x

{L(x− δ) + 1}, x ∈ X \ {0}.

Àëãîðèòì íà÷èíàåò ðàáîòó ñ íà÷àëüíîãî ñîñòîÿíèÿ 0 è â ïîðÿäêå ëåêñèêîãðàôè÷åñêî-
ãî âîçðàñòàíèÿ ïåðåáèðàåò âñå îòìå÷åííûå ñîñòîÿíèÿ x ∈ X, âû÷èñëÿÿ çíà÷åíèÿ L(x).
Ïðè ýòîì çàïîìèíàåò âåêòîð δ(x) ∈ ∆x, íà êîòîðîì äîñòèãàåòñÿ ìèíèìóì L(x). Âåëè-
÷èíà L(S) îïðåäåëÿåò îïòèìàëüíîå çíà÷åíèå öåëåâîé ôóíêöèè çàäà÷è.

Äëÿ âîññòàíîâëåíèÿ ðåøåíèÿ ïåðâîíà÷àëüíî ïîëàãàåì x = S è ðàññìàòðèâàåì ïåðå-
õîä δ(S). Âî âðåìåííîì èíòåðâàëå (L(S) −1, L(S)] âûïîëíÿþòñÿ îïåðàöèè òåõ äåòàëåé,
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äëÿ êîòîðûõ δj(S) = 1. Çàòåì ïåðåõîäèì â ñîñòîÿíèå x = S − δ(S). Âî âðåìåííîì èí-
òåðâàëå (L(S)−2, L(S)−1] âûïîëíÿþòñÿ îïåðàöèè òåõ äåòàëåé, äëÿ êîòîðûõ δj(x) = 1.
È òàê äàëåå, ïîêà íå äîéä¼ì äî ñîñòîÿíèÿ x = 0. Çíàÿ ìíîæåñòâà îïåðàöèé, âûïîëíÿ-
åìûõ â êàæäîì èç èíòåðâàëîâ (t− 1, t], t = 1, 2, . . . , L(S), îïðåäåëÿåì ìîìåíòû íà÷àëà
èõ âûïîëíåíèÿ.

Òðóäî¼ìêîñòü àëãîðèòìà ëèíåéíî çàâèñèò îò êîëè÷åñòâà ñîñòîÿíèé. Äëÿ ñîñòîÿ-
íèÿ x íóæíî âûáðàòü ìèíèìóì èç ∆x ÷èñåë. Âåðõíÿÿ îöåíêà òðóäî¼ìêîñòè ñîñòàâèò
O(2NPN) = O((2P )N). Äëÿ èäåíòè÷íûõ äåòàëåé ýòó îöåíêó ìîæíî óëó÷øèòü. Áåç îãðà-
íè÷åíèÿ îáùíîñòè äåòàëè çàïóñêàþòñÿ â ïîðÿäêå âîçðàñòàíèÿ íîìåðîâ. Î÷åâèäíî, ÷òî
â îïòèìàëüíîì ðàñïèñàíèè òàêîé æå ïîðÿäîê ñîõðàíèòñÿ ïðè âûïîëíåíèè ñîîòâåòñòâó-
þùèõ îïåðàöèé âñåõ äåòàëåé. Ïîýòîìó â ëþáîé ìîìåíò èìååò ìåñòî x1 > x2 > . . . > xN .
Ýòî ïîçâîëÿåò ñóùåñòâåííî ñîêðàòèòü ÷èñëî ïåðåáèðàåìûõ ñîñòîÿíèé. Â ñëó÷àå N < P
âåðõíÿÿ îöåíêà ìîæåò áûòü óìåíüøåíà äî O((2P )N/N !).

Âðåìåííàÿ ñëîæíîñòü àëãîðèòìà ýêñïîíåíöèàëüíî çàâèñèò îò êîëè÷åñòâà äåòà-
ëåé N . ×èñëî ìàøèí M íå âëèÿåò íà òðóäî¼ìêîñòü, òàê êàê â àëãîðèòìå äëÿ êàæäîé
ïàðû îïåðàöèé äåëàåòñÿ ïðîñòàÿ ïðîâåðêà, îáðàáàòûâàþòñÿ ýòè îïåðàöèè íà îäíîé
ìàøèíå èëè íåò. Åñëè ÷èñëî äåòàëåé ôèêñèðîâàòü, òî ïðåäëîæåííûé àëãîðèòì ñòàíî-
âèòñÿ ïñåâäîïîëèíîìèàëüíûì. Òàêèì îáðàçîì, ñïðàâåäëèâà ñëåäóþùàÿ

Òåîðåìà 2. Çàäà÷à ìèíèìèçàöèè îáùåãî âðåìåíè îáðàáîòêè ïàðòèè èäåíòè÷íûõ
äåòàëåé ïðè óñëîâèè, ÷òî êîëè÷åñòâî îáðàáàòûâàåìûõ äåòàëåé îãðàíè÷åíî êîíñòàíòîé,
ðàçðåøèìà çà ïñåâäîïîëèíîìèàëüíîå âðåìÿ.

Îòìåòèì, ÷òî ýòîò âûâîä ìîæåò áûòü òàêæå ïîëó÷åí èç [21] íà îñíîâå ïñåâäîïî-
ëèíîìèàëüíîé ðàçðåøèìîñòè çàäà÷è J |N = const |Cmax. Ïðè N = 2 çàäà÷à ïîëèíîìè-
àëüíî ðàçðåøèìà. Óæå ïðè N = 3 ðàññìàòðèâàåìàÿ çàäà÷à ñòàíîâèòñÿ NP-òðóäíîé â
îáû÷íîì ñìûñëå, ÷òî ïîêàçàíî âûøå.

Â ðåàëüíûõ çàäà÷àõ NP -òðóäíîñòü â çàâèñèìîñòè îò äëèòåëüíîñòåé íå ÿâëÿåòñÿ
êðèòè÷åñêîé, òàê êàê òðóäíî ïðåäñòàâèòü ñèòóàöèþ î÷åíü äëèííûõ òåõíîëîãè÷åñêèõ
ìàðøðóòîâ ïðè îáðàáîòêå äåòàëè. À âîò êîëè÷åñòâî äåòàëåé ìîæåò ìåíÿòüñÿ è ñîñòàâ-
ëÿòü íåñêîëüêî ñîòåí, à âîçìîæíî, è òûñÿ÷è [17]. Ïîýòîìó âàæíî èññëåäîâàíèå âû÷èñ-
ëèòåëüíîé ñëîæíîñòè çàäà÷è â çàâèñèìîñòè îò ïàðàìåòðà N . Äëÿ çàäà÷è ñ èäåíòè÷íû-
ìè äåòàëÿìè äëèíà âõîäà ïî ýòîìó ïàðàìåòðó ñîñòàâëÿåò O(log2N). Òî åñòü ïîëèíî-
ìèàëüíîñòü ïî ýòîìó ïàðàìåòðó ïðåäïîëàãàåò íàëè÷èå ïîëèíîìèàëüíîãî àëãîðèòìà îò
âåëè÷èíû O(log2N). Êàê âàðèàíò, òðóäî¼ìêîñòü àëãîðèòìà ìîæåò íå çàâèñåòü îò N .
Â ñëåäóþùåì ïóíêòå èññëåäóåì âîçìîæíîñòü èñïîëüçîâàíèÿ ïðè ìèíèìèçàöèè Cmax

öèêëè÷åñêèõ ðàñïèñàíèé. Àëãîðèòì ïîñòðîåíèÿ ðàñïèñàíèé ñ ìèíèìàëüíûì âðåìåíåì
öèêëà ÿâëÿåòñÿ ïîëèíîìèàëüíûì è åãî òðóäî¼ìêîñòü íå çàâèñèò îò N .

3. Èñïîëüçîâàíèå öèêëè÷åñêèõ ðàñïèñàíèé
ïðè ìèíèìèçàöèè îáùåãî âðåìåíè

Ðàñïèñàíèå íàçûâàåòñÿ öèêëè÷åñêèì, åñëè âûïîëíåíèå ñîîòâåòñòâóþùèõ îïåðàöèé
ëþáûõ äâóõ ïîñëåäîâàòåëüíî îáðàáàòûâàåìûõ äåòàëåé ïðîèñõîäèò ÷åðåç ïðîìåæóòîê
âðåìåíè C, êîòîðûé íàçûâàåòñÿ äëèíîé öèêëà. Ìèíèìàëüíî âîçìîæíàÿ äëèíà öèêëà
ðàâíà ñóììàðíîé äëèòåëüíîñòè îïåðàöèé îäíîé äåòàëè íà ñàìîé çàãðóæåííîé ìàøèíå.
Öèêë íàçûâàåòñÿ ïîëíûì, åñëè âíóòðè íåãî âûïîëíÿþòñÿ âñå îïåðàöèè {1, 2, . . . , n},
âîçìîæíî, ðàçíûõ äåòàëåé. Öèêëè÷åñêèå ðàñïèñàíèÿ îáåñïå÷èâàþò ðèòìè÷íîñòü ïðî-
èçâîäñòâà, ðàâíîìåðíûé âûõîä ïðîäóêöèè, áîëåå óäîáíóþ ëîãèñòèêó. Ïðè ìèíèìàëü-
íîì âðåìåíè öèêëà C è ðîñòå ÷èñëà èäåíòè÷íûõ äåòàëåé ýôôåêòèâíîñòü ïðîèçâîäñòâà
âîçðàñòàåò è åãî ïðîèçâîäèòåëüíîñòü ñòðåìèòñÿ ê ìàêñèìàëüíî âîçìîæíîé. Áîëåå òîãî,
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öèêëè÷åñêîå ðàñïèñàíèå ñ ìèíèìàëüíûì âðåìåíåì öèêëà ìîæåò áûòü íàéäåíî çà ïî-
ëèíîìèàëüíîå âðåìÿ. Åñòåñòâåííûì îáðàçîì âîçíèêàåò èäåÿ èñïîëüçîâàíèÿ ìàëîòðó-
äî¼ìêîãî àëãîðèòìà ïîñòðîåíèÿ öèêëè÷åñêèõ ðàñïèñàíèé äëÿ ðåøåíèÿ NP -òðóäíîé
çàäà÷è ìèíèìèçàöèè îáùåãî âðåìåíè âûïîëíåíèÿ çàêàçà. Íà îñíîâå òàêèõ ðàñïèñàíèé
â [16] ïîñòðîåí àñèìïòîòè÷åñêè òî÷íûé àëãîðèòì äëÿ êðèòåðèÿ Cmax. Íåäîñòàòêîì
ýòîãî àëãîðèòìà è öèêëè÷åñêèõ ðàñïèñàíèé ÿâëÿåòñÿ òî, ÷òî ìàêñèìàëüíàÿ çàãðóçêà
îáîðóäîâàíèÿ äîñòèãàåòñÿ òîëüêî â ïîëíîì öèêëå. Ïðè çàïóñêå ïàðòèè äåòàëåé è å¼
çàâåðøåíèè ôîðìèðóþòñÿ íåïîëíûå öèêëû è ïðîèñõîäèò ïðîñòîé îáîðóäîâàíèÿ. Äëÿ
ñëîæíîãî òåõíîëîãè÷åñêîãî ìàðøðóòà îáðàáîòêè äåòàëè òàêèå ïðîñòîè ìîãóò áûòü
äîâîëüíî çíà÷èòåëüíûìè. Ïðè áîëüøèõ ðàçìåðàõ ïàðòèè (áîëåå íåñêîëüêèõ òûñÿ÷)
îíè íå òàê ÷óâñòâèòåëüíû, òàê êàê èõ äîëÿ ïðè ðîñòå N ñòðåìèòñÿ ê íóëþ. Íî êîãäà
òðåáóåòñÿ îáðàáîòàòü íåñêîëüêî äåñÿòêîâ èëè ñîòåí ñëîæíûõ äåòàëåé, òî âðåìåííûå
ïîòåðè ìîãóò ñîñòàâëÿòü ñóùåñòâåííóþ ÷àñòü îáùåãî âðåìåíè îáðàáîòêè. Â ýòîì ñëó-
÷àå àñèìïòîòèêà åù¼ íå äàåò ýôôåêòà, à îïèñàííûé âûøå ïñåâäîïîëèíîìèàëüíûé
àëãîðèòì óæå íå ðàáîòàåò èç-çà âûñîêîé òðóäî¼ìêîñòè. Ïðèâåä¼ì íåáîëüøîé ïðèìåð: O1 O2 O3 O4 O5 O6 . . . O2k−1 O2k O2k+1

M0 M1 M0 M2 M0 M3 . . . M0 Mk M0

1 p1 1 p2 1 p3 . . . 1 pk 1

 .

Çäåñü p =
k∑

i=1

pi ⩽ 1. Ìèíèìàëüíîå çíà÷åíèå äëèíû öèêëà îïðåäåëÿåòñÿ çàãðóçêîé ìà-

øèíû M0 è ðàâíî C∗ = k + 1. Íî ïîëíûå öèêëû, â êîòîðûõ âûïîëíÿåòñÿ âåñü íàáîð
îïåðàöèé, íà÷èíàþòñÿ òîëüêî ñ (k+1)-é äåòàëè. Âûïîëíèâ ïåðâóþ è âòîðóþ îïåðàöèþ
ïåðâîé äåòàëè, ìû íå ìîæåò âûïîëíÿòü òðåòüþ îïåðàöèþ íà ìàøèíåM0, õîòÿ îíà ñâî-
áîäíà. Æä¼ì k åäèíèö âðåìåíè è òîëüêî òîãäà çàïóñêàåì âòîðóþ äåòàëü. Òîëüêî êîãäà
äëÿ ïåðâûõ k äåòàëåé áóäóò çàâåðøåíû îïåðàöèè O1, íà÷í¼ò âûïîëíåíèå îïåðàöèÿ O3

ïåðâîé äåòàëè. Äàëåå çàãðóçêà ìàøèíû M0 áóäåò ìàêñèìàëüíî âîçìîæíîé. Íî â èòî-
ãå ñàìàÿ äåôèöèòíàÿ ìàøèíà â íà÷àëüíîé ñòàäèè ïðîöåññà, êàê è â çàêëþ÷èòåëüíîé
ñòàäèè, ïðîñòàèâàåò â îáùåé ñëîæíîñòè k2 åäèíèö âðåìåíè. Òàêèì îáðàçîì, ãëàâíûì
íåäîñòàòêîì öèêëè÷åñêèõ ðàñïèñàíèé ÿâëÿþòñÿ ïîòåðè, ñâÿçàííûå ñ çàïóñêîì è çà-
âåðøåíèåì âñåé ïàðòèè äåòàëåé.

Åñòåñòâåííî âîçíèêàåò æåëàíèå óïëîòíèòü íåïîëíûå öèêëû. Â ðàññìîòðåííîì ïðè-
ìåðå ñæàòèå öèêëè÷åñêîãî ðàñïèñàíèÿ äåéñòâèòåëüíî äà¼ò ýôôåêò è ïðèâîäèò ê îï-
òèìàëüíîìó çíà÷åíèþ Cmax. Äàëåå îïèñàí àëãîðèòì 1 óïëîòíåíèÿ öèêëè÷åñêîãî ðàñ-
ïèñàíèÿ.

Àëãîðèòì 1 ÿâëÿåòñÿ ïîëèíîìèàëüíûì. Òàê êàê àëãîðèòì ïîñòðîåíèÿ ðàñïèñàíèÿ
ñ ìèíèìàëüíîé äëèíîé öèêëà òàêæå ïîëèíîìèàëåí, òî ïîëó÷èòü òàêèì îáðàçîì îïòè-
ìóì ñ êðèòåðèåì Cmax íåâîçìîæíî, ýòî ïðîòèâîðå÷èëî áû òåîðåìå 1. Áîëåå òîãî, åñëè
ðàññìîòðåòü âñ¼ ìíîæåñòâî ðàñïèñàíèé ñ ìèíèìàëüíûì âðåìåíåì öèêëà è êàæäîå èç
íèõ óïëîòíèòü, òî íè îäíî èç ýòèõ ðàñïèñàíèé ìîæåò íå äàòü îïòèìóìà. Ïðèìåð î÷åíü
ïðîñòîé:  O1 O2 O3 O4

M1 M2 M3 M1

1 1 1 1

 .

Ìèíèìàëüíàÿ äëèíà öèêëà C = 2. Ïðè N ⩾ 4 ëþáîå öèêëè÷åñêîå ðàñïèñàíèå (ñ ó÷¼òîì
âîçìîæíîãî ñæàòèÿ) èìååò äëèíó 2N +2. À îïòèìóì äîñòèãàåòñÿ íà ðàñïèñàíèè ðèñ. 6
è èìååò äëèíó 2N . Ïðè N = 4 îòêëîíåíèå îò îïòèìóìà� â 1,25 ðàçà. Ýòî îçíà÷àåò, ÷òî



Çàäà÷à ìèíèìèçàöèè îáùåãî âðåìåíè îáðàáîòêè èäåíòè÷íûõ äåòàëåé 107

Àëãîðèòì 1. Óïëîòíåíèå öèêëè÷åñêîãî ðàñïèñàíèÿ
1: Ñòðîèì öèêëè÷åñêîå ðàñïèñàíèå ñ ìèíèìàëüíûì âðåìåíåì öèêëà.
2: Âûäåëÿåì ïåðâûé öèêë ñ ïîëíûì íàáîðîì îïåðàöèé.
3: Îïåðàöèè, âõîäÿùèå â ýòîò è ïðåäøåñòâóþùèå öèêëû, óïîðÿäî÷èâàåì ïî íåâîç-
ðàñòàíèþ âðåìåíè îêîí÷àíèÿ.

4: Ïðîñìàòðèâàåì ñïèñîê ñ êîíöà: êàæäóþ îïåðàöèþ ñäâèãàåì êàê ìîæíî ïîçäíåå,
ïîêà íå íàðóøèòñÿ îòíîøåíèå ïðåäøåñòâîâàíèÿ èëè äâå îïåðàöèè íå ïîñòóïÿò íà
îäíó ìàøèíó. Ïîëó÷èì ïëîòíîå ðàñïèñàíèå, êîãäà íè îäíà èç îïåðàöèé íå ìîæåò
áûòü ñäâèíóòà íà áîëåå ïîçäíèé ñðîê.

5: Àíàëîãè÷íî ïðè çàâåðøåíèè çàêàçà. Áåð¼ì ïîñëåäíèé öèêë ñ ïîëíûì íàáîðîì îïå-
ðàöèé. Îïåðàöèè ýòîãî è âñåõ ïîñëåäóþùèõ öèêëîâ óïîðÿäî÷èâàåì ïî âîçðàñòàíèþ
ìîìåíòîâ èõ íà÷àëà.

6: Ïðîñìàòðèâàåì ñïèñîê ñ íà÷àëà, êàæäóþ îïåðàöèþ ñäâèãàåì êàê ìîæíî ðàíüøå, äî
ïåðâîãî íàðóøåíèÿ îòíîøåíèÿ ïðåäøåñòâîâàíèÿ èëè ïîñòóïëåíèÿ äâóõ îïåðàöèé
íà îäíó ìàøèíó. Ïîëó÷èì ïëîòíîå ðàñïèñàíèå, êîãäà íè îäíà îïåðàöèÿ íå ìîæåò
áûòü ñäâèíóòà íà áîëåå ðàííèé ñðîê.

äëÿ êðèòåðèÿ ìèíèìèçàöèè îáùåãî âðåìåíè îáðàáîòêè äåòàëåé â êëàññå öèêëè÷åñêèõ
ðàñïèñàíèé íåëüçÿ ãàðàíòèðîâàòü ðåøåíèå ñ îöåíêîé òî÷íîñòè ëó÷øå ÷åì 1,25.

Ðèñ. 6. Îïòèìàëüíîå ðàñïèñàíèå

Åñëè èññëåäîâàòü âîïðîñ î ïðèáëèæåíèè, òî çíà÷åíèå Cmax ìîæíî îöåíèòü ñâåð-
õó âåëè÷èíîé CN + C(n − 1), òàê êàê êîëè÷åñòâî íåïîëíûõ öèêëîâ íå ïðåâîñõîäèò
2C(n − 1), à ïîëíûõ öèêëîâ áóäåò (N − n + 1). Ýòà îöåíêà ìîæåò áûòü óëó÷øåíà äî
çíà÷åíèÿ CN + C(k − 1), ãäå k�êîëè÷åñòâî îáðàáàòûâàåìûõ äåòàëåé â îäíîì öèêëå.
Ëîãè÷íî áûëî áû ïðåäïîëîæèòü, ÷òî ÷åì ìåíüøå äåòàëåé çàäåéñòâîâàíî â öèêëå, òåì
ëó÷øå äîëæíî áûòü ðàñïèñàíèå ïîñëå óïëîòíåíèÿ. Ýòî õîðîøî ñîãëàñóåòñÿ ñ ïðåæ-
íèìè ðåçóëüòàòàìè èç [22], ãäå äîêàçàíà ïñåâäîïîëèíîìèàëüíàÿ ðàçðåøèìîñòü çàäà÷è
ìèíèìèçàöèè ÷èñëà äåòàëåé ïðè óñëîâèè îïòèìàëüíîé äëèíû öèêëà. Îäíàêî óäàëîñü
ïîñòðîèòü ïðèìåð, êîãäà ýòî íå òàê.

Ïóñòü â ïðåäûäóùåì ïðèìåðå äëèòåëüíîñòè îïåðàöèé ðàâíû 2, 3, 3 è 2 åäèíèöû
ñîîòâåòñòâåííî. Íà ïåðâîé ÷àñòè ðèñ. 7 ïðèâåäåíî öèêëè÷åñêîå ðàñïèñàíèå äëÿ N = 5
ñ ìèíèìàëüíî âîçìîæíûì ÷èñëîì äåòàëåé â öèêëå, ðàâíûì òð¼ì. Öèêëû îòäåëåíû âåð-
òèêàëüíûìè ëèíèÿìè. Äâà ïåðâûõ è äâà ïîñëåäíèõ öèêëà íåïîëíûå. Íà âòîðîé ÷àñòè
ðèñ. 7 îòîáðàæåíî ðàñïèñàíèå ïîñëå óïëîòíåíèÿ. Åãî äëèíà ðàâíà 25. Íà ðèñ. 8 ïðèâå-
äåíî ðàñïèñàíèå, êîãäà â öèêëå ìèíèìàëüíîé äëèíû îáðàáàòûâàþòñÿ ÷åòûðå äåòàëè.
Ïîñëå åãî óïëîòíåíèÿ äëèíà ðàñïèñàíèÿ ðàâíà 21. Òåì ñàìûì ÷èñëî äåòàëåé â öèêëå
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íå ÿâëÿåòñÿ îïðåäåëÿþùèì äëÿ ïîèñêà ëó÷øåãî ïðèáëèæåíèÿ â êëàññå öèêëè÷åñêèõ
ðàñïèñàíèé.

Ðèñ. 7. Ðàñïèñàíèå äëÿ òð¼õ äåòàëåé â öèêëå

Ðèñ. 8. Ðàñïèñàíèå äëÿ ÷åòûð¼õ äåòàëåé â öèêëå

Ïîêà íåïîíÿòíî, êàêîå öèêëè÷åñêîå ðàñïèñàíèå ïðèâåä¼ò ê ñàìîé ïëîòíîé óïàêîâ-
êå. Íî, êàê ñêàçàíî ðàíåå, â êëàññå àëãîðèòìîâ, âêëþ÷àþùèõ ïîñòðîåíèå öèêëè÷åñêîãî
ðàñïèñàíèÿ ñ äàëüíåéøèì óïëîòíåíèåì, äîñòèæåíèå îïòèìóìà íå ãàðàíòèðîâàíî. Ýòî
êîñâåííî ãîâîðèò î òîì, ÷òî íåâîçìîæíî ïîñòðîèòü àëãîðèòì ìèíèìèçàöèè Cmax, òðó-
äî¼ìêîñòü êîòîðîãî íå çàâèñèò îò ÷èñëà äåòàëåé.

Öèêëè÷åñêèå ðàñïèñàíèÿ ìîãóò ñóùåñòâåííî ïîìî÷ü, êîãäà êîëè÷åñòâî äåòàëåé,
îäíîâðåìåííî íàõîäÿùèõñÿ â îáðàáîòêå, îãðàíè÷åíî íåêîòîðîé âåëè÷èíîé [23]. Ïðèâå-
ä¼ííûé â íà÷àëå ïóíêòà ïðèìåð ñ (2k + 1) äåòàëÿìè îñîáåííî âàæåí â ñëó÷àå, êîãäà
÷èñëî äåòàëåé, îäíîâðåìåííî íàõîäÿùèõñÿ â îáðàáîòêå, îãðàíè÷åíî íåêîòîðîé âåëè÷è-
íîé H. Äëÿ îáåñïå÷åíèÿ íàèáîëüøåé ïðîèçâîäèòåëüíîñòè ëèíèè íåîáõîäèìî çàïóñêàòü
â ïðîèçâîäñòâî ñðàçó k+1 äåòàëåé, è ýòà âåëè÷èíà ìîæåò ñóùåñòâåííî ïðåâîñõîäèòüH.
Ïðèìåð öèêëè÷åñêîãî ðàñïèñàíèÿ äëÿ äåòàëè ñ øåñòüþ îïåðàöèÿìè ïðè H = 2 ïðèâå-
ä¼í íà ðèñ. 9. Îïåðàöèè O1, O3, O5 âûïîëíÿþòñÿ íà ïåðâîé ìàøèíå, à O2, O4, O6 �íà
âòîðîé. Ìèíèìàëüíî âîçìîæíàÿ äëèíà öèêëà ðàâíà ñóììàðíîé äëèòåëüíîñòè îïåðà-
öèé îäíîé äåòàëè íà ñàìîé çàãðóæåííîé ìàøèíå.
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Ðèñ. 9. Ôðàãìåíò öèêëè÷åñêîãî ðàñïèñàíèÿ

Òåîðåìà 3. Ïðè H = 2 öèêëè÷åñêîå ðàñïèñàíèå ñ ìèíèìàëüíûì âðåìåíåì öèêëà
ïîñëå óïëîòíåíèÿ äà¼ò îïòèìàëüíîå ðåøåíèå äëÿ êðèòåðèÿ Cmax.

Äîêàçàòåëüñòâî îñíîâàíî íà òîì, ÷òî ïðè H = 2 îïåðàöèè, íå âîøåäøèå â îñíîâ-
íîé öèêë, óäà¼òñÿ óïëîòíèòü, è ïðè ýòîì äîñòèãàåòñÿ íèæíÿÿ îöåíêà îïòèìàëüíîãî
âðåìåíè îáðàáîòêè ïàðòèè äåòàëåé. Ïðè H = 2 çàäà÷à ïîëèíîìèàëüíî ðàçðåøèìà.

Ñëåäñòâèå 1. Çàäà÷à F |reentrant, pij=pi, H=2|Cmax ïîëèíîìèàëüíî ðàçðåøèìà.

Ïðè H = 3 îïåðàöèè, íå âîøåäøèå â ïîëíûé öèêë, íå âñåãäà óäà¼òñÿ óïëîòíèòü äî
ñîñòîÿíèÿ, êîãäà áóäåò äîñòèãíóòà íèæíÿÿ îöåíêà. Êðîìå òîãî, âîïðîñ î âû÷èñëèòåëü-
íîé ñëîæíîñòè çàäà÷è ïîñòðîåíèÿ îïòèìàëüíîãî öèêëè÷åñêîãî ðàñïèñàíèÿ äëÿ H = 3
äî ñèõ ïîð îñòà¼òñÿ îòêðûòûì.

Çàêëþ÷åíèå
Èññëåäóåòñÿ âû÷èñëèòåëüíàÿ ñëîæíîñòü çàäà÷è ìèíèìèçàöèè îáùåãî âðåìåíè îá-

ðàáîòêè èäåíòè÷íûõ äåòàëåé ñî ñëîæíûì òåõíîëîãè÷åñêèì ìàðøðóòîì, êîãäà âîç-
ìîæíî íåîäíîêðàòíîå ïîñòóïëåíèå äåòàëåé íà íåêîòîðûå ìàøèíû. Äîêàçàíî, ÷òî çà-
äà÷à F |reentrant, pij = pi|Cmax ÿâëÿåòñÿ NP-òðóäíîé â îáû÷íîì ñìûñëå. Ïðåäëîæåí
àëãîðèòì ïîñòðîåíèÿ òî÷íîãî ðåøåíèÿ çàäà÷è. Ïðè ôèêñèðîâàííîì ÷èñëå äåòàëåé N
àëãîðèòì ÿâëÿåòñÿ ïñåâäîïîëèíîìèàëüíûì è íà åãî îñíîâå ìîæåò áûòü ïîñòðîåíà
âïîëíå ïîëèíîìèàëüíàÿ àïïðîêñèìàöèîííàÿ ñõåìà. Åñëè çàôèêñèðîâàòü òåõíîëîãè-
÷åñêèé ìàðøðóò è äëèòåëüíîñòè îïåðàöèé, òî â çàäà÷å îñòà¼òñÿ åäèíñòâåííûé ïàðà-
ìåòð � ÷èñëî äåòàëåé N , è äëèíà âõîäà ñîñòàâèò O(log2N). Òàêàÿ ñèòóàöèÿ áîëåå õà-
ðàêòåðíà äëÿ ðåàëüíîãî ïðîèçâîäñòâà. Â ýòîì ñëó÷àå âîïðîñ î âû÷èñëèòåëüíîé ñëîæ-
íîñòè îñòà¼òñÿ îòêðûòûì. Èññëåäóåòñÿ âçàèìîñâÿçü äàííîé çàäà÷è ñ çàäà÷åé ïîñòðîå-
íèÿ öèêëè÷åñêèõ ðàñïèñàíèé ñ ìèíèìàëüíûì âðåìåíåì öèêëà, êîòîðàÿ ïîëèíîìèàëüíî
ðàçðåøèìà. Ïîñòðîåíû îöåíêè âîçìîæíîãî îòêëîíåíèÿ ðåøåíèÿ, ïîëó÷åííîãî â êëàññå
öèêëè÷åñêèõ ðàñïèñàíèé, îò îïòèìàëüíîãî çíà÷åíèÿ äëÿ êðèòåðèÿ Cmax.
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Ðàññìàòðèâàåòñÿ NP-òðóäíàÿ îïòèìèçàöèîííàÿ çàäà÷à êîððåëÿöèîííîé êëàñòå-
ðèçàöèè äëÿ íåîðèåíòèðîâàííûõ è íåâçâåøåííûõ çíàêîâûõ ãðàôîâ áåç êðàòíûõ
ð¼áåð è ïåòåëü, ãäå ôóíêöèîíàë îøèáêè ïðåäñòàâëÿåò ñîáîé ëèíåéíóþ êîìáèíà-
öèþ ìåæêëàñòåðíîé è âíóòðèêëàñòåðíîé îøèáîê. Ïðåäëîæåí ñèñòåìíûé ïîäõîä
ïîñòðîåíèÿ è àíàëèçà àëãîðèòìîâ, îñíîâàííûõ íà ñòðóêòóðå ãðàôà, äëÿ ðåøåíèÿ
ýòîé çàäà÷è. Ïîäõîä ïðåäñòàâëåí â âèäå îáùåé ñõåìû, ñîñòîÿùåé èç øåñòè âçàèìî-
ñâÿçàííûõ áëîêîâ, îòðàæàþùèõ îñíîâíûå ýòàïû ðåøåíèÿ çàäà÷è êîððåëÿöèîííîé
êëàñòåðèçàöèè. Ñ èñïîëüçîâàíèåì äàííîé ñõåìû ïðîàíàëèçèðîâàíû øåñòü ñóùå-
ñòâóþùèõ àëãîðèòìîâ. Ñîãëàñíî îáùåé ñõåìå ïîñòðîåí íîâûé àëãîðèòì CarVeR,
êîòîðûé ÿâëÿåòñÿ ìîäèôèêàöèåé àëãîðèòìà SGClustα ñ ïîìîùüþ ïîòåíöèàëü-
íûõ ôóíêöèé. Òîïîëîãèÿ îáùåé ñõåìû îòêðûâàåò âîçìîæíîñòè äëÿ àíàëèçà è
äîêàçàòåëüñòâà âû÷èñëèòåëüíîé ñëîæíîñòè àëãîðèòìîâ, ÷òî ïðîäåìîíñòðèðîâàíî
â òåîðåìå î âû÷èñëèòåëüíîé ñëîæíîñòè àëãîðèòìà CarVeR. Ïðåäñòàâëåíû âû÷èñ-
ëèòåëüíûå ýêñïåðèìåíòû íà ñèíòåòè÷åñêèõ äàííûõ äëÿ ñðàâíåíèÿ ïÿòè àëãîðèò-
ìîâ. Ðåçóëüòàòû ýêñïåðèìåíòîâ ïîêàçàëè êîíêóðåíòíóþ ñïîñîáíîñòü àëãîðèòìà
CarVeR êàê ïî âðåìåíè âûïîëíåíèÿ, òàê è ïî ìèíèìèçàöèè çíà÷åíèÿ ôóíêöèîíà-
ëà îøèáêè.

Êëþ÷åâûå ñëîâà: çíàêîâûé ãðàô, êîððåëÿöèîííàÿ êëàñòåðèçàöèÿ, ñèñòåìàòè-
çàöèÿ àëãîðèòìîâ, ïîòåíöèàëüíûå ôóíêöèè.

APPROACH TO ANALYSIS AND CONSTRUCTION OF ALGORITHMS
FOR SOLVING ONE CLUSTERING PROBLEM ON SIGNED GRAPHS

A.A. Soldatenko, D.V. Semenova, E. I. Ibragimova

Siberian Federal University, Krasnoyarsk, Russia

We consider the NP-hard correlation clustering problem for undirected and unweighted
signed graphs without multiple edges and loops, where the error functional is a linear
combination of intercluster and intracluster errors. In this paper, we propose a sys-
tematic approach for constructing and analyzing graph structure based algorithms to
solve this problem. The approach is presented in the form of a general scheme con-
sisting of six interrelated blocks reflecting the main stages of solving the correlation
clustering problem. Six existing algorithms have been analyzed using this scheme. Ac-
cording to the general scheme, a new algorithm CarVeR has been constructed, which
is a modification of the SGClustα algorithm using potential functions. The topology

1Ðàáîòà ïîääåðæàíà Êðàñíîÿðñêèì ìàòåìàòè÷åñêèì öåíòðîì, ôèíàíñèðóåìûì Ìèíîáðíàóêè ÐÔ
(Ñîãëàøåíèå �075-02-2024-1429).
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of the general scheme opens up the possibility of analyzing and proving the compu-
tational complexity of the algorithms, which is demonstrated in the computational
complexity theorem of the CarVeR algorithm. This paper presents computational ex-
periments on synthetic data to compare five algorithms. The experimental results
show the competitive ability of the CarVeR algorithm both in terms of execution time
and minimization of the value of the error functional.

Keywords: signed graph, correlation clustering, algorithm systematization, potential
functions.

Ââåäåíèå
Íà ïðîòÿæåíèè äåñÿòèëåòèé èññëåäîâàòåëè àêòèâíî èçó÷àþò çàäà÷ó êîððåëÿöèîí-

íîé êëàñòåðèçàöèè è ïðåäëàãàþò ðàçëè÷íûå ìåòîäû åå ðåøåíèÿ. Â çàïàäíîé ëèòåðà-
òóðå äàííàÿ çàäà÷à íîñèò íàçâàíèå Correlation Clustering problem. Èñòîðè÷åñêèé îáçîð
ïî äàííîé ïðîáëåìå ïðèâåä¼í â [1], à äîñòàòî÷íî ïîäðîáíûé îáçîð ñóùåñòâóþùèõ ìå-
òîäîâ ðåøåíèÿ ïðåäñòàâëåí â [2].

Àëãîðèòìû ðåøåíèÿ çàäà÷è êîððåëÿöèîííîé êëàñòåðèçàöèè ìîæíî óñëîâíî ðàçäå-
ëèòü íà òðè ãðóïïû [2]. Ïåðâàÿ ãðóïïà àëãîðèòìîâ ó÷èòûâàåò ñòðóêòóðó ãðàôà [2, 3].
Äëÿ âòîðîé ãðóïïû õàðàêòåðíî ïðåäñòàâëåíèå çàäà÷è êîððåëÿöèîííîé êëàñòåðèçàöèè
êàê çàäà÷è ìàòåìàòè÷åñêîãî ïðîãðàììèðîâàíèÿ (íàïðèìåð, ëèíåéíîãî, öåëî÷èñëåííî-
ãî ëèíåéíîãî, ïîëóîïðåäåë¼ííîãî è äð.) è èñïîëüçîâàíèå ñîîòâåòñòâóþùèõ ìåòîäîâ è
àëãîðèòìîâ äëÿ ðåøåíèÿ çàäà÷è [2, 4�8]. Òðåòüÿ ãðóïïà îñíîâàíà íà ðàçëè÷íûõ ìàò-
ðè÷íûõ ïðåäñòàâëåíèÿõ ãðàôà, ÷òî ïîçâîëÿåò ïðèìåíÿòü â àëãîðèòìàõ àïïàðàò ìàò-
ðè÷íîé àëãåáðû [2, 9]. Äàëåå âíèìàíèå àêöåíòèðîâàíî íà ïåðâîé ãðóïïå àëãîðèòìîâ.

Ñòðóêòóðà ðàáîòû ñëåäóþùàÿ. Â ï. 1 ïðèâåäåíû íåîáõîäèìûå äëÿ äàëüíåéøåãî
èçëîæåíèÿ îïðåäåëåíèÿ è ôîðìóëèðîâêà çàäà÷è êîððåëÿöèîííîé êëàñòåðèçàöèè çíà-
êîâûõ ãðàôîâ. Â ï. 2 èññëåäîâàíû ïîïóëÿðíûå àëãîðèòìû å¼ ðåøåíèÿ, îñíîâàííûå íà
ñòðóêòóðå ãðàôà, è ïðåäëîæåíà îáùàÿ ñõåìà ïîñòðîåíèÿ è àíàëèçà òàêèõ àëãîðèòìîâ.
Â ï. 3 èññëåäóåòñÿ íîâûé àëãîðèòì CaRVeR. Ðåçóëüòàòû âû÷èñëèòåëüíûõ ýêñïåðèìåí-
òîâ ïî ñðàâíåíèþ àëãîðèòìà CaRVeR ñ íåêîòîðûìè èçâåñòíûìè àëãîðèòìàìè ïðåäñòàâ-
ëåíû â ï. 4.

1. Ïîñòàíîâêà çàäà÷è
1.1. Ç í à ê î â û é ã ð à ô

Â ðàáîòå èññëåäóþòñÿ çíàêîâûå ãðàôû âèäà Σ = (G, σ), ãäå G = (V,E) ÿâëÿåòñÿ
íåîðèåíòèðîâàííûì íåâçâåøåííûì ãðàôîì áåç êðàòíûõ ð¼áåð è ïåòåëü ñ ìíîæåñòâîì
âåðøèí V , |V | = n ⩾ 2, è ìíîæåñòâîì ð¼áåð E, |E| = m ⩾ 1. Â ãðàôå G êàæäîå ðåáðî
îäíîçíà÷íî ïðåäñòàâëÿåòñÿ íåóïîðÿäî÷åííîé ïàðîé e = (u, v), ãäå e ∈ E, u, v ∈ V .
Â ýòîì ñëó÷àå ãîâîðÿò, ÷òî ðåáðî e èíöèäåíòíî âåðøèíàì u è v, à âåðøèíû u è v
ñìåæíû. Îáîçíà÷èì ìíîæåñòâî âåðøèí, ñìåæíûõ ñ v, êàê Γ(v) = {u : (v, u) ∈ E}.
Ïîä ñòåïåíüþ âåðøèíû v ïîíèìàåòñÿ ÷èñëî ð¼áåð, èíöèäåíòíûõ åé. Î÷åâèäíî, ÷òî
δ(v) = |Γ(v)|; ñòåïåíüþ ãðàôà áóäåì ñ÷èòàòü ∆ = max

v∈V
δ(v). Íà ð¼áðàõ (u, v) ∈ E

ãðàôà G çàäàíà ôóíêöèÿ çíàêà σ : E → {+,−}, êîòîðàÿ ïîðîæäàåò ðàçáèåíèå ìíîæå-
ñòâà ð¼áåð ãðàôà E = E+∪E−, ãäå E+ �ìíîæåñòâî ïîëîæèòåëüíûõ, E− �ìíîæåñòâî
îòðèöàòåëüíûõ ð¼áåð. Äëÿ ðåáðà e = (u, v) ôóíêöèÿ çíàêà ïðåäñòàâèìà â âèäå

σ(u, v) = sign
([

(u, v) ∈ E+
]
−
[
(u, v) ∈ E−]),

ãäå [·]� ñêîáêè Àéâåðñîíà [10].
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Çíàêîâûé ãðàô íàçûâàåòñÿ k-ñáàëàíñèðîâàííûì, åñëè ìíîæåñòâî åãî âåðøèí ìîæ-
íî ðàçáèòü íà k ïîïàðíî íåïåðåñåêàþùèõñÿ íåïóñòûõ ïîäìíîæåñòâ òàê, ÷òî âñå ïîëî-
æèòåëüíûå ð¼áðà íàõîäÿòñÿ âíóòðè, à îòðèöàòåëüíûå�ìåæäó ïîäìíîæåñòâàìè [11].

1.2. Ç à ä à ÷ à ê î ð ð å ë ÿ ö è î í í î é ê ë à ñ ò å ð è ç à ö è è

Îáîçíà÷èì ñèñòåìó ìíîæåñòâ, îáðàçóþùèõ ðàçáèåíèå ìíîæåñòâà âåðøèí V íà k
ïîäìíîæåñòâ, êàê

C =
{
Ci ⊆ V :

k⋃
i=1

Ci = V, Ci ∩ Cj = ∅, i ̸= j; i = 1, . . . , k

}
. (1)

Èçâåñòíî, ÷òî äëÿ ïðîèçâîëüíîãî çíàêîâîãî ãðàôà ñâîéñòâî k-ñáàëàíñèðîâàííîñòè ìî-
æåò íå âûïîëíÿòüñÿ. Â ýòîì ñëó÷àå èíòåðåñåí ïîèñê òàêîãî ðàçáèåíèÿ ìíîæåñòâà âåð-
øèí ãðàôà, äëÿ êîòîðîãî ÷èñëî îòðèöàòåëüíûõ ð¼áåð âíóòðè ïîäìíîæåñòâ è ÷èñëî
ïîëîæèòåëüíûõ ð¼áåð ìåæäó ïîäìíîæåñòâàìè áóäóò ìèíèìàëüíû. Äàííàÿ çàäà÷à ðàñ-
ñìàòðèâàåòñÿ êàê çàäà÷à êëàñòåðèçàöèè ãðàôà ñî ñïåöèàëüíûì âèäîì ôóíêöèîíàëà
îøèáêè. Ýëåìåíòû ðàçáèåíèÿ Ci ∈ C áóäåì íàçûâàòü êëàñòåðàìè.

Ïîä ïîëîæèòåëüíîé îøèáêîé P (C) ðàçáèåíèÿ (1) áóäåì ïîíèìàòü ÷èñëî ïîëîæè-
òåëüíûõ ð¼áåð ìåæäó ïîäìíîæåñòâàìè C1, . . . , Ck. Çàìåòèì, ÷òî P (C)� ýòî ìåæêëà-
ñòåðíàÿ îøèáêà, âû÷èñëÿåìàÿ ïî ôîðìóëå

P (C) =
k∑

i=1

∑
u∈Ci

∑
v∈V \Ci

[(u, v) ∈ E+] . (2)

Ïîä îòðèöàòåëüíîé îøèáêîé N(C) áóäåì ïîíèìàòü ÷èñëî îòðèöàòåëüíûõ ð¼áåð
âíóòðè ïîäìíîæåñòâ äëÿ ðàçáèåíèÿ (1). Îòðèöàòåëüíàÿ îøèáêà � ýòî âíóòðèêëàñòåð-
íàÿ îøèáêà, âû÷èñëÿåìàÿ ïî ôîðìóëå

N(C) =
k∑

i=1

∑
{u,v}⊆Ci

[(u, v) ∈ E−] . (3)

Â [12] àâòîðû ïðåäëàãàþò ïðåäñòàâëÿòü ñóììàðíóþ îøèáêó â âèäå âûïóêëîé êîìáè-
íàöèè ïîëîæèòåëüíîé è îòðèöàòåëüíîé îøèáîê, çàâèñÿùåé îò ïàðàìåòðà α ∈ [0, 1]:

Qα(C) = αN(C) + (1− α)P (C). (4)

Çàìåòèì, ÷òî ôóíêöèîíàë îøèáêè (4) âñåãäà óäîâëåòâîðÿåò íåðàâåíñòâó

0 ⩽ Qα(C) ⩽ α|E−|+ (1− α)|E+|.

Çàäà÷ó êëàñòåðèçàöèè çíàêîâîãî ãðàôà áóäåì ðàññìàòðèâàòü â ñëåäóþùåé ïîñòà-
íîâêå [13, 14].

Correlation Clustering problem (çàäà÷à ÑÑ)
Óñëîâèå: çàäàí çíàêîâûé ãðàô Σ = (G, σ), ãäå G = (V,E)�íåîðèåíòèðîâàí-

íûé ãðàô; n = |V | ⩾ 2; m = |E| ⩾ 1.
Âîïðîñ: äëÿ çàäàííîãî α ∈ [0, 1] òðåáóåòñÿ íàéòè ðàçáèåíèå C ìíîæåñòâà âåð-

øèí V çíàêîâîãî ãðàôà Σ ñ ìèíèìàëüíîé ñóììàðíîé îøèáêîé Qα(C).
Â ðàáîòå [13] ïîêàçàíî, ÷òî çàäà÷à êîððåëÿöèîííîé êëàñòåðèçàöèè çíàêîâûõ ãðà-

ôîâ ñ ôóíêöèîíàëîì îøèáêè â âèäå (4) ïðè α = 0,5 â ðàñïîçíàâàòåëüíîé ôîðìå ÿâëÿ-
åòñÿ NP-ïîëíîé.
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Ðåøåíèåì çàäà÷è ÿâëÿåòñÿ ìíîæåñòâî êëàñòåðîâ C∗, äîñòàâëÿþùèõ ìèíèìóì ôóíê-
öèîíàëó îøèáêè (4):

C∗ = argmin
C∈Φ

[
αN(C) + (1− α)P (C)

]
, (5)

ãäå Φ =
n⋃

k=1

Φk �ìíîæåñòâî âñåõ âîçìîæíûõ ðàçáèåíèé V ; Φk �ìíîæåñòâî ðàçáèåíèé

íà k ïîäìíîæåñòâ. Ìîùíîñòü ïðîñòðàíñòâà ðåøåíèé Φ ðàâíà ÷èñëó Áåëëà Bn. Ñëåäóåò
îòìåòèòü, ÷òî ðåøåíèå (5) ìîæåò áûòü íå åäèíñòâåííûì.

Ïðè α = 0 è 1 äàííàÿ çàäà÷à âûðîæäàåòñÿ â ïîëèíîìèàëüíî ðàçðåøèìûå ñëó÷àè
ìèíèìèçàöèè ìåæêëàñòåðíîé (2) è âíóòðèêëàñòåðíîé (3) îøèáîê ñîîòâåòñòâåííî.

Îäíà èç ñòðàòåãèé ïîèñêà íåòðèâèàëüíîãî ðåøåíèÿ çàäà÷è êîððåëÿöèîííîé êëàñòå-
ðèçàöèè çíàêîâûõ ãðàôîâ äëÿ α = 0 ôîðìóëèðóåòñÿ ñëåäóþùèì îáðàçîì. Ìíîæåñòâî
êëàñòåðîâ C = {C1, C2, . . . , Ck} ôîðìèðóåòñÿ èç èñõîäíîãî çíàêîâîãî ãðàôà Σ ïóò¼ì
íàõîæäåíèÿ êîìïîíåíò ñâÿçíîñòè C1, C2, . . . , Ck ïîðîæä¼ííîãî ãðàôà Σ+ = (V,E+).
Ïîëó÷åííîå ðàçáèåíèå èìååò îøèáêó Q0(C) = 0. Òàêàÿ ñòðàòåãèÿ ìîæåò áûòü ðåà-
ëèçîâàíà àëãîðèòìàìè ïîèñêà â ãëóáèíó èëè øèðèíó, âðåìåíí�àÿ ñëîæíîñòü êîòîðûõ
ñîñòàâëÿåò O(n+ |E+|) [15]. Äëÿ ïîèñêà íåòðèâèàëüíîãî ðåøåíèÿ ñ ïàðàìåòðîì α = 1
ìîæíî ïðèìåíèòü ñëåäóþùóþ ñòðàòåãèþ. Èçíà÷àëüíî ïîëàãàåòñÿ, ÷òî âñå âåðøèíû
íàõîäÿòñÿ â îäíîì êëàñòåðå. Äàëåå íà êàæäîì øàãå âåðøèíà, èíöèäåíòíàÿ íàèáîëü-
øåìó ÷èñëó îòðèöàòåëüíûõ ð¼áåð, âûäåëÿåòñÿ â îòäåëüíûé êëàñòåð. Â ðåçóëüòàòå äëÿ
ëþáîãî ðåáðà e = (u, v) ∈ E− âûïîëíÿåòñÿ, ÷òî u ∈ Ci è v ∈ Cj, ãäå i ̸= j. Äàííàÿ
ïðîöåäóðà ïðèâîäèò ê ðàçáèåíèþ C ñ îøèáêîé Q1(C) = 0. Òàêàÿ ñòðàòåãèÿ âûïîëíèìà
çà âðåìÿ, íå ïðåâûøàþùåå O(n2 + nm).

2. Îáùàÿ ñõåìà àëãîðèòìîâ, îñíîâàííûõ íà ñòðóêòóðå ãðàôà
Èññëåäîâàíèå àëãîðèòìîâ, îñíîâàííûõ íà ñòðóêòóðå ãðàôà, âûÿâèëî îáùóþ ñõå-

ìó â îðãàíèçàöèè âû÷èñëåíèé äëÿ ðåøåíèÿ çàäà÷è êîððåëÿöèîííîé êëàñòåðèçàöèè,
êîòîðàÿ ïðåäñòàâëåíà íà ðèñ. 1.
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Ðèñ. 1. Îáùàÿ ñõåìà àëãîðèòìîâ, îñíîâàííûõ íà ñòðóêòóðå ãðàôà

Áëîê ¾Íà÷àëüíîå ðàçáèåíèå¿ ñîäåðæèò ôóíêöèþ Init(Σ), îñóùåñòâëÿþùóþ ïåðâî-
íà÷àëüíîå ðàçáèåíèå ìíîæåñòâà âåðøèí V çíàêîâîãî ãðàôà Σ ïî íåêîòîðîìó ïðàâè-
ëó. Òðèâèàëüíûì ñëó÷àåì òàêîãî ðàçáèåíèÿ áóäåì ñ÷èòàòü ñëó÷àéíîå ðàçáèåíèå V íà
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ôèêñèðîâàííîå èëè íåôèêñèðîâàííîå êîëè÷åñòâî êëàñòåðîâ. Äàííûé áëîê çà÷àñòóþ
âûïîëíÿåòñÿ åäèíîæäû ïðè çàïóñêå àëãîðèòìà è ôîðìèðóåò ïåðâîíà÷àëüíîå ðàçáèå-
íèå C0 ∈ Φ âèäà (1).

Áëîê ¾Ðåøàþùàÿ ôóíêöèÿ¿ ÿâëÿåòñÿ ïîäãîòîâèòåëüíûì äëÿ áëîêà ¾Ïåðåìåùå-
íèå¿. Ðåøàþùàÿ ôóíêöèÿ îñóùåñòâëÿåò ðàçäåëåíèå ìíîæåñòâà âåðøèí V ñ ó÷¼òîì
òåêóùåãî ðàçáèåíèÿ C íà äâà ïîäìíîæåñòâà

d (V | C) = V�x ⊔ Vmov, (6)

ãäå V�x �ìíîæåñòâî çàáëîêèðîâàííûõ äëÿ ïåðåìåùåíèÿ ìåæäó êëàñòåðàìè âåðøèí;
Vmov �ìíîæåñòâî äîïóñòèìûõ äëÿ ïåðåìåùåíèÿ âåðøèí. Òðèâèàëüíîé áóäåì ñ÷èòàòü
ðåøàþùóþ ôóíêöèþ, âîçâðàùàþùóþ Vmov = V .

Áëîê ¾Ïåðåìåùåíèå¿ ñîäåðæèò ôóíêöèþ ψ(C |Vmov), êîòîðàÿ îòâå÷àåò çà ïåðåìå-
ùåíèå âåðøèí èç ìíîæåñòâà Vmov ìåæäó êëàñòåðàìè òåêóùåãî ðàçáèåíèÿ C è òåì
ñàìûì ôîðìèðóåò íîâîå ðàçáèåíèå Cnew ∈ Φ. Âåðøèíû ìîãóò ïåðåìåùàòüñÿ íå òîëüêî
ìåæäó ñóùåñòâóþùèìè êëàñòåðàìè, íî è îáðàçîâûâàòü íîâûå êëàñòåðû.

Áëîê ¾Îöåíêà¿ ñîñòîèò èç äâóõ ýòàïîâ. Íà ïåðâîì ýòàïå âû÷èñëÿåòñÿ ôóíêöèîíàë
îøèáêè Q(Cnew). Íà âòîðîì ýòàïå ïðîâîäèòñÿ ñðàâíåíèå òåêóùåãî ðàçáèåíèÿ ñ ðàíåå
íàéäåííûìè ïî çíà÷åíèþ ôóíêöèîíàëà îøèáêè. Äàííûé áëîê ïðèñóòñòâóåò è â àëãî-
ðèòìå, êîòîðûé íàõîäèò ïîñëåäîâàòåëüíî èëè ïàðàëëåëüíî íåñêîëüêî ðàçáèåíèé.

Áëîê ¾Êðèòåðèé îñòàíîâà¿ ïîçâîëÿåò èñêëþ÷èòü ïåðåáîð ïî âñåìó ìíîæåñòâó Φ.
Â êà÷åñòâå êðèòåðèÿ îñòàíîâà ìîãóò âûñòóïàòü: âðåìÿ, ÷èñëî èòåðàöèé, çíà÷åíèå
ôóíêöèîíàëà îøèáêè, íåâÿçêà ôóíêöèîíàëà îøèáêè è ò. ï.

Áëîê ¾Âîçìóùåíèå ðåøåíèÿ¿ íàöåëåí íà âûõîä èç ëîêàëüíîãî ìèíèìóìà ôóíê-
öèîíàëà îøèáêè ïóò¼ì ïåðåìåøèâàíèÿ âåðøèí òåêóùåãî ðàçáèåíèÿ, ïðè ýòîì ñïîñîá
ïåðåìåøèâàíèÿ ìîæåò îïðåäåëÿòü îñíîâíóþ èäåþ àëãîðèòìà. Äàííûé áëîê ìîæåò
ñëåäîâàòü ïîñëå ëþáîãî äðóãîãî áëîêà îáùåé ñõåìû è ïîâòîðÿòüñÿ ìíîãîêðàòíî.

Â òàáë. 1 èçâåñòíûå àëãîðèòìû ðåøåíèÿ çàäà÷è êîððåëÿöèîííîé êëàñòåðèçà-
öèè ïðåäñòàâëåíû â âèäå ïîñëåäîâàòåëüíîñòåé áëîêîâ èç ñõåìû ðèñ. 1. Ñèìâîëàìè
¾+¿/¾−¿ îáîçíà÷àåòñÿ ñîîòâåòñòâåííî ïðèñóòñòâèå èëè îòñóòñòâèå áëîêà. Èñïîëü-
çóþòñÿ òàêæå ñëåäóþùèå îáîçíà÷åíèÿ: alg � ðåçóëüòàò ðàáîòû äðóãîãî àëãîðèòìà;
special � ñïåöèàëüíûì îáðàçîì; trivial � òðèâèàëüíûé ñëó÷àé; time � âðåìÿ; iter � ÷èñ-
ëî èòåðàöèé; |V |�ïðîñìîòðåíû âñå âåðøèíû. Â ñòîëáöå ¾Ïåðåìåùåíèå¿: i� àëãîðèòì
îäíîìîìåíòíî ïåðåìåùàåò i âåðøèí è ïðè ýòîì ìîæåò ñîçäàâàòü íîâûå êëàñòåðû; 1 �
àëãîðèòìó çàïðåùåíî ñîçäàâàòü íîâûå êëàñòåðû â ïðîöåññå ïåðåìåùåíèÿ îäíîé âåð-
øèíû. ×èñëî âåðøèí i ìîæåò áûòü ôèêñèðîâàííûì â àëãîðèòìå ëèáî ÿâëÿòüñÿ åãî
âõîäíûì ïàðàìåòðîì, ÷òî îáîçíà÷àåòñÿ êàê r.

Ðàññìîòðèì ñòðóêòóðó àëãîðèòìîâ èç òàáë. 1 â ñîîòâåòñòâèè ñî ñõåìîé ðèñ. 1.
Àëãîðèòì Relocation heuristic (RH) ïðåäëîæåí â [14] è îòíîñèòñÿ ê êëàññó ýâðèñòè-

÷åñêèõ àëãîðèòìîâ. Êîëè÷åñòâî êëàñòåðîâ ðàçáèåíèÿ ÿâëÿåòñÿ âõîäíûì ïàðàìåòðîì
àëãîðèòìà. Ïåðâîíà÷àëüíîå ðàçáèåíèå C0 ñòðîèòñÿ ñëó÷àéíûì îáðàçîì, ÷òî ñîîòâåò-
ñòâóåò òðèâèàëüíîìó ñëó÷àþ áëîêà ¾Íà÷àëüíîå ðàçáèåíèå¿. Ìíîæåñòâî äîïóñòèìûõ
äëÿ ïåðåìåùåíèÿ âåðøèí Vmov ìåæäó êëàñòåðàìè ñîâïàäàåò ñî âñåì ìíîæåñòâîì âåð-
øèí V , ÷òî ñîîòâåòñòâóåò òðèâèàëüíîìó ñëó÷àþ äëÿ ôóíêöèè (6) â áëîêå ¾Ðåøàþùàÿ
ôóíêöèÿ¿. Áëîêó ¾Ïåðåìåùåíèå¿ â òàáë. 1 ñîîòâåòñòâóåò ñèìâîë 1 , ÷òî îçíà÷àåò ïå-
ðåìåùåíèå ìåæäó êëàñòåðàìè ðîâíî îäíîé âåðøèíû áåç îáðàçîâàíèÿ íîâûõ êëàñòåðîâ.
Äëÿ êàæäîé âåðøèíû îöåíèâàþòñÿ âñå å¼ âîçìîæíûå ïåðåìåùåíèÿ ìåæäó êëàñòåðàìè.
Ðåàëèçóåòñÿ ïåðåìåùåíèå, ïðè êîòîðîì îøèáêà áóäåò íàèìåíüøåé. Ïðîöåññ ïîâòîðÿ-
åòñÿ äî òåõ ïîð, ïîêà íå èñòå÷¼ò çàäàííîå âðåìÿ.
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Òà á ë è ö à 1
Ïðåäñòàâëåíèå àëãîðèòìîâ ðåøåíèÿ çàäà÷è êîððåëÿöèîííîé êëàñòåðèçàöèè

ïî ôàçàì ñõåìû ðèñ. 1
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Relocation heuristic (RH) P. Doreian,
A. Mrvar (1996)

trivial trivial 1 time −

Tabu search M. J. Brusco,
P. Doreian (2019)

alg special 1 time −

Variable neighborhood
search

M. J. Brusco,
P. Doreian (2019)

alg trivial 1 time +

KwikCluster N. Ailon,
M. Charikar,
A. Newman (2008)

special − − |V | −

Iterated local search (ILS) M. Levorato,
L. Drummond,
Y. Frota,
R. Figueiredo (2015)

special trivial 1 . . . r iter, time +

SGClustα Ý.È. Èáðàãèìîâà,
Ä.Â. Ñåìåíîâà,
À.À. Ñîëäàòåíêî (2023)

special special 1 |V | −

Ìåòàýâðèñòè÷åñêèé àëãîðèòì Tabu search ïðåäëîæåí â [16]. Êîëè÷åñòâî êëàñòåðîâ
ðàçáèåíèÿ ÿâëÿåòñÿ âõîäíûì ïàðàìåòðîì àëãîðèòìà. Íà÷àëüíîå ðàçáèåíèå C0 ÿâëÿ-
åòñÿ ðåçóëüòàòîì ðàáîòû àëãîðèòìà RH. Âî èçáåæàíèè ïîëíîãî ïåðåáîðà àâòîðàìè
ââîäèòñÿ ðåøàþùàÿ ôóíêöèÿ âèäà (6), ãäå ìíîæåñòâî ôèêñèðîâàííûõ âåðøèí V�x
îïðåäåëÿåòñÿ ñïèñêîì tabu. Ñïèñîê tabu ôîðìèðóåòñÿ èç ïàð (v, itv), ãäå v�ïåðåìå-
ù¼ííàÿ íà òåêóùåé èòåðàöèè âåðøèíà, à itv �÷èñëî èòåðàöèé, íà êîòîðîå âåðøèíà v
ïîìåùàåòñÿ â ñïèñîê tabu. Âñå ïîñëåäóþùèå áëîêè àíàëîãè÷íû àëãîðèòìó RH.

Ìåòàýâðèñòè÷åñêèé àëãîðèòì Variable neighborhood search ïðåäëîæåí â [16]. Àëãî-
ðèòì ïðåäñòàâëÿåò ñîáîé ìîäèôèêàöèþ RH. Ñóòü ìîäèôèêàöèè ñîñòîèò â äîáàâëåíèè
áëîêà ¾Âîçìóùåíèå ðåøåíèÿ¿ äëÿ ðàçáèåíèÿ, ïîäàþùåãîñÿ íà âõîä áëîêó ¾Ðåøàþùàÿ
ôóíêöèÿ¿, è â èçìåíåíèè áëîêà ¾Îöåíêà¿. Ðåøåíèå âîçìóùàåòñÿ ñëåäóþùèì îáðàçîì.
Äëÿ êàæäîé âåðøèíû ãðàôà ðàçûãðûâàåòñÿ ñëó÷àéíàÿ áåðíóëëèåâñêàÿ âåëè÷èíà ñ çà-
äàííûì ïàðàìåòðîì âåðîÿòíîñòè óñïåõà ypert. Â ñëó÷àå íàñòóïëåíèÿ óñïåõà äàííàÿ
âåðøèíà ïåðåìåùàåòñÿ èç òåêóùåãî êëàñòåðà â äðóãîé ñëó÷àéíûé êëàñòåð. Äàëåå çà-
ïóñêàåòñÿ àëãîðèòì RH ñ íà÷àëüíûì ðàçáèåíèåì, ñîîòâåòñòâóþùèì âîçìóù¼ííîìó
ðåøåíèþ. Â áëîêå ¾Îöåíêà¿ ðåçóëüòàò ðàáîòû RH ñðàâíèâàåòñÿ ñ ïðåäûäóùèì ðàçáè-
åíèåì. Åñëè îøèáêà íå óìåíüøèëàñü, òî âåðîÿòíîñòü ïåðåìåùåíèÿ ypert óâåëè÷èâàåòñÿ
íà øàã ystep, çàäàííûé ïàðàìåòðîì àëãîðèòìà, à ïîëó÷åííîå ðàçáèåíèå çàáûâàåòñÿ.
Â ïðîòèâíîì ñëó÷àå ðåøåíèå ñòàíîâèòñÿ íîâûì òåêóùèì ðàçáèåíèåì.

Ýâðèñòè÷åñêèé àëãîðèòì KwikCluster ïðåäëîæåí â [3]. Ñîãëàñíî ñõåìå ðèñ. 1, àëãî-
ðèòì ñîäåðæèò òîëüêî áëîê ¾Íà÷àëüíîå ðàçáèåíèå¿. Ïîñòðîåíèå ðàçáèåíèÿ îñóùåñòâ-
ëÿåòñÿ ñëåäóþùèì îáðàçîì: ñëó÷àéíî âûáèðàåòñÿ âåðøèíà èç ìíîæåñòâà íåïðîñìîò-
ðåííûõ âåðøèí; âåðøèíû, ñîåäèí¼ííûå ñ íåé ïîëîæèòåëüíûì ðåáðîì, ïîìåùàþòñÿ
â òîò æå êëàñòåð è îòìå÷àþòñÿ êàê ïðîñìîòðåííûå. Ïðîöåññ ïîâòîðÿåòñÿ, ïîêà íå áó-
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äóò ïðîñìîòðåíû âñå âåðøèíû. Àëãîðèòì â õîäå ðàáîòû íå âûïîëíÿåò äàëüíåéøåãî
ïåðåìåùåíèÿ âåðøèí.

Ìåòàýâðèñòè÷åñêèé àëãîðèòì Iterated local search (ILS) ïðåäëîæåí â [17]. Áëîê
¾Íà÷àëüíîå ðàçáèåíèå¿ ñòðîèòñÿ ñëåäóþùèì îáðàçîì. Ââîäèòñÿ ôóíêöèÿ äèñáàëàí-
ñà ñïåöèàëüíîãî âèäà äëÿ ðàíæèðîâàíèÿ âåðøèí ãðàôà, ÷òî ïîçâîëÿåò ñôîðìèðîâàòü
óïîðÿäî÷åííûé ñïèñîê âåðøèí. Äàëåå ñòðîèòñÿ α-ñðåç ñïèñêà âåðøèí, èç êîòîðîãî
ñëó÷àéíûì îáðàçîì âûáèðàåòñÿ âåðøèíà è ðàçìåùàåòñÿ â êëàñòåðå ñîãëàñíî ôóíêöèè
äèñáàëàíñà. Ïðîöåäóðà ïîâòîðÿåòñÿ äî òåõ ïîð, ïîêà âñå âåðøèíû íå áóäóò ðàçìåùåíû
ïî çàäàííîìó ÷èñëó êëàñòåðîâ. Ãëóáèíà ñðåçà α ÿâëÿåòñÿ âõîäíûì ïàðàìåòðîì àëãî-
ðèòìà. Áëîê ¾Âîçìóùåíèå ðåøåíèÿ¿ ïðèìåíÿåòñÿ ê ðàçáèåíèþ, ïåðåäàâàåìîìó â áëîê
¾Ðåøàþùàÿ ôóíêöèÿ¿, è çàêëþ÷àåòñÿ â ñëåäóþùåì. Âûáèðàåòñÿ ñëó÷àéíàÿ âåðøèíà
èç ñëó÷àéíîãî êëàñòåðà è ïåðåìåùàåòñÿ â äðóãîé ñëó÷àéíûé êëàñòåð. Äàííàÿ ïðîöå-
äóðà âûïîëíÿåòñÿ t ðàç. Ìíîæåñòâî äîïóñòèìûõ äëÿ ïåðåìåùåíèÿ âåðøèí Vmov ìåæäó
êëàñòåðàìè ñîâïàäàåò ñ ìíîæåñòâîì âåðøèí V , ÷òî ñîîòâåòñòâóåò òðèâèàëüíîìó ñëó-
÷àþ äëÿ ôóíêöèè (6) â áëîêå ¾Ðåøàþùàÿ ôóíêöèÿ¿. Â òàáë. 1 áëîê ¾Ïåðåìåùåíèå¿
ñîäåðæèò îáîçíà÷åíèå 1 . . . r, ÷òî ñîîòâåòñòâóåò ïåðåìåùåíèþ ìåæäó êëàñòåðàìè îò
îäíîé äî r âåðøèí c âîçìîæíîñòüþ îáðàçîâàíèÿ íîâûõ êëàñòåðîâ. Ïåðåìåùåíèÿ âåð-
øèí ïåðåáèðàþòñÿ äî òåõ ïîð, ïîêà íå áóäåò íàéäåíî ïåðâîå óëó÷øåíèå ôóíêöèîíàëà
îøèáêè. Äàííîå ïåðåìåùåíèå áóäåò ðåçóëüòàòîì áëîêà. Áëîê ¾Îöåíêà¿ ñðàâíèâàåò
ïîëó÷åííîå ðàçáèåíèå ñ ïðåäûäóùèì. Åñëè îøèáêà íå óìåíüøèëàñü, òî ÷èñëî âîçìó-
ùåíèé t óâåëè÷èâàåòñÿ íà åäèíèöó. Âîçìóùåíèÿ îñóùåñòâëÿþòñÿ äî òåõ ïîð, ïîêà t
íå äîñòèãíåò çíà÷åíèÿ ñîîòâåòñòâóþùåãî ïàðàìåòðà àëãîðèòìà. Àâòîðû ïðåäëàãàþò
çàïóñêàòü äàííûé àëãîðèòì ìíîãîêðàòíî, ñîãëàñíî çíà÷åíèþ ïàðàìåòðà iter, ëèáî äî
èñòå÷åíèÿ çàäàííîãî âðåìåíè ðàáîòû time. Â êà÷åñòâå èòîãîâîãî ðàçáèåíèÿ âûáèðàåòñÿ
íàèëó÷øåå â ñìûñëå ôóíêöèîíàëà îøèáêè ñðåäè âñåõ ðåøåíèé.

Ýâðèñòè÷åñêèé àëãîðèòì SGClustα ïðåäëîæåí â ðàáîòàõ [18, 19]. Â êà÷åñòâå ïåðâî-
íà÷àëüíîãî ðàçáèåíèÿ âûáèðàþòñÿ êîìïîíåíòû ñâÿçíîñòè â ãðàôå Σ+, êîòîðûé ïîëó-
÷àåòñÿ èç ãðàôà Σ ïóò¼ì óäàëåíèÿ âñåõ îòðèöàòåëüíûõ ð¼áåð. Ðåøàþùàÿ ôóíêöèÿ (6)
çàâèñèò îò âíóòðèêëàñòåðíîé îøèáêè êàæäîé âåðøèíû è îáíîâëÿåìîãî íà êàæäîé
èòåðàöèè çàêðûòîãî ñïèñêà closeList. Åñëè âíóòðèêëàñòåðíàÿ îøèáêà âåðøèíû îò-
ëè÷íà îò íóëÿ è âåðøèíà íå ñîäåðæèòñÿ â ñïèñêå closeList, òî îíà ïîìåùàåòñÿ â ìíî-
æåñòâî Vmov. Áëîêó ¾Ïåðåìåùåíèå¿ â òàáë. 1 ñîîòâåòñòâóåò ñèìâîë 1, ÷òî îçíà÷àåò
ïåðåìåùåíèå ìåæäó êëàñòåðàìè ðîâíî îäíîé âåðøèíû ñ âîçìîæíîñòüþ îáðàçîâàíèÿ
íîâûõ êëàñòåðîâ. Âåðøèíà ñ íàèáîëüøåé âíóòðèêëàñòåðíîé îøèáêîé âûáèðàåòñÿ èç
ìíîæåñòâà Vmov. Äàííàÿ âåðøèíà ïîî÷åðåäíî ïðèñîåäèíÿåòñÿ ê êàæäîìó èç êëàñòåðîâ
òåêóùåãî ðàçáèåíèÿ, âêëþ÷àÿ ïóñòîé. Ðåàëèçóåòñÿ ïåðåìåùåíèå, îáåñïå÷èâàþùåå íàè-
ìåíüøåå çíà÷åíèå ôóíêöèîíàëà îøèáêè. Ïåðåìåù¼ííàÿ âåðøèíà äîáàâëÿåòñÿ â çàêðû-
òûé ñïèñîê closeList. Ïðîöåññ ïîâòîðÿåòñÿ, ïîêà íå áóäóò ïðîñìîòðåíû âñå âåðøèíû
èç ìíîæåñòâà V ëèáî íà òåêóùåé èòåðàöèè ìíîæåñòâî äîïóñòèìûõ äëÿ ïåðåìåùåíèÿ
âåðøèí íå ñòàíåò ïóñòûì (Vmov = ∅).

3. Àëãîðèòì CaRVeR ñ ïîòåíöèàëüíûìè ôóíêöèÿìè
Ðàññìîòðèì ìîäèôèêàöèþ àëãîðèòìà SGClustα, èìåíóåìóþ CaRVeR (Careful Vertex

Relocator), âïåðâûå èçëîæåííóþ â [20]. Ñóòü ìîäèôèêàöèè çàêëþ÷àåòñÿ â ïðèìåíåíèè
ïîòåíöèàëüíûõ ôóíêöèé â áëîêå ¾Ðåøàþùàÿ ôóíêöèÿ¿. Èññëåäóåì äàííûé àëãîðèòì
ñîãëàñíî áëîêàì ñõåìû ðèñ. 1.
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3.1. Í à ÷ à ë ü í î å ð à ç á è å í è å

Àëãîðèòì ìîæåò ðàáîòàòü ñ ëþáûì íà÷àëüíûì ðàçáèåíèåì, îäíàêî öåëåñîîáðàç-
íî ñòðîèòü íåêîòîðîå ðàçáèåíèå, îòëè÷íîå îò òðèâèàëüíîãî ñëó÷àÿ. Â àëãîðèòìå èñ-
ïîëüçóåòñÿ ñëåäóþùèé ïðîñòîé äâóõøàãîâûé ìåòîä ïîñòðîåíèÿ íà÷àëüíîãî ðàçáèåíèÿ.
Íà ïåðâîì øàãå ñòðîèòñÿ ãðàô Σ+ ïóò¼ì óäàëåíèÿ âñåõ îòðèöàòåëüíûõ ð¼áåð â èñõîä-
íîì ãðàôå Σ. Ýòîò øàã òðåáóåò âðåìåíè O(m). Íà âòîðîì øàãå àëãîðèòìîì ïîèñêà
â øèðèíó â ãðàôå Σ+ âûäåëÿþòñÿ êîìïîíåíòû ñâÿçíîñòè. Ìíîæåñòâî âåðøèí â êîì-
ïîíåíòå ñâÿçíîñòè ãðàôà Σ+ ÿâëÿåòñÿ êëàñòåðîì â ãðàôå Σ. Ìíîæåñòâî C âñåõ òàêèõ
êëàñòåðîâ îáðàçóåò ïåðâîíà÷àëüíîå ðàçáèåíèå C0. Ýòîò øàã òðåáóåò âðåìåíè íå áîëåå
÷åì O(n +m) [15]. Êîëè÷åñòâî êëàñòåðîâ îïðåäåëÿåòñÿ ÷èñëîì êîìïîíåíò ñâÿçíîñòè
|C0| = k(Σ+).

Èç ýòèõ ðàññóæäåíèé âûòåêàåò ñëåäóþùàÿ ëåììà:

Ëåììà 1. Ñëîæíîñòü âûïîëíåíèÿ áëîêà ¾Íà÷àëüíîå ðàçáèåíèå¿ äëÿ àëãîðèòìà
CaRVeR ñîñòàâëÿåò O(n+m).

Îòëè÷èòåëüíîå ñâîéñòâî òàêîãî íà÷àëüíîãî ðàçáèåíèÿ çàêëþ÷àåòñÿ â òîì, ÷òî îíî
îáëàäàåò ìåæêëàñòåðíîé îøèáêîé P (C) = 0. Äàííàÿ ñòðàòåãèÿ îáîñíîâàíà òåì, ÷òî
àëãîðèòì CaRVeR â õîäå ðàáîòû óìåíüøàåò âíóòðèêëàñòåðíóþ îøèáêó áåç óâåëè÷åíèÿ
ñóììàðíîé îøèáêè.

3.2. Ð å ø à þ ù à ÿ ô ó í ê ö è ÿ

Ðåøàþùàÿ ôóíêöèÿ (6) çàâèñèò îò çíà÷åíèÿ ïîòåíöèàëüíîé ôóíêöèè äëÿ êàæäîé
âåðøèíû ïðè òåêóùåì ðàçáèåíèè C. Çíà÷åíèå ïîòåíöèàëüíîé ôóíêöèè âåðøèíû v,
ïðèíàäëåæàùåé êëàñòåðó C ∈ C, áóäåì âû÷èñëÿòü ñëåäóþùèì îáðàçîì:

π(v) = α

( ∑
u∈Γ(v)∩C

[(v, u) ∈ E−]−
∑

u∈Γ(v)\C
[(v, u) ∈ E−]

)
+

+(1− α)

( ∑
u∈Γ(v)\C

[(v, u) ∈ E+]−
∑

u∈Γ(v)∩C
[(v, u) ∈ E+]

)
.

(7)

Â (7) ïåðâîå ñëàãàåìîå îïðåäåëÿåòñÿ êàê ðàçíîñòü òåêóùåãî âêëàäà âåðøèíû v â îòðè-
öàòåëüíóþ îøèáêó è ÷èñëà êîððåêòíûõ îòðèöàòåëüíûõ ð¼áåð. Âòîðîå ñëàãàåìîå åñòü
ðàçíîñòü òåêóùåãî âêëàäà âåðøèíû v â ìåæêëàñòåðíóþ îøèáêó è ÷èñëà êîððåêòíûõ
ïîëîæèòåëüíûõ ð¼áåð. Ñëåäîâàòåëüíî, ïîòåíöèàëüíàÿ ôóíêöèÿ (7) ñîñòîèò èç ìåæêëà-
ñòåðíîé è âíóòðèêëàñòåðíîé îøèáêè âåðøèíû v è íîñèò ñëåäóþùèé ñìûñë: ¾ìîæåò ëè
ïðè èäåàëüíûõ óñëîâèÿõ âåðøèíà v èìåòü ìåíüøèé âêëàä â îøèáêó, ÷åì ñåé÷àñ â êëà-
ñòåðå C?¿ Âûáîð âåðøèíû v è å¼ ïåðåìåùåíèå â äðóãîé êëàñòåð îäíîçíà÷íî óâåëè÷àò
îøèáêó ïðîïîðöèîíàëüíî ÷èñëó êîððåêòíûõ ïîëîæèòåëüíûõ ð¼áåð, èíöèäåíòíûõ v,
â òåêóùåé êëàñòåðèçàöèè, ïðè ýòîì íåêîòîðîå ÷èñëî êîððåêòíûõ îòðèöàòåëüíûõ ð¼-
áåð ìîæåò ñîõðàíèòüñÿ.

Òàêèì îáðàçîì, áóäåì ãîâîðèòü, ÷òî âåðøèíà v íå ïîäëåæèò ïåðåìåùåíèþ, ò. å.
v ∈ V�x, åñëè π(v) < 0 ëèáî îíà áûëà ïåðåìåùåíà ðàíåå, è v ∈ Vmov, åñëè π(v) ⩾ 0.
Àíàëîãè÷íî àëãîðèòìó SGClustα, â ìíîæåñòâå Vmov íå ìîãóò ñîäåðæàòüñÿ âåðøèíû èç
çàêðûòîãî ñïèñêà closeList.

Äëÿ âû÷èñëåíèÿ ïîòåíöèàëüíûõ ôóíêöèé π(v) äëÿ âñåõ âåðøèí v ∈ V òðåáóåòñÿ
ïðîâåðèòü êëàñòåð äëÿ êàæäîé âåðøèíû èç îêðåñòíîñòè Γ(v). Èçâåñòíî, ÷òî ñóììà
ñòåïåíåé âñåõ âåðøèí â ãðàôå ðàâíà 2m. Òîãäà ñïðàâåäëèâà ñëåäóþùàÿ

Ëåììà 2. Ñëîæíîñòü âûïîëíåíèÿ áëîêà ¾Ðåøàþùàÿ ôóíêöèÿ¿ äëÿ àëãîðèòìà
CaRVeR ñîñòàâëÿåò O(m).
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Îòìåòèì, ÷òî âèä ôîðìóëû (7) ïîçâîëÿåò âûïîëíÿòü ïåðåñ÷¼ò çíà÷åíèÿ äëÿ âåð-
øèíû v òîëüêî ïðè èçìåíåíèè êëàñòåðà ñàìîé âåðøèíû v èëè ñìåæíîé ñ íåé âåðøèíû.

3.3. Ï å ð å ì å ù å í è å

Äàííûé áëîê îïèñûâàåòñÿ ôóíêöèåé ψ(C |Vmov), êîòîðàÿ âûáèðàåò åäèíñòâåííóþ
âåðøèíó v ∈ Vmov ñ íàèáîëüøèì çíà÷åíèåì ïîòåíöèàëüíîé ôóíêöèè π(v). Åñëè òàêèõ
âåðøèí íåñêîëüêî, òî èç íèõ âûáèðàåòñÿ ñëó÷àéíàÿ. Äàëåå îïðåäåëÿåòñÿ êëàñòåð, â êî-
òîðîì âåðøèíà v äàñò íàèìåíüøèé âêëàä â îøèáêó. Îøèáêó âåðøèíû v îòíîñèòåëüíî
êëàñòåðà Ci â ðàçáèåíèè C áóäåì îïðåäåëÿòü ïî ôîðìóëå

τ(Ci, v) = α
∑

u∈Γ(v)∩Ci

[(v, u) ∈ E−] + (1− α)
∑

u∈Γ(v)\Ci

[(v, u) ∈ E+] . (8)

Âåðøèíà v ïåðåìåùàåòñÿ â êëàñòåð Ci, äîñòàâëÿþùèé ìèíèìóì ôóíêöèè τ(Ci, v).
Âû÷èñëåíèå ôîðìóëû (8) òðåáóåò íå áîëåå ÷åì∆ âðåìåíè äëÿ êàæäîãî êëàñòåðà Ci,

ãäå ∆� ñòåïåíü ãðàôà. Î÷åâèäíî, ÷òî ÷èñëî êëàñòåðîâ íå ìîæåò ïðåâîñõîäèòü ÷èñëà
âåðøèí n. Èç ýòèõ ðàññóæäåíèé âûòåêàåò ñëåäóþùàÿ ëåììà:

Ëåììà 3. Ñëîæíîñòü âûïîëíåíèÿ áëîêà ¾Ïåðåìåùåíèå¿ äëÿ àëãîðèòìà CaRVeR

ñîñòàâëÿåò O(nm).

3.4. Î ö å í ê à è ê ð è ò å ð è é î ñ ò à í î â à

Áëîê ¾Îöåíêà¿ îðãàíèçîâàí ñòàíäàðòíûì îáðàçîì è ñîäåðæèò âû÷èñëåíèå ôóíê-
öèîíàëà îøèáêè (4) íà ïîñëåäíåì øàãå àëãîðèòìà.

Â àëãîðèòìå CaRVeR áëîê ¾Êðèòåðèé îñòàíîâà¿ îðãàíèçîâàí ñëåäóþùèì îáðàçîì.
Â êîíöå êàæäîé èòåðàöèè àëãîðèòìà îáíîâëÿåòñÿ çàêðûòûé ñïèñîê closeList, â êî-
òîðûé ïîìåùàåòñÿ âåðøèíà, âûáðàííàÿ â áëîêå ¾Ïåðåìåùåíèå¿ íà òåêóùåé èòåðà-
öèè. Îñòàíîâ àëãîðèòìà ïðîèñõîäèò â òîì ñëó÷àå, åñëè â áëîêå ¾Ðåøàþùàÿ ôóíêöèÿ¿
Vmov = ∅.

Ôèêñàöèÿ âåðøèíû îò äàëüíåéøèõ ïåðåìåùåíèé âûïîëíèìà çà êîíñòàíòíîå âðå-
ìÿ O(1), à êðèòåðèé îñòàíîâà ôîðìèðóåò îñíîâíîé öèêë àëãîðèòìà ñ ÷èñëîì èòåðàöèé,
íå ïðåâîñõîäÿùèì n.

Èç ëåìì 1�3 è êðèòåðèÿ îñòàíîâà âûâîäèòñÿ èòîãîâàÿ îöåíêà ñëîæíîñòè àëãîðèòìà
CaRVeR.

Òåîðåìà 1. Âðåìåííàÿ ñëîæíîñòü àëãîðèòìà CaRVeR ñîñòàâëÿåò O(n2m).

4. Âû÷èñëèòåëüíûå ýêñïåðèìåíòû
Îïèøåì äâå ñåðèè ýêñïåðèìåíòîâ íà ñèíòåòè÷åñêèõ äàííûõ.
Ïåðâàÿ ñåðèÿ ýêñïåðèìåíòîâ ïðåäíàçíà÷åíà äëÿ èçó÷åíèÿ ïîâåäåíèÿ àëãîðèòìà

CaRVeR â çàâèñèìîñòè îò ïàðàìåòðà ãðàôà p è çíà÷åíèÿ α ôóíêöèîíàëà îøèáêè (4).
Èññëåäîâàíèÿ ïðîâîäèëèñü íà ãðàôàõ ñ ôèêñèðîâàííûì ÷èñëîì âåðøèí, ðàâíûì 5000.
Ðàññìàòðèâàëèñü äâà òèïà ãðàôîâ: ïîëíûå ãðàôû è ãðàôû, ñìîäåëèðîâàííûå ìåòîäîì
Âàêñìåíà [21] ñ ïàðàìåòðàìè 0,15 è 0,4. Çíàêè ð¼áåð äëÿ êàæäîãî ãðàôà ôîðìèðîâà-
ëèñü ïî ñõåìå Áåðíóëëè ñ ïàðàìåòðîì p èç íàáîðà {0,10; 0,15; . . . ; 0,85}. Ïàðàìåòð p
îáîçíà÷àåò âåðîÿòíîñòü ïîëîæèòåëüíîãî çíàêà ðåáðà. Çíà÷åíèÿ ïàðàìåòðà α ôóíêöè-
îíàëà îøèáêè (4) âûáèðàëèñü èç äèàïàçîíà îò 0 äî 1 ñ øàãîì 0,01.

Íà ðèñ. 2 ïðåäñòàâëåíî òèïè÷íîå ïîâåäåíèå ôóíêöèîíàëà îøèáêè â çàâèñèìîñòè
îò çíà÷åíèÿ ïàðàìåòðà α äëÿ ãðàôîâ ñ ðàçíîé äîëåé ïîëîæèòåëüíûõ ð¼áåð p. Â êàæ-
äîì ñëó÷àå ôóíêöèîíàë îøèáêè Qα(C) äîñòèãàåò ñâîåãî ìàêñèìàëüíîãî çíà÷åíèÿ ïðè
α ≈ p. Ðèñ. 2, á îòðàæàåò ïîâåäåíèå ôóíêöèîíàëà îøèáêè äëÿ íåïîëíûõ ãðàôîâ, ñãå-
íåðèðîâàííûõ ïî ìåòîäó Âàêñìåíà. Àíàëîãè÷íîå ïîâåäåíèå õàðàêòåðíî äëÿ ïîëíûõ
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ãðàôîâ (ðèñ. 2, à). Ñòîèò îòìåòèòü, ÷òî äëÿ íåïîëíûõ ãðàôîâ ÷èñëî ð¼áåð â ñðåäíåì
ñîñòàâëÿåò 708827, à äëÿ ïîëíûõ ãðàôîâ îíî ðàâíî 12497500.
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Ðèñ. 2. Ïîâåäåíèå ôóíêöèîíàëà îøèáêè àëãîðèòìà CaRVeR â çàâèñèìîñòè îò çíà÷åíèÿ ïàðà-
ìåòðà α íà ãðàôàõ ñ ðàçíîé äîëåé ïîëîæèòåëüíûõ ð¼áåð p: à) äëÿ ïîëíûõ ãðàôîâ;
á ) äëÿ ãðàôîâ, ñãåíåðèðîâàííûõ ïî ìåòîäó Âàêñìåíà

Ñ ðîñòîì ïàðàìåòðà α òðóäî¼ìêîñòü àëãîðèòìà CaRVeR âîçðàñòàåò, ïðè ýòîì âû-
ñîêàÿ äîëÿ ïîëîæèòåëüíûõ ð¼áåð p â ãðàôå çàìåäëÿåò ðîñò çàòðà÷èâàåìîãî âðåìåíè.
Íà ïîëíûõ ãðàôàõ âðåìÿ âûïîëíåíèÿ àëãîðèòìà ñóùåñòâåííî âîçðàñòàåò, ýòî ñëåäóåò
èç ñïåöèôèêè áëîêà ¾Ðåøàþùàÿ ôóíêöèÿ¿, ïîñêîëüêó òðåáóåòñÿ îáíîâëÿòü îêðåñò-
íîñòü êàæäîé âåðøèíû. Äàííûå ðåçóëüòàòû ïðåäñòàâëåíû íà ðèñ. 3.
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Ðèñ. 3. Âðåìÿ ðàáîòû àëãîðèòìà CaRVeR ïðè ðàçëè÷íûõ ïàðàìåòðàõ α íà ãðàôàõ ñ ðàçíîé äî-
ëåé ïîëîæèòåëüíûõ ð¼áåð p: à) äëÿ ïîëíûõ ãðàôîâ; á ) äëÿ ãðàôîâ, ñãåíåðèðîâàííûõ
ïî ìåòîäó Âàêñìåíà

×èñëî êëàñòåðîâ, âûäåëÿåìûõ àëãîðèòìîì CaRVeR, ïðåäñòàâëåíî íà ðèñ. 4.
Äëÿ ïîëíûõ ãðàôîâ ÷èñëî êëàñòåðîâ ðàñò¼ò ñ óìåíüøåíèåì äîëè ïîëîæèòåëüíûõ ð¼-
áåð p (ðèñ. 4, à), ÷òî åñòåñòâåííî äëÿ ñòðàòåãèè, ïðèìåíÿåìîé àëãîðèòìîì CaRVeR.

Âòîðàÿ ñåðèÿ ýêñïåðèìåíòîâ ïðåäñòàâëÿåò ñðàâíåíèå àëãîãðèòìà CaRVeR c àëãîðèò-
ìàìè KwikCluster, SGClustα, RH, Tabu search. Àëãîðèòìû ñðàâíèâàëèñü ïî âðåìåíè
ðàáîòû è çíà÷åíèþ ôóíêöèîíàëà îøèáêè Qα(C) ïðè α = 0,5. Íà÷àëüíîå ðàçáèåíèå
äëÿ àëãîðèòìîâ RH è Tabu search çàäàâàëîñü ñëó÷àéíûì îáðàçîì, à ÷èñëî êëàñòå-
ðîâ � òàêèì æå, ÷òî áûëî ïîëó÷åíî àëãîðèòìîì CaRVeR äëÿ äàííîãî ãðàôà. Ñðàâíå-
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Ðèñ. 4. Êîëè÷åñòâî âûäåëÿåìûõ êëàñòåðîâ àëãîðèòìîì CaRVeR ïðè ðàçëè÷íûõ ïàðàìåòðàõ α
íà ãðàôàõ ñ ðàçíîé äîëåé ïîëîæèòåëüíûõ ð¼áåð p: à) äëÿ ïîëíûõ ãðàôîâ; á ) äëÿ
ãðàôîâ, ñãåíåðèðîâàííûõ ïî ìåòîäó Âàêñìåíà

íèå ïðîâîäèëîñü íà ãðàôàõ ñ ðàçíîé äîëåé ïîëîæèòåëüíûõ ð¼áåð p = {0,25; 0,5; 0,75}.
Äëÿ êàæäîé äîëè p áûëè ñãåíåðèðîâàíû 100 ãðàôîâ ìåòîäîì Âàêñìåíà ñ ïàðàìåòðàìè
0,15 è 0,4.

Ðåçóëüòàòû ñðàâíåíèÿ àëãîðèòìîâ ïî âðåìåíè ïðåäñòàâëåíû â òàáë. 2. Àëãîðèòì
CaRVeR âåä¼ò ñåáÿ äîñòàòî÷íî ñòàáèëüíî ïî âðåìåíè âûïîëíåíèÿ. Çàìåòèì, ÷òî ïðåä-
ñòàâëåííûå àëãîðèòìû ðàáîòàþò çíà÷èòåëüíî áûñòðåå íà ãðàôàõ ñ áîëüøåé äîëåé
ïîëîæèòåëüíûõ ð¼áåð p.

Òà á ë è ö à 2
Ñðàâíåíèå àëãîðèòìîâ ïî âðåìåíè ðàáîòû

p Àëãîðèòì
Ñðåäíåå
âðåìÿ, ñ

Ìèíèìàëüíîå
âðåìÿ, ñ

Ìàêñèìàëüíîå
âðåìÿ, ñ

Ñðåäíåêâàäðà-
òè÷íîå

îòêëîíåíèå

0,25

CaRVeR 0,016 0,015 0,018 0,001
KwikCluster 0,001 0,001 0,001 0

RH 30,667 26,145 36,995 2,039
SGClustα 0,018 0,017 0,02 0,001
Tabu search 71,322 60,041 79,819 5,312

0,5

CaRVeR 0,008 0,007 0,009 0,001
KwikCluster 0,001 0,001 0,001 0

RH 16,158 10,642 19,663 1,623
SGClustα 0,016 0,014 0,017 0,001
Tabu search 64,701 60,031 69,755 2,892

0,75

CaRVeR 0,004 0,004 0,005 0,001
KwikCluster 0,001 0,001 0,001 0

RH 1,636 0,405 3,221 0,587
SGClustα 0,008 0,007 0,01 0,001
Tabu search 60,294 60,0 60,981 0,242

Íà ðèñ. 5 è 6 ïðåäñòàâëåíà ñêðèïè÷íàÿ äèàãðàììà çíà÷åíèé ôóíêöèîíàëà îøèá-
êè Qα(C). Èç ðèñ. 5 âèäíî, ÷òî íà ïîëíûõ ãðàôàõ àëãîðèòì SGClustα è åãî ìîäè-
ôèêàöèÿ CaRVeR â ñðåäíåì äåìîíñòðèðóþò íàèëó÷øèé ðåçóëüòàò ñðåäè òåñòèðóåìûõ
àëãîðèòìîâ. Àíàëîãè÷íûé âûâîä ñïðàâåäëèâ è äëÿ ãðàôîâ, ñãåíåðèðîâàííûõ ìåòîäîì
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Âàêñìåíà (ðèñ. 6). Ñëåäóåò îòìåòèòü, ÷òî àëãîðèòì KwikCluster äåìîíñòðèðóåò óäî-
âëåòâîðèòåëüíûå ðåçóëüòàòû ïî çíà÷åíèþ ôóíêöèîíàëà îøèáêè íà íåïîëíûõ ãðàôàõ
è, ó÷èòûâàÿ åãî âûñîêóþ ñêîðîñòü ðàáîòû, ìîæåò áûòü èñïîëüçîâàí êàê àëãîðèòì
ïåðâîíà÷àëüíîãî ðàçáèåíèÿ. Íàèáîëüøèé ðàçáðîñ â çíà÷åíèÿõ ôóíêöèîíàëà îøèáêè
ïîêàçûâàåò àëãîðèòì Tabu search. Àëãîðèòìû SGClustα è CaRVeR ìåíåå ÷óâñòâèòåëüíû
ê èçìåíåíèþ äîëè ïîëîæèòåëüíûõ ð¼áåð p, ÷òî âèäíî èç ðèñ. 6.
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Ðèñ. 5. Ñðàâíåíèå àëãîðèòìîâ ïî ôóíêöèîíàëó îøèáêè Qα(C) äëÿ ïîëíûõ ãðàôîâ

Íà ðèñ. 7 è 8 îòðàæåíû ñðåäíèå äîëè â ïðîöåíòàõ ìåæêëàñòåðíîé P (C) è âíóòðè-
êëàñòåðíîéN(C) îøèáîê â íàéäåííîì ðåøåíèè, ÷òî â íåêîòîðîì ñìûñëå õàðàêòåðèçóåò
ñòðàòåãèþ òåñòèðóåìûõ àëãîðèòìîâ. Â àëãîðèòìå CaRVeR, â ñðàâíåíèè ñ àëãîðèòìîì
SGClustα, ïðîèñõîäèò áàëàíñèðîâêà âíóòðèêëàñòåðíîé è ìåæêëàñòåðíîé îøèáîê, ÷òî
îáóñëîâëåíî ñïåöèôèêîé ïîòåíöèàëüíîé ôóíêöèè (ðèñ. 7 è 8). Äëÿ ïîëíûõ ãðàôîâ
(ðèñ. 7) àëãîðèòì KwikCluster íàõîäèò â ñðåäíåì ðàâíûå äîëè ìåæêëàñòåðíîé è âíóò-
ðèêëàñòåðíîé îøèáîê, à äëÿ íåïîëíûõ (ðèñ. 8) äîëÿ ìåæêëàñòåðíîé îøèáêè çíà÷è-
òåëüíî ïðåâîñõîäèò äîëþ âíóòðèêëàñòåðíîé îøèáêè.
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Ðèñ. 7. Ñðàâíåíèå àëãîðèòìîâ ïî äîëÿì p â ïðîöåíòàõ ìåæêëàñòåðíîé P (C) è âíóòðèêëàñòåð-
íîé N(C) îøèáîê äëÿ íàéäåííîãî ðåøåíèÿ íà ïîëíûõ ãðàôàõ
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Ðèñ. 8. Ñðàâíåíèå àëãîðèòìîâ ïî äîëÿì p â ïðîöåíòàõ ìåæêëàñòåðíîé P (C) è âíóòðèêëà-
ñòåðíîé N(C) îøèáîê äëÿ íàéäåííîãî ðåøåíèÿ íà ãðàôàõ, ñãåíåðèðîâàííûõ ìåòîäîì
Âàêñìåíà

Çàêëþ÷åíèå
Ïðîâåä¼ííûé ñèñòåìíûé àíàëèç ñîâîêóïíîñòè àëãîðèòìîâ ðåøåíèÿ çàäà÷è êîððå-

ëÿöèîííîé êëàñòåðèçàöèè, îñíîâàííûõ íà ñòðóêòóðå çíàêîâîãî ãðàôà, ïîçâîëèë âû-
ÿâèòü îáùóþ êîíöåïòóàëüíóþ ñõåìó êîíñòðóèðîâàíèÿ è àíàëèçà òàêèõ àëãîðèòìîâ.
Êîìïîíåíòàìè ñõåìû ÿâëÿþòñÿ øåñòü îñíîâíûõ áëîêîâ, õàðàêòåðèçóþùèõ âîçìîæíûå
ýòàïû ðåøåíèÿ, ÷òî ïðîäåìîíñòðèðîâàíî íà ïðèìåðå îïèñàíèÿ èçâåñòíûõ àëãîðèòìîâ
KwikCluster, SGClustα, Relocation heuristic, Tabu search, Variable neighborhood search,
Iterated local search. Òàêîé îáùèé âçãëÿä íà ñòðóêòóðó àëãîðèòìîâ ïîçâîëÿåò ìîäèôè-
öèðîâàòü ñóùåñòâóþùèå àëãîðèòìû ïóò¼ì âíåñåíèÿ èçìåíåíèé â îäèí èëè íåñêîëüêî
áëîêîâ ñõåìû. Ïðåäëîæåí íîâûé àëãîðèòì CaRVeR. Ñîãëàñíî îáùåé ñõåìå, îí ÿâëÿåòñÿ
óëó÷øåííîé ìîäèôèêàöèåé àëãîðèòìà SGClustα â áëîêå ¾Ðåøàþùàÿ ôóíêöèÿ¿. Áîëåå
òîãî, òîïîëîãèÿ îáùåé ñõåìû îòêðûâàåò âîçìîæíîñòè äëÿ àíàëèçà è äîêàçàòåëüñòâà
âû÷èñëèòåëüíîé ñëîæíîñòè àëãîðèòìîâ, ÷òî ïðåäñòàâëåíî â òåîðåìå 1.

Ñåðèè âû÷èñëèòåëüíûõ ýêñïåðèìåíòîâ íà ñèíòåòè÷åñêèõ äàííûõ ïîêàçàëè ðåçóëü-
òàòèâíîñòü àëãîðèòìà CaRVeR â ñðàâíåíèè ñ àëãîðèòìàìè KwikCluster, SGClustα,
Relocation heuristic, Tabu search êàê ïî âðåìåíè ðàáîòû, òàê è ïî çíà÷åíèþ ôóíê-
öèîíàëà îøèáêè.

Ïåðñïåêòèâíû äàëüíåéøèå èññëåäîâàíèÿ ïîòåíöèàëüíûõ ôóíêöèé íà áëîêå ¾Ðå-
øàþùàÿ ôóíêöèÿ¿ îáùåé ñõåìû, à òàêæå ôîðìèðîâàíèå áàçîâîãî àëãîðèòìà, ñîäåð-
æàùåãî âñå áëîêè îáùåé ñõåìû, äëÿ îñóùåñòâëåíèÿ ðàçëè÷íûõ ìîäèôèêàöèé ëþáîãî
èç áëîêîâ.
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Æóðíàë ¾Ïðèêëàäíàÿ äèñêðåòíàÿ ìàòåìàòèêà¿ âõîäèò â ïåðå÷åíü ÂÀÊ ðåöåíçè-
ðóåìûõ íàó÷íûõ èçäàíèé, â êîòîðûõ äîëæíû áûòü îïóáëèêîâàíû îñíîâíûå ðåçóëüòà-
òû äèññåðòàöèé íà ñîèñêàíèå ó÷¼íîé ñòåïåíè êàíäèäàòà è äîêòîðà íàóê ïî ñïåöèàëü-
íîñòÿì 2.3.5. ¾Ìàòåìàòè÷åñêîå è ïðîãðàììíîå îáåñïå÷åíèå âû÷èñëèòåëüíûõ ñèñòåì,
êîìïëåêñîâ è êîìïüþòåðíûõ ñåòåé¿ (òåõíè÷åñêèå íàóêè), 2.3.6. ¾Ìåòîäû è ñèñòåìû
çàùèòû èíôîðìàöèè, èíôîðìàöèîííàÿ áåçîïàñíîñòü¿ (ôèçèêî-ìàòåìàòè÷åñêèå è òåõ-
íè÷åñêèå íàóêè), 1.1.5. ¾Ìàòåìàòè÷åñêàÿ ëîãèêà, àëãåáðà, òåîðèÿ ÷èñåë è äèñêðåòíàÿ
ìàòåìàòèêà¿ (ôèçèêî-ìàòåìàòè÷åñêèå íàóêè), 1.2.3. ¾Òåîðåòè÷åñêàÿ èíôîðìàòèêà, êè-
áåðíåòèêà¿ (ôèçèêî-ìàòåìàòè÷åñêèå íàóêè), à òàêæå â ïåðå÷åíü æóðíàëîâ, ðåêîìåí-
äîâàííûõ ÔÓÌÎ ÂÎ ÈÁ â êà÷åñòâå ó÷åáíîé ëèòåðàòóðû ïî ñïåöèàëüíîñòè ¾Êîìïüþ-
òåðíàÿ áåçîïàñíîñòü¿.

Æóðíàë èíäåêñèðóåòñÿ â áàçàõ äàííûõ Web of Science (Emerging Sources Citation
Index (ESCI) è Russian Science Citation Index (RSCI)), Scopus, MathSciNet è Zentralblatt
MATH. Ïî ðåøåíèþ ÂÀÊ îò 21.12.2023 îí îòíåñ¼í ê ïåðâîé êàòåãîðèè (Ê1) íàó÷íûõ
æóðíàëîâ, âõîäÿùèõ â Ïåðå÷åíü ÂÀÊ.

Æóðíàë ¾Ïðèêëàäíàÿ äèñêðåòíàÿ ìàòåìàòèêà¿ ðàñïðîñòðàíÿåòñÿ ïî ïîäïèñêå;
åãî ïîäïèñíîé èíäåêñ 38696 â îáúåäèí¼ííîì êàòàëîãå ¾Ïðåññà Ðîññèè¿. Ïîëíîòåê-
ñòîâûå ýëåêòðîííûå âåðñèè âûøåäøèõ íîìåðîâ æóðíàëà äîñòóïíû íà åãî ñàéòå
journals.tsu.ru/pdm è íà Îáùåðîññèéñêîì ìàòåìàòè÷åñêîì ïîðòàëå www.mathnet.ru.
Íà ñàéòå æóðíàëà ìîæíî íàéòè òàêæå ïðàâèëà ïîäãîòîâêè ðóêîïèñåé ñòàòåé äëÿ ïóá-
ëèêàöèè â æóðíàëå.

Òåìàòèêà ïóáëèêàöèé æóðíàëà:

� Òåîðåòè÷åñêèå îñíîâû ïðèêëàäíîé äèñêðåòíîé ìàòåìàòèêè

� Ìàòåìàòè÷åñêèå ìåòîäû êðèïòîãðàôèè

� Ìàòåìàòè÷åñêèå ìåòîäû ñòåãàíîãðàôèè

� Ìàòåìàòè÷åñêèå îñíîâû êîìïüþòåðíîé áåçîïàñíîñòè

� Ìàòåìàòè÷åñêèå îñíîâû íàä¼æíîñòè âû÷èñëèòåëüíûõ è óïðàâëÿþùèõ ñèñòåì

� Ïðèêëàäíàÿ òåîðèÿ êîäèðîâàíèÿ

� Ïðèêëàäíàÿ òåîðèÿ àâòîìàòîâ

� Ïðèêëàäíàÿ òåîðèÿ ãðàôîâ

� Ëîãè÷åñêîå ïðîåêòèðîâàíèå äèñêðåòíûõ àâòîìàòîâ

� Ìàòåìàòè÷åñêèå îñíîâû èíôîðìàòèêè è ïðîãðàììèðîâàíèÿ

� Âû÷èñëèòåëüíûå ìåòîäû â äèñêðåòíîé ìàòåìàòèêå

� Ìàòåìàòè÷åñêèå îñíîâû èíòåëëåêòóàëüíûõ ñèñòåì

� Èñòîðè÷åñêèå î÷åðêè ïî äèñêðåòíîé ìàòåìàòèêå è å¼ ïðèëîæåíèÿì


